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Tor each )\ > 2, and- so by Theorern 1, Y|,t : Y for each À 2 2' tJsitlg
tlris,remark and- a now classical result of J.'Irind.enstrauss and. I,. Tza|rirt
[5] it follows that for 

^ 
> 2 rve have not a result similar with Theorem 2.

we conclud.e this paper rvith the following possible generalization:

for each M CY and, each ì, )- l, Iet Mf;x be the set of. all x e X with
the propertyîtr"t there exists no y e Y such llnat,\ly - T.llv < Àllry - rnllx
for ËacË m'e M. Clearly, this set is larger than that studied. in this papef.

When Y : X,lløllo: liøll* for each .r e X and' l: 1 Lher- Mlxx is the
set of all ,,cíosest''points io M" (see e.g., [6,], rvhere a.characterizatiort
of a Hilberl sp""" oi d.imension at jeast threè is given using this notion).
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l. Introduction
This paper is concerned lvith the numerical evaruation of derivativesand principal values of integrals from analytical fu'ctions. ,ro computethe derivative of an anarytical function we give a simpler deduction of

f'"äîtå"Jt$ffÍ by,,r."nss iul.-orr:,,,:,"d, *; ;#;" extrapotation
it er ati v e p,;ã,;; 

" ï:i. ;i::ï:#,îïiî "1, l'liiäl?iï ï, ",iî1t 
jil

given in 16r. we arso d.escrib" rro,ilr'aerive formuh; ;; numerical eva_luation of residues at isolated ,iogoìuriti"r.
To evaluate the principal ,ruf;r"-integrals Krrrr [5] derived Gausstype formulae co'rputing the stations and the weights foi some ord.ers ofthe singurarity. 'r'he method is cur¡rbersome since it needs different sta_tions and r,veights t:1 

""":". ,l,rgrlurity. To avoid ttris ãìffi"ulty we usethe method of extractioo or .rngi"tru"r pl. This requires to evaluate somederivatives which ca' be ,n"d"îy r.t"*rr"" gir."., prå"io*iu. 
"0" 

resultingregular integrals can åe 
"omput"á ¡y rrr"or. of obvious roeãhanical quadra_ture rules' For Qauqhy prirrcipal á; integrals *" ,"f-oãd the formulaedue to ¡rrJSSìtì{s [B] and 

"u""oo-]}1.fn the next section u,e consid"; ;;singularitie' ;;;' iiì ior"r,"ti.o ìoã;;i * ut3"l";ï-;:lj"f'ri$åïÍGauss-chebvshev quad.rature rule and on residui ;;;"-. Again, toevaluate residues, use can be made of formulae given in section 2.
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bour

(2.1)

I.et J
hood

2. Numerieal difforentiation formulae

(z) be an analytical function without singularities in the neigh-
lz - zol { R of the point z : 2o. We have

By using the value;f(eo) *" can give also an expression for ftù(zo).Thus from (2.2) and 1Z.S)'iie obtain -

(2,s) å @¡- zò-,f(r¡):nh-,f(zo) ¡ntþ\þò +rf ,^or(t**t)o)ko)ttl --:t l(rn + l)nll
IfenceÍ(z):Íþo) +fff'{r,) + ... ++¡r,,'t(zs) I .

Let zo: zo * k explr t:li (i :0, l, . .',n - l) be the complex roots

of the equation

'(2.2) (, - ,o)" : h

where0</r<R.
The relation (2.1) gives

(2.e) fø\(zo) : nl

i

> fkì - n-f(zn)

+ E
nhn rt"

'(2.3)

But we have

Dt,, - zò-h Í(z¡): Ë tYP >e - z¡)-h+nt
j:t m:O 1,tx! j:l

(2.10) En,n: - "l f h*, ÍY::!,L
tlZt l(m t l)nlt

s to compute the derivatives to n_th
complex values of the function /(z).
) to the real axis is a real furrcti'on
located in the lower half plane can
per half-plane and. consequèntly the

ro obtain mor.e accu,"t" ro'-'ì:""i: ::"ti:i:i:e the number øof poirts. Thus by,.doubling the number of points *" ãt-i"i" formulae withthe error of o (k2) ortl.er at the price of niore ø function evaluations.
Alternatively we can use the extrapolation to the limit [2]. I,et

n

J

0 for l<lÞl <n-l
n for k:0
nk* for It, : io

'(2.4) Ðk - zo)-o:
i:1

n

and relation (2.3) becomes

12.s) É @¡-rù-of(r¡): *rtÈl(:") +"f k,tj!!!p) (Þ:1,
i:t nt m:t lE+mn)l

Ilence we obtain the numerical differentiation formulae

(2.1r) nf p¡ : pr.

We have

.2, (z¡ - zo)-h f(r¡)
(h-1,2,...,n-l)

. . ., n-1)

(2.12) ¡tl(zs): DLotØ) -h,h,lÍ.',0*'(,,ù.- A! ñ ¡^,f(h*-ùþo)(t¿-ln)t í,-; @lnn)tfr

(2.6) ÍtÐ(zo) : hl

where

(2.7)

is the error.

