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In this paper we shall study the application of multistep methods to
the initial problem

(1) YO =/ty), t <I=[a0p),
(2) ¥(@) = .

Let & be a positive integer. Let T; = =0 (1)e}, where #,; =
=a+jh, § =0 (1) N with the uniform step } — (b — a)/N. To compute
an approximate solution of the problem (1—2) we can apply multistep
methods y, of order k satisfying the conditions

) — 3@l < eutt, 1), ¢ < [a, a + Ak — 1)),
(3) UDalt 4 B) — F(t, 1, (), 9,(¢ — Rl — Bk — )] <
l S el h), for ¢ & [a+ ik —1),5 — p),

where y is the exact solution of (1—2) in [a, @+ h(k — 1)1

The purpose of this paper is to give conditions by which this multi-
step method y, is convergent in the Dahliquist’s sence to the solution
Y of (1—2) ie. for arbitrary n = R~ I1Xa(t) — 2@Il -0 as & > 0 with ¢
fixed, ¢ = I,

ASSUMPTIONS H. Suppose that

I F:I xHxR"x .. X R” > R” where H =0, k,], ho € (0, o)

k
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: 1
2° there emst Sunctions ¥, IxH > Ry = [0,0), 8:IxH — R, such

that, for %y, oo %, Y1, oo Y € R” we have

NWE(t, h, %1, %o, .o, %) — F(4, &, Yly

B
< Y AONE
i=1

Sl <
— ¥l + B A),

1
3 there exists a function ez:[a -+ bk — 1), — k] X H > R such

that
(4) WE(@, ky 2y, 29, ..y 24) — Y(E )| < eyt )

wheve y: [t — Wk — 1), 4+ k] > R™ is a solution of Eq. (1) satisfying the
conditions

Y= hE — 1)) =2z, =11k
We denote the symbols: I, = {=k —k-}1,...,0, ety I =
= {0, 1, ...,7} and
0 if 1>gq,
q
'C,={& .
j:El 7 Cj if 1 < q,
=t
and ‘
1 if 1 >y¢q,
q
4 _ q
Lll Ci = II¢; if 1 <q.
j=1
We then have
rraMya Al If )
WENIT X H o R i (1)

2
2° Exi(t:h) =21, te1l h e H,
i1

3° p,: I x H-RL,
4° wy(t) = ey (h), t € Ty,

k
W) = Pilbinsio1, b) Z Nlbwgrizn, B) wy(taprij), 1 € Iy
then
(5) Wlthprs) < dyltunss), 1€ Iy,
and
(6) cee Gltargica) A (triy), 1S Iy {03,
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where
'El(h/), 1/ 1S ] 1,
d t, == U i : - 7 ; )
h( }'}H—]) El(h) 1—:([) (thk 14]) 71_ 3 ph(thk 147, k) I_I, W(zh‘k_1+,) iEIN~k
I= r=j+1
where
k
WL, h) = Y A k).

) 1
Proof. The inequalities (5) and (6) we can prove by induction. It is
casy to see that the inequalities (5) and (6) are trde for ; < 1,. Now,
we suppose that (5) and (6) are true for ; = I,,,, m > 0. Then we have

A .
= [)”(th,k+m,, k) El Ml tom, i) %,l(th,k+m+l—j) <

7=

u}, (th,k +m1 )

< Pl),(th,lr-i—m: h) + dh(th,k‘f’ﬂl) w(th,k—f-m) =

- j)h(tln,k-l--m: )—f—ZW(i;‘ % |-m H 'LW L‘],k 145 +

m

+- }:Ph(th,k—-l—rj. h T] @(Enp-14,) ’
j=0 r=j+1 ]
1
= j)h(th,kf]»m: h) + E1( ) H (l‘hk 1+]) +

7=0

L m41

+ 21),, (g B) T T
pa

r=j41

w(t]/,kflﬁ-f) == d/,(t},.k +,,;,;.]).
Moreover
thh,k+m+1) = ph(tll,k-l»m; h') -+ W(llh,k,‘“,,)dh(tl,’k H‘) > dh(t,"k‘{_m)'

Now, we obtain
lemma is completed.

Let for # = I us define the sequence {2:"} by the relations

(5) and (6) by induction. Thus the proof of the

(7)

where (4 %) = 0 if ¢ >
Put
iy .
Pully 7) = po(t, h) - 2 Mt eyt (1 — j)h, 1),
J=r

Whete p(t, h) = e,(t, h) - es(t, ) + B2, A).
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We then have

) ] nd let there exists
THEOREM A. Let the assumptions H are fulfilled a ' %
the ;Ezﬁf Ig)[lution y of the problem (1—2). Suppose that the inequalities

(3) are fulfilled for ¢,: [a, @ + h(k — 1)] X H —+Bi and e¢,: [@ + k(R — 1),
b—#] x H > R.. Then we have the estimation

(8) 1alhprd) — Yapedll < 4(hpri), 3 € Inono
where

“h(t) == el(t' h), t = Tk—ll

i ] o () . g ' ]
©) wy(Enpts) = 2,@/.(15»,/:“—1*1, P4 1 — DN (priza), © € Ins
=

Moreover if ”
1° (¢, ) = (%), ' 1 _
2° t};e(zre exists a Lebesgue integrable fumction M : 1 — R, and a cons
tant ¢ > 0 such that
t+h
M(s) ds

k
1=0

1< M h) <ef

Nk

3° lim |e,(h) + ZO Pilthe—1h k)] =0
olrvlff()- ~

then .

