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l' t"t 2u'¡ be a given infinite series with n-th partiar sum s,,. r,etA :.(o*) (å:0, l, ..r-, tlt n. :0, 1; .:.j Ë; äriiir" matrix of realnumbers' w'e denote b,y 
",,, t]'e'a-tran îor- of theìe¡ies zwo where

(1.1) ,o: f o,,o ro (n :0,1, . . .).

I-et f (t) be a real,,periodic. furrction with period 2æ, and. itegrable(Z) over (o, 2r). r,et rhe F'ourier ."ri", otl(rj ã";iv";";y
'ôò

(1.2) a + Ð (à, cos n:t I b, sín nt) : i o,,(r)2 ¡J-1 fl:o
We let t*(x) be ttie A-transform of the series (1.2) at t : x.

fi {1r,,} is a sequence of real numbers with p, :fþ_(þr>0) andif

(1.3) &nþ

It

þø-h

Pn

0

(h < n),

(k > n),
or

lþe(1.4) o^, -l, rl 
(h ( n)'

lo (h>o),

6 - L'a{ålyEe ndmóriquo et l<a thóorio do l,ûptr¡oTimôflot ToEo t0, u, t, lggl



B2 R. N. MOHAPATRA and B. N. SAIINEY

an,(k,:0, 1, . .. n; n:= 0, l, ...); ø,,,0:Ðø,,

A AppRoXrMATroN oF coNrrNuous ¡UNÇTroìtS By FoURTER sERrEs 
83

, THEoRET{ l. Let A : (a,o) søtj,sfy the foilowing;

';r;', 
e"¡') o 

'o 

:o,,0,' 

,'' oo,,,^,.,t, ri 
--l' 

rl'. , I :::, I ;å 

&nn : t'

(2.3) f þositiue constant a such that f, &un Þ a.,
À-t

Then for -f = C*10, 2nl,

/i(2.4) E,(/) :onrax 
,lÍ(*) - t,(x)l -, (åú0#lf)

where a(t) is the rnoelutus of .continuity of Í(x).l'HEoREr,r 2. Let A : (a,¡) satiifl " 
e.i)' øna

(2.5) &u¡-t { &uh (h : l, . . ., n).
Then for f = C*10, 2nl,

(2.6) , urriax lr,,(ø) I(x)t :, (-(*J)., (Ë I.r,.r)
A generalization of ,I.heorem B is the following:
'rrrnoRElr 3. Lct A : (o,o) satisfy (2.1) and (2.5). .fhen 

for f e I,ip a.(0<ø<l), ; ,

t

o((a"o)")

o[o*,tor 
;l^)

2

Norlund transform or Riesz
j

thc A-transfornr 
"i Ë A,O is cailed the. ø:0 :. -transfo¡m respectively.

throughout the "paper we shall writc

(1.s)

(1.6)

(r.7)

and

h

&nh:
Ð

ø,(h) : ã,,,0'

o(,) : I ttø + t) +,f(x - t) - zf(x)j

(l.B) Cx[0, 2r.) for class of a continuous periodic functions on (0,2æ)with period 2æ.

(1.9) r,et NlL4_.and R,(.x) _are the Nölund and Riesp transforms of theseries (1.2) respectirlely.

2. In atternlrtirrg to. gencralise a. result of ar,Exlrs f l ] concerningthe degree of approximatioã of a function ¡ = np"í(O':""i i¡ Uy C"rar8
OI,I,AND, SAHNEY ANd, TZTITTNAI]ÄRIO
the following:
egøt,iue nt_onotonicølly non_increasing

the modulus of cõntinui.fy of f å

max lf(x) - N,(*)l: O I0<z<2r I

rç-
^LJ-I'r h:t

P¡ a(t llt) (0<"<l) ;(2.7) :nrrax lt,,(x) - f@)l :0<r<22 (o: t)
TrrEonrlM B. Let {'þ"},u, ø reør, non-negør,iue, monotonicaily non-d,ecreq.-

:::: :ryr:,:,t' o{nrcut nurñørrs zaith p,_- õ. Th, for a 2n þeriod,ic func_,xon j € .lrll) ø (0 ( ø ( l) wc have - - rt is easy to observe that on taking e,¡ ãs in (r.4) we have TheoremB frorn Theorem 3.
R e m a r k. I1 ere continuous then from TheoremI and Theorem 2 we .4_transforl, ãf 1f* I..ourier Series

?l fØ is uuiforrnly c E (a,,¡) i. ìr." ,'rãì¡,< of arithme_trc means then this
t7l p.p. 89'(3.4)) tained frorn Fejér's theorem (See

3. we shall 
'eed 

the forlowing lemmas for the proof of our theorems.
r,rJr{r{A 1. If {a,¡}'satisfies' (-2.I) ønd (2.2) tkua for , : I n I

t;J '

(3.1) f o,, sl,' [À + 1tr - ,1. (1\
ã--o "' t zl' - -"1"'

uíth ø,,(r) d,efi,ned, by (t.S) ønd, (1.6). i

max lÍ@) - R,(x) | :0<ø<2n

Our object in this p]per is to obtain estimates for max lf @). 
_

- t^(x)l when_ the entries'of thè matrix A: (o,o) ,"tirf19uáiìläeÍ 6t¡¡ 4{dnh*t (À=0, l,...; n:0, l,...) or ø,0)à,,,onr1AJO,-ï,'.'.'.,-";,i:0, l, ...).
Our main results are given in the following theorems



i

l:

I

i
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The lemma follows by ,using a.rg.ufirelrts similar to that of Mc TIADDEN

[6, p. 182].
, ,rrEMlrA 2, trf {ø"0} satisfdes (2.1) ànd (2.5) tken

and

(3.2) 
u_f_oo,,osin [n 

* +), 
:? e)

This can be proved by using -A.bells lenrara.

r,DMrlrA 3. Let (a"e) søtisfy (2.5) Tken for r :

(4.3) Iz:Li+na'n¡si,'
nln

(o * i), dt.

