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th" illtlrtoÏåBr:t-*" shall studv the application of multistep methods to

(r)

(2)

y'(t):f(t,y(t)), t e I _ Lø,b1,
yþ) : n.

I,et Þ be
-ø-f jh, l: j-9,,,i,=0(l)i),'whcret¡¡:
an appioxinrat ")' n^= (b - e)lN. To compute
methods y, of ilfl 

we cart appty multistep

,ô\ [lu,,to - y(t)llj 
"1(r, 

h), t = lø, ø * k(h _ 1)],(3) illyh(t + h\ -.F(t, r', or,), ynþl h), ..., !¡(t _ h(h _l)))ll <I < 
",1t, 

h¡,'i"i -t"='(o"\ 
,1u _ t), b _ h),

tt(h _ t)1.

3,i"Jif if l':"ili,,':i_-0as k_rA with¿

^ssuMp,r.ro¡¡s 
I/. Suþþose that

lo F: r x H 
" R'i 

._xl -+R' wkerø H:l0,hol, k, e (0,ø)
þ
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tkat

(4)

ultere y :

cond,,itions

We
{0, 1,
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3o there cxists ø function e" lø | h(h - l),b - hl x H --+H_t-t- such

t J

uhere

dr(t,,,0+r) :

ult,erc
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- ?" there exist functions À¿:,I:<ll -- Rt+ : [0, oo), p:Ix H -rF.t,. such
tkøt for,x¡, ,.;,.x¡tlu ..,,lp = R"' ,u.te h,øac

llF(t,h, %1, %2, ...,x0),- F(t, h,yr,yr,..,,yo)ll <
h

< D r,(¿, tt)llx, - Al + þ(t, h),

er(h), i e I_t,
t 

'n 
i

",(h) j.I*(tn,o ,,¡) l-,\ nfn\nl ,r¡,h) 
,filr*Ur,o_rn,¡
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i e Ik-n

h

llF(t,h, zuzz, ...,2n) - !(t + h)ll < e,(t, /a)

It - h(h - l),t t løl--+ R'n is ø solution o.f Eq.(t) satisfyir.tg the

y(t - h('i -l)):2,, i:l(l)h.
denote thc symbols'. I,: {-h, -h + 1, ...,0, . ..,r}, 1,,:
. ., r\ and

u(t, h): -l Àr(/, ¿).

Proof. The irrequalitics (5) arrd (6) wg 91lr provc by irrduction. ft iscasy to see that the inequàlítics (S)-'a"d i6i-i;à;i;r i e Io. Now.we supl)ose ilrat (S) arrd (6) arc tiuc to, ¡,2 î;: ; ,- d],rn",, we have

'ttt(tt,,a+,,+t) : þn|n,ot,,,,, h) -F f,^,{r,,,0*,,,, h.t) wnþ¡,¡i ¿¡+r_j) (i:1
{ þn(tr,n t *,, h) I dr(to,o+.,,) w(th,+,,) :

: þ¡(t¡.t't ,,, h) lzu(l¡,,¡, ,,,)l"r@¡ t*þr,o-r. ,) +

þuþn,o ,t¡,h) Ij t¡to,o-,r,1
t:i It

flt+7: þn(tt,,* r,,, h) I ",(h) ilw(tt¡.,r+¡) t
Ji ùtt

]- Lþ,,(tr,¡-t*¡, h) fl' ,a(t¡,n 
rr_,) : d¡(tun+,,tr).j:o r_i 4_ jMoreover

dt,(tn,n+,,,+t) : þn(tt,,t, r,,, h) -F w(t¡,¡ r,,,)d,,(tr,,, t,,,) ) d,,(t¡,,¡,_r,,,).