2 þ¡ - zo)-*f(z¡)
i-r *En,u k:L,2,...,fl-l (2.13) ¡trtt(z¡) : Dfl

and hence

l¿l - \pt.f&+")þn)-A!Ë hnn ftk*n¡tþo)
'21 2n (h-ln)l ln7'r2tnn þlmn)ltt

æ

Eo,: -hl | 2^"
n:l

t{n+*n) ço¡
(h t mn)l

(2.14)

where

f(o)(?o) : DP h +kl $ r - ztt-r,1" ¡*o f(h+*,| ¡ro¡

,?, 2Â-l (h+mnY2

'lhe formula (2.6) coincid.es with that given by r,rzNESS [6], by a
more complicated way. The expression (2.7) ptfts into evidence the depen-
dence of the etor on h. (2.r5) Dt,{+, : *"f,(+)- of)v¡

(h,:1,.,.,n-7)ofrr
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The truncation error in Torumla (2.i5) is abortt 2" timcs smaller than that
given by relation (2.7) correspondiog lo 2n points. The extrapolation
process can be continuated. 'lhus the {ortnula'

The form of the error make irnpossible to d.evelope on, all extrapo-
lation process. Consequently in order- to obtain Írore accúrate values for
c-l we rntlst use the itterative procedure based on formula (2.21) by doub-
ling the number of ooints z¡.

(2.16) Dyù (
h

2J

z"i nt;n ,,1#l 
"y,_, (#)

(1, : l, .. .,n - 1)
2nj .- | 3. Numerical evaluation of principal value integrals

-Let us consider the finitc part integralj: t,2, ...
m:1,2,..., j

gives the approximation Dl"\ to ftk)(z) with error of ord.er O (kn(m+r\flnn¡.
For Þ : n tl¡.e relations (2.15), (2.16) are still valid with the initiali-

zaLion

(3.1) 1: I
J

u(x)J@)

(r - , o)"'
dx x, e (a,b); nx e N

fr
u(x) being a positive arrd continue weight function anð' f (z) a holornorphic
function in a d.omain including the segment la, bl.

We shall put(2.r7) nf\1n¡ : nt
> Í(zj) - nf(zo\

tt ltn

The obtained. formulae can be used to determine the residue of an
analytical function at a polar singularity. Thus if z : zo is a I'th order
pole for the functiorl g@) we have

(2 rs) Rez {g(e), ,,} : (, : lf; @ - ,o),s{|]|, 
,,

(3.2) r : -(x)
l@) - fþo) - f{n rt(xo) dx*

(x Í \fll
o)

m-1 f0(ro\
it

b

t'

)
ø

'Ø\ d*.
(t - ,o)*+Ð

¡:0

and this derivative can be estimated. by using the above mentionecl. rela-
rions.

The first integral in relation (3.2) is a regular one and. can be per-

formed by using the stand.ard. quadrature rules; the second. one will be

analiticaly estimated. The derivatives in relation (3.2) for functions with
a complicated analytical expression will be aproximated by using the
urethods given in the previotts section.

Further on we consider two particular cases.

a) 11 w(x) :1, ct - -1, b: l, we obtain

IT z : eo is an essential singularity of the functiou g(z) rve have in
a neighbourhood lz - zol ( R of this point.

æ

(2.1e)

hence

s@) : )) ',(, - zo)i
J:-æ

?, Ø @ c _ nh_ l
hnh

(3.3)

1

t
I

1¡

f(t;)

-a

Ø - *o)*

,t

D H ,f (.r,)

(2.20) Dþ, - zo)g@¡) - %c-t + n>-) cnh-tlr"h + nD
j:r h:r Ë-1

We obtain finally the formula

'(,, - to)"'

flt -2 ¡u)çt n) rl
I lt I

(-t)"-t I
Ifr

s\
-L j:o jl fø ' (', - to)* (1 -l- x u)"'

2 @¡ - 'ò e(zj)

+ {""-"!1:'{r" L-"'-f --a}' (tn-l)l I l*ro i71 xy-t¡l

where xL, xz, ..., xn are the zeros of the Iregendre
II¡ the correspond.ing weights. By R, we d.enoted.

(2.2r) Rez {g(z), zt) : c_, : + E -t l?

polynomial P,(x) and
the remaind.er.

