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Let (X, ll.ll"), (Y, ll.ll") b" two real normed linear spaces such that
Y C X and let I > 1. We assign to each nonempty set M Cy aset Ml,x C X
inthefollowing way x = Mf;,x if thereexists no y ey, y * ø such that

lly - mll" < Àllø - mllx for each m e M.

For yo e Y and r )- 0 we d.eltote

Br(!r, r) : {y e Y : lly -}ollv ( 2}.

Then obviously # = MI,* if and only if the set

ß*u"(*,t,llx-rnll*)
is either empty or {x}.

When Y - X, lløll": lrll* for each ø e X and I: 1, then for
ry Ç-X, the set Mtx,x 1s fhe set of minimøt þoints uith resþect to M stt-
tlied try rì. TJEAUzATvry and n. MAúREv in [1], 12) anð, derioted there by
minM. Whe¡r Y CX, Ilyllr: llyll" for eaõhy-ey and À:1, then for
y CY-, the set Mf,,¡ was introd,uced and studied in t3l and deinoted
there by- My,*. When llyllv : ll1ll, for each y e y aiá ). 2 l, some
results of this paper have been announced, without proofs, in [4].

rn the next remark we extenð, lor Mf;,y some elementary properties
of mjg M -given iy H (see.arso.[B] for the case llyllr: llyl¡* to? eacny e Y and À : 1), the proofs being- similar antl simpiä.

2 - L'ancllsc mrnérique ot l¡ théorlc de l'rpprøieation Toã¡€ lO. n¡, t, legl
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Remørh, l. I,et fuI be a nonempty subset of y and À > l. Then:, a),'For, each real ø we have (ø.M)i,y: oMf;,*.
b) For each y € y we trave (M I y)tr,* : Mf;,x I y.
c) 11 M C¿Cy then M CMr+,*CLf;,*. If M is a d.ensc subset

of Z (in the ll.llo topology) then Mf;,* - Lf;,.*.

. d_) I1 M is a bounded set in both ll.ll,. ancl ll.ll", therr M!,,x is a
bourrded set of X.

In Remark 2 of [3] \\re gavc sot e simple connectioirs betu,een Miv
2nd lWI,x, as well Vs IVIly,a3nd MI,x, when lll,lly: llf,ll* for each 1 e ]z'rn the next rernark rve extend theSe results, itré pt.ífr ^b"ing strailghtfor-
ward.

Renoørh,2. I.et M Cy bç a nonempty set aud. ), > l.i a) If llyllo > llyll* for- each y' = y, titeî :

(1) Mf;, C Mf;,* )y
(2) M\,* C Mf;,*

b) If ll1,ll" < Ilf,ll" for cach ! ey, ti¡ett

(3) Mi,* oY c twi,"
fn particular, if llfll": llyll- tot each y e y, then

(4) M!," : r,r+,x Ày :

c) If1<À<¡.r,,then
(5) M'î,x C lvI)ì,x

[xamplcs shorving that even r,vhen llyll": llyll, for cach y e y, the
iru'lusioirs !ti,,rç Uj.,x and Mtx,x ç tfi:,i .r" itiì.t i' generat har.ebeen.grve'_in [3]. Other..examples showing that thè i'cl'siõns in (l), (A)
and- (5) could. be strict r,vill be gìven after È.ernark B belor,v. clearlyì wnlí

mr\,
e eral,
7a but
t hold

ce, we shall d.enote by cx Bx(O, 1)
Fpr xr, %z e X, rvc d.enotr: lxr,irl :
ed. that whcu (X, ll.ll) is a nornred.
(i.c- when llyll" : llylì" - llyll for
e' Y, nt, * m", thcn

(6) M MI,* frnr, mr)

and w_e have MI,x = ft/tr,rn¡)'iT,aull onlj' if (mr. - mr)llþn, - nlrll =
= ex Bv (0,1).

Re m, ør h 3. When llyll": llyll* for each y e Y and M : {mr,mr},
z'trttltz e Y, %t I mr, then for each À > I 'ive have' .,

(7) Mtr,",: M1,* - M+,x : À[

Indeed, for À ; I rve have. by (5) and (6) that A[1.,* C lmr, nr,r]. I,et
x,: d.I?Lt i (1 a.)mr, 0.( a{ 1 and let j,,eY, y:þmrl (l j þ)*r,
9 : æÀ. We have x * j and lly - millx ( Àll* - un¡llx,that is x e Mf;,x.
By Remark lc) it follows M : Mf;,*. Ilence (7) is provcd.

Norv rve shall give_ examples showing that the inclusions in (1), (S),
(5) arc strict in gencral.