No*,, rve obtai' (5) a'd (6) by i'd.'ctior. ,I.hrrs ,re ¡uoof of thelcnrma is corrrplctcd. \"/

I,et for I e 1 r.rs define the seqnence {lf,)} by the relations

lrÍ''(¿) t'(/) 
ln!,,,(,) å ^,U, 

/r)ti,þ-,)4t - itt¡. þ : 1,2, ...,
It'here IrU, h) : 0 if ¿ > Ít

Put

q

L'C,:j:t
q

\- r.LJ"tj:t

tfl>q,

if 1<4,

ifl>q,
if 1<q.

t

0

and

ñ
r\r1/¿

j:o
I

1

U,C¡: ll,c¡
We then have

I{tìt{}rl A. I"f

1" Àn: I x H -'[ì1, i:1(I) h,,

k

2" >)^i(t, h) > t, t ,. [, lt ,= H,
¿:1

3" þn: I x II -* Iìt+,
4" u,,(t) : .r(h), t e T'n-t,

un(to,t+,) : þ¡(tn,n+¿-r, h) 1- f 
^,(rr,u*,-1, 

k) u¡,(t¡,,¡¡¡-¡),
j:1

then

(5) un(tu,,,+¡)4dt(t,,,n+¡),i=I¡,t-n
ønd

(6) dn(to,o+¡-r){dnþn,n+¿),i=1rv_¡\{0},

q,,U,r) : þt,(t, rù + la ),¡(t, /t)er(t -j_ (1 _ i)h,h),
rt'here þnU, h) : er(t,k) | e"(t, h) + f)U, h).

i = Ik-n
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We then have
TFTDORDÀ.I þt. Let the øssumþtions H are arcd. let tkere exi,sts

tke unique solution y of tke pròblem (l-2). tkal tke ineqwølities

!3) ørefu{i,Ited.for er: la., ø t k(h - l)l x Il -* Rf and e, : lø -f k(h - l),
b - hl x H -> Rf. 'then we have the estimation

(8) llyr(tr,o.-n) - y(tunr¡)ll { r'r'u(t¡,6',¡), 'í e lu-e,

lvhere
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min (i*
4 þ¡(tn¡+¿, h) I Ð

t-l
\i(t¡,n+,, h)ur(t¡,¡-,r¡¡1_, ) +

1,h)

h

(e)

t

ur(t) : e1(t, k), t e Ta-t,
1

ut(tn,n+¿) : D en(tut+¿-i-t,'i + | - ilxl'(tr,u*i-r),'i' Ik_-e
i-o

* r--'Ðl,o .,,*, ^i(t'''+i' 
h)e,(t¡,¡-¡¡¡1-i, h) :4t(tn,e-r¡,1 1- min (x + l, k)) +

* '';Þ, -' 
\¡(t,,,0+,, t¡'þr' qn1th,Þ*i-j-s, ¿ + 2 - j -s) ìÍ.)(/¡,¿+,-¡).

:.: if:t-Ë'lîf6ïîi'î,:;,'Ti1':,ïïïï:
u¡(tn,n+¿+) 4 gn(tn,a+¿,Ä + l) J- ll,,¡1tn,o*u,¡¡i:r

¿+t-¡

Ð r^{rn,o*r-j-,,i+2-

Moreoaer iJ
l" e1(t, k) : ut(It),
2" there exists a Lebesgue intcgrabl,e function M : I -+ P]* ønd û, cons-

tantc>0suckthøt

1<Ð
i:0

t+h

J ø1'¡ a*

ì.,(t, k) < c'

| ",trl * I orr,,,o-,,,, r\f: o

tken
a

(10) N¡(t¡,n+,) ( e1(/a) f1w(tr,o-rt-ì *
j-0

and tke metkod. ln of (3) is conacrgent to the unique solution y of (l-2).
Proof . We see that the estimation (B) is true lor i e 10. Let tls stlp-

pose that the estimation (B) is true for sotne integer i Þ O. Pttt

arþ) -: llyhØ - y(t)ll, t e I,

Q(t, ') 
: F(t, la, z(t), ' ' ', z(t - k(h - 1)))'

BV (3) aud the assumptions II rve have

rt¡,(t¡,ro¡i.¡) 4 llyt(to,o+nrr) - QUr,ut n,y¿)ll *
I llQ(tn,o*,, !n) - Q(tn,un,,y)ll + llQ(t^¡+., !) - y(tn,e+¡+t)ll (

