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CONES OF HOI-,OMORPHIC FUNCîIONS
WITH POSITIVB RBAL PART

by

DORIN ANDRICA and NICOITAE MUSUROIA

(Cluj-Napoca)

1. Introduction

In this paper we shall study two classes of holomorphic functions
cones with positive real part. We recall some notions and. tesults of cones
theory in topological linear spaces.

Let X be a topological linear space and K
DEt'lNrTroN 7.1. The set K is ø cone in X cx.lft
(i) K-l-KcK (i,i,)),KcK, ÀeR, ).)0.

If the cond,i,tion.

(iii)Kn-lr:{0},
is also satisf'íed,, ukere 0 øs tke zero ølement.of tke.sþøce, ue call K ø

þroþcr cone in X.
A cone .Il endows X with a preord.er relation (reflexive and transitive) :

x 4r! fif y - % e K. If 1( is a proper cone, then this relation is an
order on X.

I,et it be Uo = K, Uo + 0, a fixed element.
We d.enote Xut": {x e X:litr,tr> 0: -trUo 4xx (*/rUo}, If x e Xu"
we say that x is Uo - measurable ([], p. 16). It is easy to see that
Xy, is a linear space. Denote:

(1.1) u.(x) : inf {lt : -trUo 4x x}, þ(x) : iú {tr' ø (ir trUo}.

'lhe rual: þuu: Xu"*R+, þr"(x) - max {o.(*), þ(xl}, is a seminoÍm on
Xu". If the condition (iii), Definitiln 1.1. is satisfied. then 1y. is even
a norm [1].
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Further, we shall denote:.

U:{z eC:lzl (l}' -(I:þ=C:lzl çl}
H(U) : {J: U * Cl/ holomorphic on U}

H(U) : {f :U - Cl/ holomorPhic on U}'

In ([3], p.88) it is proved that the directecl and sufficient family of
seminorms þ": H(U),-' R, given by

(r.2) þ"(fl : \7"t¡1r¡¡, 10 : 0, 7,2, . . .,

whene U,,=\, e C:lzl =;ï) , endows I/(U) with a structure of a

complete metrizable locally convex
which has the Heine-Borel property
pact) but is not a normable space.

(1.3)

Proof. i< +Ø + 3zo = k = A e 7i-)0. then Yx = X, lÀ > 0suchthat
o

)'.x e I( - zoCK - zo. From here

),.x : u - zo, c!, e I{ + x : L" - + zo e I{ - I{.

REITARK 2.2. The condition k +Ø is very strong. The follorving
example shows that in f/(U) there are cones whích though rich in elements
have ãn empty interior in any locally convex topology I/(U) is endowed
with.

Let it be

fæì(2.1) Kn : \Í - n{ul : f @) : ,?4 ," o, > ol,

1{, is evidently a cone. I,et c be a topology for which (H(U), r) is a locally

convex space. Then .å, :Ø, otherwise Theorem 2.1. implying H(rJ):
- I{* - Ko, which is imposible due to the form of the holomorphic
functions from (2.1).

PRoPosrTro¡q 2.3. lf SØ * 0, z e U, then

Ps

space. I/(U) beconles a Fréchet space

{any closed and bounded set is com-
A rnetric on H(U) is given by

pv,Ð: å h r.^-MrÌ^
H(U) is a linear normed space. with the norm

ll/ll : rnax l/(z)1,
U

' For g - HtU) we consider the set

(1.4) P,: {.f = H(U) : Re g(z) f (z) > 0, z = U}

and for g * HtU), the set

(1.5) Fr: {f = II(U):Reg(z) Í(z) > o, z * U}.

-It is easy to see that P, anð, F, ^t. cones in H(U), respectively
H(U), but they are not proper cones,' The probletn of studyiirg these cones was. :proÐosed by prof' dr.
ET,ENA poPovrcru at the course of Approxirnation Schemes.

We: shall give some topological properties'of these cones in the spaces

H(u) and HF).

2. The loeally eonvex space olholomorphie functions on the
open disk. The Pe cones.

We shall use the following result of the general theory of topological
tt""ïJååii; 

2J. rf x is ø toþologi,cat, Iinear sþøce ønd. K ç x ös ø

cone uith i<. + ø ¡f< U;ng the toþotogicøl inter'ior of K) tken K is a gene'
rator cone for X, nømel,y X : K - K.

u'here P: {Í = H(U): Ref(z) Þ 0}, and P, i! the set giaen in-(1'4). 
-'lhe proôf is immediate and. we omit it. This proposition shows the

irnportanðe of studyincl the cone P. Tlnat is why we shall now study this
cone.

rr{rloRuM 2.4. i':Ø, in the toþology giuen by tke (l.l) fømity of
seminornts a.nd. P is a' closed' set in' this toþo\ogy.

