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1' Introductigl Tn" follorving. sufTicient condition for univalency ofan analvtic fu'ctio' in a convex äomairr is well r."i*" l2l, t4j:- lii:"'T''IEoREùI A. IÍ D is a conuex d.omaiø in the comþrex pùne t,'ønd,if f is an ønøIytic function in D suck that 
'- --- -""'Ì

(1) Re/'(z) ¡ 0, for a.tt z e D,

then f is uniuølent in D.
'Ihis result was generalized in [l] and [S] as follows:

I] If _{ _is. in ø domøin D ønd. if there exists øn*n n g which is t and conuex in D (i.e. g(D) i, ; ¿;;";;do th&t

(2) ¡¡qlll ¡ 9, for øtt z e D,
e'(:)

then f is uniuq,lent in D.

conditions of univalency similar to
the class C1. These conditions yield.
ism in the complex plane.

L:, we say that'.;he function/0"r.;î.;r"""r:::1 ,::rr";: r:::Ltons u: r(e / anda : Imf of the real varíables r and 1i hau. continuous{irst order pärtial derir,.iív"s il b.



The directional derivative of the functionÍ = Cr(D) at the point zeD,
in the direction defined by the angle a e 10,2æ) is given by the well known
formula

f L(z) : ql + ' '" uu+,

where

A | õ .ô A | Ò .¿\
ar- zl*-'oy'az: z ;; l'ouJ'

The Jacobian of the function f e: Cl(D) is givel by

t0 -li)'-åil
If IØ > 0 in D, then f is a locally honeomorphism preserving the orierr-
tation in D.

For / and g belonging to Ct(D), if we define
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where q.: àÍg @, - zr). By using (4) we obtain

¡¡" 119')_4ù :
3t -- ãz

Ref'"lz(t)ldt > 0,

ta PETRU T. MOCANU

t(f,Ð:

then f is uniaalent 'in D.
Proof. Iret zr, zz u D, zt * zz and let z(l)

Since D is convex, z(t) e D for ¿11 ¿ e 10, I
segrnent lzr, zrf, we obtain

r,vhich sho,,vs that f is univalerrt in D.rt is easv to check that the co'd.itions (4) and (s) are equivalent.we next senerarize Theore'r r, by obtainirrg u sufficient cond.itionof univalency imilar to (2). 
--" ^' ¿

THEoREùr 2. Let _g = Cr(D), uhcrc D is ø d.omøin in C. Suþþose g ,isuniaatent, conaex ønd" søtisfiis"lkfà 0 i; 
-D.-ilî; "[,1b,1 

ona

(6) Re 1f, s,) > lI(f, s)1, for a.u z e D,

then f is uniaalent ønd. J(f) ) O ín D.

U.rrrï.ä"{;I,et ¿ :g(D) and g:g-r.Consider the function h: L *C

h(*) : -flp@)1, u' = A.
We have

t
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)

ôh _ðJ ôe | ôf Ap

ôa ôt ô.- ôt ô.

ôh _òf òp , ðf ðe
ôtu ôz òa ' 0z ò"

tloen I(f ,f) : J(f), and

(3) lI(1, s)l'- VU, s)ì': l0 . lß).
3. Main rcsults. The follor,viug theorerns provide sufficient cond.itions

of honreomorphism similar to (1) und (2).
'rr-rrorìErr 1. If D is a conacx dom,a'ín in, t ønd lh,e fuu,ction, Í = Cr(D)

satisfics one of tke follotuing cquiaalcnt cond,itions :

(4) Re/i(e) 2 0, for øl,l z c. 1), and, ull d e 10,2n)

(5) n" ? = l?-l l, for att z c= I),
dz lù2 I

9T
az

òÅ

ôz

õf
ôs

ôg

ôz

t(,,) - f (,,) : \;ru,rr," : j Ll, 
'),, o 

"l, 

#J^, 
:

dt,
"¡i¡t'r'vll0

ln': u,-

and

ô,9

UT])

1ôs
lß) ô'

9t, : tt¡, El
Ôu rto\

J \ò/

Ik) ô2

r(f, e)

l(e)

ôq

Ou)

lôs

Ifence

ôh

ou): z, * t(r, - zt), t el0,ll.
. By integrating along the

_t- _¡(Iôf , r" ,,òI
- \.2 - ..tt 

)lO, - a ,, a;

Since /(g) ) 0, from (6) we obtain

Ru94-. løI^"¿, tl*l' u = A'

,sin9e n is convex, by applying Theorem l we d.educe that /¿ is univalenttn ¿1 and thus / : h og ir"""i";;"t-i" ¿.

", ,f::iJ6)rand (3) we easity deduce I(Í) > 0, which completes the proof