BV (2.1), (2.2), (2.5) and, some calculation we get
E

t
o1.tî^/, 

: o(^HÐ-o,o), 
þt;)) :, (p'[*)':*. " ¡fl

D o*u sin 
{n 

* +), =o(ø'*,,-,)
since by (2.2) and, (2.8)

uhere n

Ð
À:1

o
h

en(h 1 l)

o;r:f
t:þ

(4.4)

' '(:),Ð t#) Øøþ+,)z ø,.(rln).
&rr h

Proof. On subd.ivitling the sum from A equals zero to n inlo two
parts we get

äo,,osin (n + +1,: E * ,,_ä,) 
dnp sin l, + +)t : D,r x,, say

Clearly

Ð, : O(aL,*-,).

Since ø,,u is non-d.ecreasing in A,

>
But

By l,emma I and the fact that a,,(x) increases with r, we have

(4.5) max Ir: Q{j* ,,([:]) ,,7
I

n-t "t!
#,"[r:1¡1"0<ø<2r -o Dh-r

nl(h!11

o Ð
.[1)u,,tn * tl

I
h

On collectins the estimates for f, and. Ir, ,Iheorem I followsProof of the"orem 2. obseive ;h"t ir;^Lemma 3

Tt-ra.,,,,,-,: (" * l)ø,r-" 4, Ð o*o : eî,*-".
h:rt-Í

(5 1) j,+lä".,,io {t *;J,l dt:o(j+ o;,^-.d,):

:, (Þ: 
_,T.,,# 

o,^,,-. at):, (å + o,;,,,-u),

since*o(l) and, ø'n,n_, are non-d.ecreasing functions of L¡'ollowlng the method of proof ol Theorem r and repracing the es_timate (a'5) bv (5 1)' we,î:i'-:''ôL;T 
'n"l"it'ìn"t 

"

pu**tr@) - t.(x)t : o (^ (:)) * r (Ð-+ *r,.-r).

implies

On collectirrg the estirnates for X, and.' Ir, the lemma follows.
Proof of theorem 1. Since O(l) < w(t), anð. sintl2 > tlr (0 < I < æ),

we have

rr.ax lf (x) - t,(x)l < max 1, f max 1r,
o<r<tr 0(ø(2r 0<r<28

where

(4.2) I
rln fr: IY f ø'¿ sin ln+|¡trat
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R e r'a r k' rt should be noted that Theorern B does not coverthe case Þ, ) þ,¡r,(n - (, l, .. ) ô;; Theorem 4 yields an estimatc forthrs case and thcreby comprem"itr iir"orem B. F.or the sake of demo'_stratiotr, if in Theorem 4 we take þ,, : ! , pn _ log n and. write L,(x)
lor R,(x) then lve shall obtain

coRorrr,.any. For f(x) = Ci [0, 2xl, then

Proof of theorem 3. Since O(l) < o(t),

max l/(r) - t,,(x)l ( ma* I, ¡ max Ir,(s.3)

where

0<¡(2æ 0<¡<2r 0<r<2ß

(5.3) I
onn

t
o( t)

lä.",sin (r + 1) dt

,, o
I

h
log (h1 1)

and max lf (x) - l-,,(x)l : eO<r<2¡ Dlog n h--l

(5.4) I,: \
onn

.(r) lf,o,,,sinrÆ+ 1l
l¡--o 2 J

t dt ,r"*tt ,{gråtäl o, (0 < ø ( 1) then we state the foilowing Corollaries
coRoLLARV. lsec f lJ). Lct f(x) = Liq o.. (0 ( æ ( l) atut o,(x) bethc first Ccsríyo mian of ¿ñ,c Fouyiíì lcries of f(x). ThenBy (2.1) and. the fact that .(l) : O(1"), we have

(5.5) I,: O(øi,) for 0 < o¿ ( 1.

By Lemma 2 and.(/) : O(t"), we get
(6.5) 

^max |o,,(x) -f@)l:0<r<2¡

O(n-"¡ (0<ø<1),
(": 1)."(::)

(5.6) I,: O &,, td 2 dt
I

o(ui,)

Oi.o,, t.t *,)

for0<æ{1,
for ¿:1. r,"-lu" 

a're grateful to Prof. Prem chandra for his remarks concerning

ailn

From (5.2), (5.5) and (5.6) the required result follows.
6. Our results can be used to obtain many results by specialising the

matrix A.
By setting A to be the Nörlund matrix in Theorem 2, we get Theo-

rern A.
R e m a r k. l. It rnust be mentiorted. here that we can not ob-

t¡irr Theorem A from Theorem I since althor1h {þ"} is monotonic non-
increasing, {þ,-nl P,\ considcred as a seçltlence in /¿ 

-is 
iron-d.ecrea-sing in È.

2. In vièw of the above rcmark it is clear that Corollary 2 of r<,rr.Tl-rrrr,,

.{Or,r,AnD and- SrrrrNrl1¿ [5] can lot be d.erived from their theorem as

;laimed. in page 23I of their paper l5l.
I.et (ø,0) be the Riesz matrix or the (Ñ, 1r,,) matrix (See [3]), then

we obtain the following result :

TrrÐoRDM 4. Let {Þ^} søtisfY

(6.1) þ, > 0 (n: l, 2, ...), þo) 0, þn > þ*t-r(n:0, 1, . ").
Then for Í = C*10, %rl,
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(6.2) rnaxlf(x) - R"(x)l:O
0<t<2n