I
n

(2.22) D n å["'-' '"r 
+ +=\
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F't m: I rve have the formula for evaluation of chauchy principal
value

I

(s.4) \l+¿*:.f.H, I@,) )f@o)ir"1__"._¡_r I

lrx - xo ,--t ßt - to | 1- xo --, ^, -t;;l 
* R'''

For 
-øo 

: 0 and ,, even the formtrla p.a) coincid,e, due to the sym_
metry of points frb . . ., x,,, wíth piessens- formula

t

(3.s) [/-gI ¿*:f H/Q,) * R,,,,
:r / ¡' t A'r

I,ikewise Lor n old. from (3.4) we obtain the formula
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4- N'merieal 
__quadratgr-e 

formrilae for a ftuction which has isoratedsingplarities ileaï the o integmtion intorìaÍ-

an ryol [-1, l_] and f(z) an
in the curve L and. häïing
by zþ 22' "',.2..' We denote

nomial T,(t). We have
n

-f; I l:"gwz+1[ ru(tvþ)dz
Hn¡ )",ti - tv,ol 2ßi i þ _ t) t.u(z)

(4.1) "fU):Ð 
7'n@fui)

l-:t U - tì Ti(t j)

(3.6)
\ *0. : H,r'e) t

,t'ln,
¡:2

.f (xr)

try
-l- R',,

I¡ being the cercle lz - z¿l : e.
Fronr relation (4.t¡ iv'e obtain

-1
given by Huxrnt [4].fn the case m,:2, fro:O and n evet:1 the relation (3.5) gives also
a simple formula:

I

(4.2) l*dt::f¡í"*5l.,)*
, i\ , | ¡t,l ,,1 t'n(t)(u , r ( 'n Ð;, ),ïír d' ),ffii- n *,[ ffi a' \,#f-(3.7)

x
llal , \-\- ax,:)

t:l
,,tlt) - /(o) 

t
,*Ð+ -l R",,

b) For a(x): (l - xz¡-1t2, a - -1, 0: l, we have

.We 
can write

(4.3) 7,,(z) :

(4.4) q:, Ø :

rvith__-æ ( arg (z ¡[ 1)
Wc have finaly

1
2

|.

I

:

f(z ¡ JF=j¡" + (z * /e, - ¡-"¡
(3.8) j, f(x) dx - '\a lþ,)

- " l=í A,. -, -,Y,-l - x2(r-xu)m 't'hu) d¿ ?t

-rrP-rìÉ_, ,n
n i-.o 1t ,-.t 1:, x)Ã'-1- 

1 t\u'tt

where fz : cos ((2r - l)æl2n).
To avoid the difference of two close numbers wc sharl put in (3.g)

tçj as being tbe n distinct numbers #i: cos [Or¡ Ai--]E)(j:t,...,2n)
where .fo : cos 00. 1 2tt

For rn: 1 we have

t2 (z q 
^lr, - (z '1 ,zz - l)n

îC

(4.s) Iffi o,: ;år("* (,,;;,,,")-

(3.e)
I

dt tu

_ r \\ iØò - f(xo)
- - /-,/ -T- ¡r1,¿

n t:l *¡ - fr¡

- 2rf nez
'2 tlþ j' -l)"t1l

; zil+ n,
(x - xo) where

(4.6) R, :'f \tØ qi,þ) 
¿,Zri | 't'uþ)

rn relation 14.5) the residues ca.rr be evaluated by r'eans of relations(2.18) or (2.21).'

rn all this formulae the remaind.er can be evaluated as in the caseof the absence of singularities since the integrand in (s.2) is " ,"g"iãi
functiou for $: %0.
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.Ihe remaind,er (4.6) ca11 be estimatec]. by using the.rnethod employed

itr tl]. One can gìve'similar nrtrneriçal quackalure formulae based o'
Gauss"-I,egeudre method'
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l:d^,il t7l. rytlgSinning the^integral. y.r computed. by using forrnuta
(3.9) for !:5,0.1 a'd À:0.2s ana o.gg. The iesultad. errors"for some
value of n are included in the table bellow

5. Nrrmçrical cxalnPlcs
.1(0 25, s) -:

+t 7.22916112
/ (0.ee, s) =,-

t0-3 4. G9556191. t0 r
/(.2s, 0.1) ..

+r 101 .7!315G
1(0 9e, 0.1) .-

31 2568s8

,I.he cornltutation of the exainples given bcllow \\¡as performed on a

Hervlett-Packãrd, 98258 calcrrlator'
Iìr'l¡r-. jìrt'r,r lìr;:,, r 0rror

a) I v) \
1rr-l o <y < I

2 2.4
3 2.31
4 - 2.it1
5 2.7

107
l0e
l0 1r

l0'11

0.l0 ?

9. 10 ''
-9.l0 Ji

9.10 14

11

ti
19

26.97
I I :ì55
.t ù{:i

220

7
.)
I

2S
44

^lrtt-1'"1 
v I i;' 0 6l

In the satne way as in [5] I't'e hat'e put

{l.Y
1(v) : r

d::

l'(r - -vt) 4 ^ l.x )t")
0

riable x - etz rvas perlorned' After-
th thc aid of the ten points Gauss.-
A- 2 anð' have c¿rlculated the prin-

ac (3.4). Tlrc obtaincd valrrc
sigrrit'icau1 digits' In [5] bY

Ltation ten cor-l)f ec1s1ol1 colllptl

1

b),I(r,) : f--1,- -:'.ltl'= lli -' -j''' ; u<J< 1'
-\J/ 

J{r(L l'¡ ' .l't i v '."r il l"lr
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