-{ 
- i - t)Ú)(lo,o*r-t):9r(t¡,0*¡,i 1-2) *

*Ð rr(¿r,o +r, h) fi' pt(tn,n+;-i-,,,i + 2 - j - s)rf) (rr,o*,_¡).

rrence and above we have the estimation (B) with r f l instea d, or. i.Now,_we obtain (B) by induction.
Note the inequality (r0) follows from r,emma A. Now using 2 o we have

, ':'Ï*'u' o" 
J 

*0, n,

uu(tr,n_r+ì < rtr,o-t <rã, i= Ik_n.j:0

, 
H"o:." and. (10) and 3o we see that the method yn of (B) is conver-gent-to the unique. solution y of (l_2). Jn -'
Thus the proof of Theorém A'is cómpleted.
R e rn a r k r' rt is :asy to see that the proof of rheorem A remainstrue if the condition (4) l. i"ptn""ã by

llF(t,h,y(t), ...,y(t _ h(h _ t))) _ y(t + ¿)ll < e"(t,h).
Rem ark 2. ff Þ: I then we have one_step method and

^fiØ 
:'i-'^,r, - ik), þ :0, r,2, ...

Now the sequence {uo} defined by (g) is of the form

un(t¡,;+r) : et(*, 

^ F_:\,U0,¡, 
k) + f, þ,,(rr,,, h) 

,fir^t(th,, h),

¿- -1,0,...,¡y'* 1.

lr

3o lirn
Neæ

or ,l¡+0

ii

Dþoln¡-,, ¡, h) l7' w(tr,u-r*,),
j==0 r:j-lr

i e Ik_*,

þ

{ þr(to,o+¡,lr) + D \j(tr,u*,, k)ar(t¡,e¡¡¡1-¡) 4
!:l
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Now if and

t+h

I u$¡ a"

)rr(t,h)4ct , c)0,
and if

.¡;ä l',r, 
, * Þ* þ^(t,,¡,r)] :

then the one-step method. yr, of (3) is convergent to the unique solution
y of (l-2) (see [3]). 

þ

Remark 3. I,et l¡(1, k):ørlb¿k, û¡,b¡ ÞO, i:1(1)Þ. If Dø,:l

K : f-lÐ,.,,r, - i) +Ð,u,,],
X(t) :,"-a* llY'(xr) - Y'(xr)ll.

rt,tae I

fndeed, ',ve have

llF(tn,,,+u-t, h, y(th,,,+þ-l), . . ., y(t¡,^)) - y(t¡,.+e)ll 4
il_. . h* 
llO0r,', 

th-t,k¡!(t¡,*+n-), ...,y(tt,,*)) *;Ð øi!(t¡,*+t_¿) -

L

,þ
- :,äb¡.f(tn,*+n-¡, y(tn,*+n-¿)) 

ll 
.ll; 

ho,r(,u,^nn-o) - !"þ,u,r,u,,-.-_rll.
Ifence and l2l (see (S-172), p.245) we haveJ(ll) and, (t2).
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then the condition 2o is true for M :
Of course we have

fó, and c: exp (1)

þ

D r,(¿, h) : | + Mk 4 exp (Mk).
í:1

R e m a r k 4. It is easy to see that iÎ þh(t,lr) : lriu(t, n) and
timln(t,h') :lime'(h) :0 then the condition 3o is true.
å+0 h+0

Remark 5. If
1" the function y' is continuous in the closed. interval I(-y'(t) : f (t,y(t))'

tell
g " there exist constants ø¡, b¡, i :0 (l)h, j : 1(1)å, øo * 0,

løol -f låol > 0 and a function 8: f1 -- Rl¡, lirn 8(å) : 0, such that

h-r k

(i) Do,:0, T)o,(n-ù:Db,,j:0 d:0 i:l

1ii¡ llr
(t, Ir, ur,...,up)+ 1 D ø,u,- L

ds r:l Ao Ðu,ru - Q - r)h,,,)ll < r,s(r,)

then the function e, of (4) has of the form

(11) es(tn,*, k) : h(lt),
and.

(r2) lirr' a(h) : 0,

where
t(k) :8(¿) + Ka@k),