Proof. For showing that-i':-Ø, in the tgpojogy induced bv the-(1.1)
selnlnorllls we suppose that there is / e P' Then there are ø e N and
r > 0, such as f * B^,, f P, where

(2.2) Bn,, 7 {k e H(U): þ"(h,) < r}.

Two cases are possible.

L.f :- 0. 'We put in this case k(z): a+,z e (J. rffe see that

I{z) e 8,,,, Vn e N, Vz > 0, but h ø P. This is a contradiction' So

0øP.
I}.. f * 0, on U. Applying the principle of maximu\ -(l2l' p. 142),

there is zo e ð(J wit¡f(zt)' + Ó. twó caseõ are to be consid'ered:
a) zo * -1. Let it be then

(2.s) h(z):+.+ I 
,

n*l þ"(Í) 2-20



CONES OF IIOLOI\4OI{PIIIC I]UNCJTIONS r37
136 DoRIN ANDRICA and NICoLAE MUSURoIA

'W'e show that h e 8,,, i

þ.(h) : max l -+ Jg 1 l: ' ,rr"* l-r(')l I < 'u6 Iø-ll þ"(f\ z-zol n-l u" þr(f)lz-zol n+t lz-zol

But lzo - zl > llzol - lzll > L - ". r: #, and. so

þ"(k) < #rt" * 1) : r. weshow thatf * kø P. Letitbezo - xo *'i!0,
z : % j- iy. 'Ihen lor y : !¡, arrd x ( %o, we hawe.

Re (/(z) + h(ù: ne/(z) (, . h . ;1,) . o,

because lå > 0, lx- xol ( ô iuch that (l +-+ *,) <0, So./-þ

* k e P, rvhich is a contradictiorr,
b) zo - -1. We pú. h(z) - 

/ f(z) 1 -.

Beasoning si'rilarly as in the "¡ ""rä 
J"t.fät*, in" l' ro, 

^,=: 
0 and x > - I ,

JÐ > 0, such that f.or x - 1 < Ð, we have

Re (/(z) + h(,)): ne/(z) (t * h ;r_-¡) . o,

that is Í + n e p. From the a) and b) cases it follows that the case
rr is impossible too. so Þ : Ø. lt i; easy to see that p is closed in the
topology given by the (1.2) family of seminorms. The proof is now com-
p1ete.

I.çt it be fo e P, -fo * Q, z = U. Denote:

Hn(U) : {Í = H(U):f it,/o - measurable}.

pRoposrTroN 2.5. HtQ) i,s ø locally conaex sþacc uith, resþect ts th,e.
(q,,¡")oro fømil'y of seminorms, where l

Ç,,r^U): max l*eílì1,
u¡ Re/o(z)

rfcìno rhe ntinciple of maximurn of harmonic functions, (121, p. 142) we

åä'ir'"i l"i æ(/i and p(/) defined' in (1'1)' we hawe

o(f) : P(/) : *"* JI944J '
ÍJn Re/o(z)

rt is easy to see that q,,r"(Í) : ^?:H#, is a. seminoÏrn'

pRoposrTroN 2.6. P is not o 'íoo"íài' cone' in the sense of d'efiniti¡111'

s.iaen 4n 16l, þ. 215.
ïî""r. lt p '#ould -b" 

" 
oorr,'ul colre, it would" follows that P is propcr in

H(U\. (161, CorollarY 1, P' 216)'
nùt,'as ïä htw" already seen, P is not a proper cone'

3, Tbe nonned spaee of ltolomorphie'funetions on I'he closeil tlisk'
Thc Pr concs.

THE.REM BJ. þ,) {f = H(u): Ref(z) e(z) > 0,2 = u\, !yL^tk1 se.-

cond. set is oþen in the'ioþotogy giaen' by (1'3)' rtthere g e H(U)' Pt is
closed,. g

Proof ' Let it b." & =.F. ,r Tf" continuity of Re gloo on Ll irr.rplies that

rtrere exísts Ð : t;]ti R" g(z) ho@) > rJ'

we consider B:{n = ntÚ¡tlllt-h,ll . *},where G:muaxlg(z)1.

