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1. Introduction. The following sufficient condition for univalency of
an analytic function in a convex domain is well known (2], [4], [5]:

THEOREM A. If D is a convex domain in the complex plane C, and
if fis an analytic function in D such that

(1) Ref'(z) >0, for all z = D,

then f is univalent in D.

This result was generalized in [1] and [3] as follows:

THEOREM B. If f is analytic in a domain D and if there exists an
anglytic function g which is univalent and convex in D (i.e. g(D) is a convex
domain) swuch that

2) Re l()) >0, foralli ze0D,
g'(z
then f is univalent in D.
In this note we obtain sufficient conditions of univalency similar to
(1) and (2) for complex functions in the class C1. These conditions yield
some simple criteria of homeomorphism in the complex plane.
2. Preliminaries. Let D be a domain in C and let f:D — C, with
f@) = w(x,y) + iv(x, y).
., We say that the function f belongs to the class C}(D) if the real func-
. tons w = Re fand v = Im f of the real variables x and y have continuous
tirst order partial derivatives in D. . ‘
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The directional derivative of the function f = CY(D) at the point ze D,
in the direction defined by the angle « € [0, 2x) is given by the well known
formula
fl (Z) s Q{ + 6‘1721'0( al s

a

e 0z
where
J 1 0 .0 d 1 d )
Y JPY I SO Y 1
0z 2 0x dy = 0z 2 Ox dy

The Jacobian of the function f = CYD) is given by
oo p
o[22

If J(f) > 0 in D, then fis a locally homeomorphism preserving the orien-

tation in D.
For f and g belonging to CY(D), if we define

|

dz Jz
I(f’ g) = dg oz |’

5ol

then I(f,f) = J(f), and
(3) L(f, §)F — L(f. )P = J(f) - T(g)-

3. Main results. The following theorems provide sufficient conditions
of homeomorphism similar to (1) and (2).

THEOREM 1. If D is a convex domain in € and the function f = CYD)
satisfies ome of the following egquivalent conditions :

(4) Re fu(2) >0, for all z € D, and all « < [0, 2w)
(5) Re ¥ > (2[ , forall ze D,
0z )z

then f is univalent in D.

Proof. Let 2,2, € D, 2, # 2, and let z(t) = 2z, + L(z, — 2,), ¢ €[0,1].
Since D is convex, z({) € D for all £ € [0, 1]. By integrating along the
segment [z,, 2,], we obtain

fles) = flea) = | 2 7(1=0) 1at = | lgl et j?l o

= (2 — 21) Sl[ji + z—: g’-;]dt — (22— 2,) Slf,’,[z(t)]dt,
0 0

1l
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where « = arg (z, — z,). By using (4) we obtain

Re /) = fz)

e i

2 <y

1

= \ Re fo[2(¢)]dt > 0,
0

which shows that f is univalent in D).

It is easy to check that the conditions (4) and (5) are equivalent.

We next generalize Theorem 1, by obtaini ici iy
. ] ni
of univalency similar to @, y ng a sufficient condition

. THEOREM 2. Let g < CY(D), where D is a domain in C. S :
unwvalent, cowvex and satisfies | (¢) <0 in D. If f = gi(Dj a::g[bose &

(6) Re I(f, g) > |I(f, g)|, for all » = D,
then f is univalent and J(f) > 0 in D.

Proof. T,et A = o(D) and ¢ — 1] i : .
defined. by g(D) and ¢ = g 1. Consider the function /- A —C

hw) = flo(w)), w = A.

We have
W _o o o oy
Ow Jz Ow 0z Ow
_ % _ o 00 o o
0w 3z 0w ' 0 Oom
and
99 L 08 0p _ %
do I 9" 9w Jg) 0
Hence
[ (U R S P
dw  Jg ' 0w J(®)
Since J(g) > 0, from (6) we obtain
ok oh
Re 22 GL
g Ow = Ow /' wEA.

Since A is ¢onvex, b

in A and thus f = /4 o g is univalent in D.

F i )
of Thégfeln(f;)g'and (3) we easily deduce J (f) > 0, which completes the proof

y applying Theorem 1 we deduce that j is univalent
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ieular Cases. Jo. 11, m
35 ?[.ﬁ:tﬁg“fg;ction fin Theorem 2 is analytic in D, then the condition

(6) becomes

* a— * ag = .
I{e!f_(z)£'>lf(z)a} , z2eD
If in addition g is analytic in D, we {))btain condition (2). If D is con-
= = obtain condition (1), ot
v E;](}fg%)leﬁfi;agfm? ga7t in Theorem 2 is analytic in D, the condition
(6) becomes

_ y =" 3 .
Re{g%g’(z)i > (ig(z)i, z <D,

az
or
o u
Oz 64 ze D,
(7) 2% £2'(%)

suppose D is the unit disc U, and g(z) = z/(1 — 2)
(?)S _B'I}OBX[T{I]?;{Q;) E,/m](c)lljf'ez)ﬁ, z = U. Then we obtain 1'espec1glv%y.the
?gﬂgwing pzﬁ‘ticulax conditions of univalency for a function f=CY(U):

Re[{1—z)zgﬂ>|(1 ﬁz)z‘;i;‘, 2= U,

Re[(l — ) %{]>l(1 — &) a_sl‘ gl

¢) If the function f in Theorem 2 is of the form f=F -+ G, where
F and G are analytic in D, then condition (7) becomes

E'(#)
&'(%)

G'(%)
g'(z)

ze D,

’

8) e

If in addition D is convex and g(z) = z, we obtain the following con-
dition of univalency for the function f=F 4 G

ReF'(z) > |G'(2), z < D.

j(thishf‘ 1%0=f0é10;\§d d]u(-;%((::ﬁliﬁ?l(?ﬂl‘ﬁiorj H'JE JIL)?, tl}en condition (8) holds.

Hence we obtain the following condition of‘ umvlalency ; S
THROREM 3. If the fumction g is anaiync' umwlefft an rm;z o

domain D and G s analytic in D such that |G ()| < |&'(2)] fo

then the function =g + G is univalent in D. ; Ll #e
As an example, it is easy to check that the function f(z) =

univalent in the halfplane D = {z; Re z < 0}.
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d) Consider g(z) = z 4- A2z with |Al < 1/2. It is easy to show that
J(&) >0 and g is convex in U, By Theorem 1 we can show that g is

univalent in U, From Theorem 2 we obtain the following sufficient con-
dition of univalency for a function JseU):

Re(j{ +7&1Jf(z)]>'g£ - wf(z)‘, e U
where |1| < 1/2 and

af _af
Df =22 _ 39
f zas z()é
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