Examþle l. In order.to shqw that the inclusion in (l) cou1cl be strict,
let X be the linear space of all real scquences .x: (Cr, ..., Cn,...) with

æ

Ð lE,l < oo endowed. ivith the norm llrllx: ll*11," and let Y : Xend.owed

l4'ith.tqe norm..ll1,,ll": llyll¡,. Then for cach ! eY we have ll_yll, < llyll"I.et lt 'be,an integer greater.:than 3À and let m: (r¡i, ,T*,...) ê y
where I*:I for n.{ /¿ and r|,,0lar n>h, I,et M: {0,nt} qy. We
sho'w that 2m e ÙLtr,* )Y. I,gt ), eY such that llyllo < ),ll2mllx:2X
and lly -_mllv_< lll ?ty . rnll*.:.\ 'Ihen 

^>lly-mllv>llìnllr-- llyllr. >- h. - 2^ r,r,'hich is impossible since ñ > 3À. 'lherèfore 2tit, u

.n M!,* n )-._Iry.(6), (for 1: l) or (7), (for À > t), 2m æ x,l¡,y and. so
in this case thc inclusiori iu (1) is strict- 'lhis examplc shor,vs 

'aiso that
rvhen thc assurnption lllll": llyll, for each y e Y is not f11filled., flren
it carr happcn that Mf;,'" * Mf;,*, or ,Mì.,-.., I IVII,^., for some sets M :
: {tny,n't,r}, mr,rn, eY, nI,L + lnz.

. lxamþle 2. In order to shor,r, that the irrclusion in (3) 'could be strict,
1et X bc the same lirrear spa-ce gir.en iu Iixamlrlc 1 

-endorved 
i,vith the

lorm Jlrli, - llø11,, and Y: X eirderved rvith the norn lllllo: llyll..,For n l,'2, ..., let ilLu - (\,,,, ..., \j,, ...) - y rvhcrc: \;,, : lln'i;"rj<n and "qi, .-0 otherwisc. I.ct M'- {nø,,.:n:I,2,...}. Since 0 is
in the ll.ll" closure o1 M, by lìemark 1c), it follorvs 0 = M!,,v. On the
other hand, 0 e'M|;¡ since fcit y : (1, 0, 0, . . .) = y, rve have for each
'n,, lly - rfi,,ll" < lllm"llv 

='À 
and so the inclnsion in (3) is strict in this

case.

, !-xømþle 3. Finally, to shon' that the inclusion in (5) could be strict,
let (X, ll.ll) be a norrned. linear space such that ex Bxi0,1) is nonempty.
I,et m = cxBx(O,I) arrd M - {0,m}. tsy Rernark 3 wc have Mtr,r: M
for À > 1 and. by [3],'Ihcorenr l, A,II,¡ : {am,: 0 < ø < 1}.

By Remark lc) it follorvs.that we have MI,*CY for each M çYif and only if YI:* : Y. We shall give novv an eq¡ivalelt co¡dition for
Y'i,*:Y in terms'öf the'existencc'of some inappings of X onto Y.

Iy.v:
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. Iæt l'1X,V, À) be the set of all rnappinss F: X -+Y with the follo-
wrng propertles:

(81 i@ù : "F(!) (x e x, æ e R)
(9) P(y.+y):P(x)*y (xeX,y=Y)
(10) llÊ(ø)ll, < Àllrll* (x e X)

rnr{oRtitu L Let (X, ll . ll*), (Y, ll . ll*) be tuo normed lineal sþøces
with Y Ç X ønd. let ),. >- l. Su,þþose that- for eøclt y e Y we høae llyil" 4
< Àlløllr. Tken F(X,y,x) * Ø if ønd, oøty if yIr,*:y.

- Pro9f. Suppose there exists F = Þ(X,Y, t). Then for each x € X\.Y
and each y eY rve have by (8)-(10)

llíØ) - lllv: llÊ(ø - y)11,, ( Àllø - yllx
which shows that x e Yf;,x aud. so Yl,* C Y. By Remark lc) it follows
Yf;,*:Y.

Corwelsely, suppose Yf;,*:Y. If X:Y, then for each x e X, we
defiue PJx) : ø. 'I'hen (8), (9) are obviously fulfillecl, while (10) follows
since llP(x)llr: lløll" < Illrllx. Suppose norv Y * X. I.et X/Y be the
quotient space aud. lve d.enote ty â tte equivalence class of ø e X. For
each orre-dimensional subspace G of XIY rve shall fix an element ?n such
that G: sp ¡î"1. Choose a representative ; =î" Since r" = X..Y,
by hypothesis r" * Yf;,x, and. so

(11) À n"U, rllø" - yll*) øØ.
!'eY

Choose yc in this intersection. I,et now î = C. Then î : nîn for some

ø eR. If x eî,th.r, x:o,xef y for somey eY. We d.efine Þ¡*¡:
: ele +y, So rve havc d.efined Þ fot thæ elemeuts of the eqnivalence
classes of each one-d.imensional subspace of X/Y, when"" Ê:X --+Y is
well defined (but not always unique). Then clearly Þ defined. as above
satisfies (8)-(10). Let us note that (10) hol<ls using either the fact that
y" belongs to the left hand. side of (11) (for r e X\Y) or the assump-
tion llyll" < Àllyll, for each y eY (1or x eY).