: > ) TT 0l 1s)

(10) w,(tnprs) < ei(h) }1 Wlthp—1+5) + ].Zipk(th,k~l»l-]' R) HHW(’-" 1+4r)

r=yJ ,
1 E IN—k)

and the method v, of (8) is conmvergent to the unique solution y of (1—2).

Proof. We see that the estimation (8) is true for ¢ = [ O.PLefct us sup-
pose that the estimation (8) is true for some integer 7 > 0. Pu

0,(8) = llya(t) — @I, ¢ = 1,
Ot 2) = F(t, b, #(t), ..., 2(t — h(k — 1))).

By (3) and the assumptions H we have
Valtasrivr) < [IValnerir) — QUreri Ya)ll +
F Qe rir ¥i) — Qs M+ NQEhk+a ¥) — Ylapri+)ll <

k
< Paltuasi B) 4 23 Mlnersr W0ulbaprivr—s) <
X ~
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min (i-+1,k)
< Pallren B) + s Alhars By (tupoiva—) +
£
k
L L
-+ > Ailanris B)es(nppivi_jy b) = @x(lap+io 1+ min ({4 1, k) +
F=min G 1,041
min(i41,4) i+1—j
+ 21 Ai(thni, B) 20 Pallhrtivgmss £+ 2 — § — 8) Mty 1)
j= a=

Let min (7 4 1, k) = ¢ + 1. Then, asse
elements @, we have the estimation (8).

If min (¢4 1,%) = % then £ <741 and At h) =0 for j =k 4 1,
..., %+ 1. Then we have

mbling in the last relation the

it1—j

2 Phlhrtizjs, t + 2 —

s§=

k
Oltaptivr) < Qultapss B + 1) - Z: Nthpyir B)
=

— 7 = )M pgiy) = Calthatir t + 2) +

i1 i41—4

+ 2 Ai(hpti, B) Z(,; Cullrptiojes t + 2 — 7 — s)AY (
i= s=

Lhrieg )

Hence and above we have the estimation (8) with ¢ + 1 instead of .
Now, we obtain (8) by induction.

Note the inequality (10) follows from Lemma A. Now using 2°

we have
ot b
; J‘ M(s) ds fM(s) ds
I_I ¢ < k-1 < A8 e I
w(h,k—H—j) s¢ sC y b N~k
j=0

Hence and (10) and 8° we see that the method y, of (3) is conver-
gent to the unique solution y of (1—2).

Thus the proof of Theorem A is completed.
Remark 1. It is easy to see that the proof of Theorem A remains

true if the condition (4) is replaced by
WE@ R y@), - 9 — bk — 1)) — y(¢ + B)|| < eoft, B).
Remark 2. If 2 =1 then we have one-step method and
p—1
M) =TT M@ —dh), p—=0,1,2, ...
=0
Now the sequence {u,} defined by (9) is of the form
Uillairt) = eafa, B) TT (i, 1) + 2 bultas ) TT' o, B,
J= 1=

r=j+1

t=-—1,0,...,,N — 1,
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Now if
t+h
J‘ M(s) ds
kl(t,k)gc' , ¢ >0,
and if
: N—1 : ;
im |ey(a, B) + 2 paltai, b) | =0
N—w | j=0
or h—+0

then the one-step method vy, of (3) is convergent to the unique solution
y of (1—2) (see [3]).

k
Remark 3. Let \(t, h) =a; + b, a;, b; >0, i=1(1). Ifga,. =

k
then the condition 2° is true for M = ;bi and ¢ = exp (1).

Of course we have
&
oMK ) =1+ Mh < exp (Mh).
i=1 '

Remark 4. It is easy to see that if p,(t, 4) = hp,(t, k) and
lim P,(f, k) = lim ;(h) = O then the condition 3° is true.
h—+0 h—0

rk 5 If . ’

ﬁetIlllleafunction y' is continuous in the closed interval I(y'(f) = f(t,y(t)),
t . I 4 . .

2)" there exist constants a; b;, + =20 (11)k, J= 1(1)k, a, # 0, -
|| + 18, >0 and a function &:H - R, 1}113(1) 3(h) =0, such tha

& k—1 Ekb
. N S ~ Ak e 7 ) -
(1) :>=‘_(; a1 0‘ t=0 at( ) 1=1
k k
(i) ‘F(t, By theye s thy) - — O ayu, — §2b,f(t — (r — 1)k, w)|| < B3()
| Qg r=1 - 0r=
then the function e; of (4) has of the form
(11) es(tam ) = h(h),
and
lim ©(%) = 0,
(12) ;_Ig)f( )
where

*(h) = 8(h) + Kx(kh),
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and

k—1 k—1 1
K= |Gt =i+ S .
x(e) = max ||y'(x,) — ' (®)II.

l#—2x;|<e
xurysl

Indeed, we have

WE(temir_1, &, y(th,m+k~1)’ co Y(am) — y(th.m+k)“ <

<

k
1
Ftumis—1, B, Y(tamen), ..., Y(trm) + — Zaiy(th,m+k—-i) —

Ay §=1

k
1 5 ,
. E @y (thmrr—i) — — ?b,-y Camrr—i)

k
£ £ —
o t=1 2y =0 @y t=1

k
-2 2 bif trmiis Yrmens)) “ +

|

Hence and [2] (see (5—172), p. 245) we have}(11) and (12).
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