We show lchal B C Fr. We hawe:

lk(,) - hoþ)l < ), , '= Ü

ancl

lg(z)l lh(z) - ko@)l < Glto(z) - ho(z)l < !'' = Ú'

lRe gla - Re 8lr; < ì'

4 5

(2.4)

egck of these seminorms being induced. by the cone P.
Proof. Let it be/ e H¡(U): Then there aÍe tr,t, Þ,0 such that

I R""/ + I, Re/, > 0,
- túo (",f ("tr,fo (-> { ,'-l""llrRe/r-Re/>0

or,

So
rlegh> Re Bho-lt* =0, z =Ú'22

similarly to Proposition 2.3 on pfoves that for g = H(U), g(z) *0'
z e (i, rve hawe Fr: L â, whcrc

"g

F : {f e H(Ú): Re/(e) > o' z = u}'

coRorrrr.{Rv 3.2. H(T\ - Þr - Þr :' F - L F'cclRe.fl
Re-fo

( fz.
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the proof is an immediate consequence of the theorems 2.r and 3.1.
Denote H¡"(U) : {Í = H(ú):.f i, fo _ measurable}.
pRoposrrrow 3'3' Hn(u) is ø seminorrued. sþøce wh,ere tr,re seminotmis inclwcecl by tke þreord.er of F and is giae.n by

þ(f):ï'.ff#.
Rr{À{ÄRr{ 34' Þ'is not et normøI cone in tke nornted, sþøce H((J), int,loc sense of the d.efinition frorn lll-,'-þ-.72.'Ihe following example shorvs this.

l- 1 s-(z\: I -¿l r- I- 4n2'6nt'1 -Tn '!'-ln^
. ., but ll + E,ll : *-O @*æ)

4. Extrernal díreetions in thc conc P.
DE¡.rNmroN 4.L We call_xo A þoi,nt of the cone I{ ifÍ%o:a.x+(1 -a)y,x,jeK,"ct" x:!.

lay bf lt, ''"0 ct'rt' cxtYcntal

r.csu al couc p, thc following

lnrrn 4.3. If t:..[j - fr]*_C, uîtlt, zo e= d(J, i.s ltotonrcrþlùc in, Ua.nd contùttrort "ni 0U _þii, tirl,ri'
f(r):0, z e ¿)(l-- þrj *f(r):tJ, z o. tJ -_ þoj.

Proof. Iret it be/: tt. j- iu. ,Ihen u, u are contiltrlous on ôU _ þrj.
e,: U aì A,, C _ Açt,, .W.e 

consider

U -Ar, n-1,2,.,,, We haveon ô(U - e,), and Xrl ,*e, when
n+-@. But by the principle of rraxinum [2], p_: 142) we hawe l/(z)l ::lÍ,_8)l <M,, z ei-Ç. So l/(z)l :0,', éO _-trrl. Then f.(r):0,zeU_þrj.

THÐoRDM 4.4. The functions

(4.3) e,: ll .{! , t e lo, 2æ)
| - ze-t,

øre extrernal þoi,nts ,in the cone p.

T 
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Proof. Let's suppose that for a fixed / from l0'2rr-l we hav'e the repre-

sentation

(4.4) 
==:,: 

uf (z) + (1 - n) e!z),
t-ze

where z e (J,6¿ e (0,1), .f,8 = P and f(') + g(z), z G U' rt follows ùom

here that

a=:,: uf(z) + (1 - n) s(z), z e (J - {,"),
7- ze'

rvhich irnplies

(4.5) 0: øRe/(z) + (l - ø) Reg(z), z e AÚ -- {tu}

tlor ,/, g ,= P it follows that Re/(e) > 0, Re g{z) ) 0' 
^Now' 

using (4'4)

;;d';-c (0,1) *"--1"*"- n"/ki I R"g(') :*d'' z e ð(J - {t"¡' .Using

Letnrna 4'3' l1follows Re/(z) -- Re g(z) :0' z ' u - eit' BtTt' xtfi + o'

z €, (J, which is a (4.4) holds tflf(z): e@):',,= y.' :"-
cón-or,r,,q.nv 4 ì'er, )' 2 0' a're extvental dt'rcctt'otts 't'tt

P, takere c, are th in (aQ'

9
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