5 SOME REMART(S ON MrNtMÀL poINTS rN NORMED LNEAR SPACE, 
2L

By th result follows the implication 1) + 3) ofrheorem 3 that ú ã';;ä;ö;ääh Banach space(i.e., S, g ed subspac" 
"r 

'È-í, "tîJ"r"rrg" 
of at mostone contra 8...

coRor,LARl' l. Let (X, ll.ll) be a noimed. l.inea.r sþøce ønd. y a closed.tinear_subsþace of .X such that' S"C:* 5.. i;;; fd,o,rl: p(Xy¡)
ønd P(X,Y,\) contøins at most one clement.

roof.

pace of X, then there exists

tient space xly, tetro^:.n [î01 and ,r; !:#':"Í#!îJ;,l", :ff*;GCxlY, G #Go, tet î"e ç such thlt G-rp f;ll.--co""r" ,.2-;.and þt(x") = P"(xe). We d.enote 1"": xo anð. x6o - xo.

^ 
r'et now G be a one-dimensio'ar subspace of xly and. î = G. Thenr: d.frG for some "^=R;tf ,, = î,,,,1h"! fr: d.xe ly for some3l €y.we define lor G:G!, F,1*¡: 

"Þ!.)_(xo) + l, ¡ J t,î ^ra for G ¡Go,P¡(x) : aþvØe) + t, i - 1,=2.,Then Þr: X -+y, ,i:1,2 are well defined
tisfy (B) and (9). Since .â,1ø) =< lløll for each þuØ) ='Þo@)i : 1,2. This contradicts Coràf_

e Y is a Õeby3ev subspace of X
Corollary 1 it follows that þ, is

'when Y is a proximinal subspace of r, usi'g an argument similarwith that of Coro1la'ry 2, we can "ñ;;i " ,"r""tiãî"7, ;ü;Z e*@), (x eX)satisfying (B), (9), and.since llþv@)ll < 2llxllfor 
"""n r'é X, p(X,y,¡)+Ø

G. GOD{Nf 4

When llyllv: llyll" for each y e Y and. t: 1, we gave in
following result. I,et us d.enote S*: {ø = X:llxllx: U; smS,
of all ø e Sx such that there exists à unique ri è Sx, with xi
and. P(X,Y,),) the set of all linear projections P of X onto
llPll < À.

TrrnoRrnr 2. (131, Theorem 2) Let (X, ll.ll) be ø norrned. Iineør sþøce
andY ø closed. lineør subsþøce of X swch, thøt S" Csm S*. Tken P(X,Y,\)
contøitos øt mosl one elernerol a,nd. P(X,Y,ll *Ø, if and, onty if Y:,,x:Y.

[3] the
the set

(x) : t,
Y with
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Tor each )\ > 2, and- so by Theorern 1, Y|,t : Y for each À 2 2' tJsitlg
tlris,remark and- a now classical result of J.'Irind.enstrauss and. I,. Tza|rirt
[5] it follows that for 

^ 
> 2 rve have not a result similar with Theorem 2.

we conclud.e this paper rvith the following possible generalization:

for each M CY and, each ì, )- l, Iet Mf;x be the set of. all x e X with
the propertyîtr"t there exists no y e Y such llnat,\ly - T.llv < Àllry - rnllx
for ËacË m'e M. Clearly, this set is larger than that studied. in this papef.

When Y : X,lløllo: liøll* for each .r e X and' l: 1 Lher- Mlxx is the
set of all ,,cíosest''points io M" (see e.g., [6,], rvhere a.characterizatiort
of a Hilberl sp""" oi d.imension at jeast threè is given using this notion).
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l. Introduction
This paper is concerned lvith the numerical evaruation of derivativesand principal values of integrals from analytical fu'ctions. ,ro computethe derivative of an anarytical function we give a simpler deduction of

f'"äîtå"Jt$ffÍ by,,r."nss iul.-orr:,,,:,"d, *; ;#;" extrapotation
it er ati v e p,;ã,;; 

" ï:i. ;i::ï:#,îïiî "1, l'liiäl?iï ï, ",iî1t 
jil

given in 16r. we arso d.escrib" rro,ilr'aerive formuh; ;; numerical eva_luation of residues at isolated ,iogoìuriti"r.
To evaluate the principal ,ruf;r"-integrals Krrrr [5] derived Gausstype formulae co'rputing the stations and the weights foi some ord.ers ofthe singurarity. 'r'he method is cur¡rbersome since it needs different sta_tions and r,veights t:1 

""":". ,l,rgrlurity. To avoid ttris ãìffi"ulty we usethe method of extractioo or .rngi"tru"r pl. This requires to evaluate somederivatives which ca' be ,n"d"îy r.t"*rr"" gir."., prå"io*iu. 
"0" 

resultingregular integrals can åe 
"omput"á ¡y rrr"or. of obvious roeãhanical quadra_ture rules' For Qauqhy prirrcipal á; integrals *" ,"f-oãd the formulaedue to ¡rrJSSìtì{s [B] and 

"u""oo-]}1.fn the next section u,e consid"; ;;singularitie' ;;;' iiì ior"r,"ti.o ìoã;;i * ut3"l";ï-;:lj"f'ri$åïÍGauss-chebvshev quad.rature rule and on residui ;;;"-. Again, toevaluate residues, use can be made of formulae given in section 2.


