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1. In this paper we define the piecewise retarded convex interpolating
polynomials and piecewise anticipated convex interpolating polynomials.
An existence theorem is proved by a generalized, Young's method.

2. Let be n =N, n à2 and.

(l) 0:%01\1... <
!o, !t, "', !tt-:, Y"€ R'

'We say that a polynomial P ís a piecewise retarded convex interpolating
polynomial if

(2) P(xr):!¡,i:0, 1,...,n
(3) P"(x)lx;-", xn-,,, xi; ll ) 0, x e lx¡-t, fi;], i :3, ..., ß

P"(x)lxr, xy, xzi ll Þ 0, x e 10, x2).

A polynomial Q is called a piecewise anticipated convex interpolating poly-
nomial if it satisfies (2) ancl

(3') Q"@)lx,-", x¡-,,, tii; yl 2O, x = lx¡ r, x¿^tl,i-2, ..., %-l
Q"@)lx" ':, x*-b x,,i y) Þ 0, x e lx,-2, lf.

In the following \\'c suppose that the knots t(: (xili:0, l, ..., n)
are eqtridistant, mor-c precisely xr:iln, i:0, l, ...,%, x-t:-lln
and we note:

4')þ) : 2lx;, x¡ ¡ 1, xr¡z , lJ
n!'i(y) : (lln)ln¿|1, n¡¡z; ),f, i - -1, 0, 1, . .., n - 2



where lx,, %t4-t, x¡¡zi !7 alr:d l%¿¡1, x¡-t-zi i) are divided differences and

J-7 - Jo''-' Oiihe values y from (1) we süppose that there exists ! = Z' þ,.>.0
and. the indices \-:teo1Èt'1.'. < hplhp¡t:?? srch thal y will be

convex and increasing on the discrets intervals

(4) lxoj-r, %n¡t 7, respectively lfrto¡, xn¡*,1,

for the erren valnes of 7 e {0, 1, . . ., þ}, and. concave and decreasing on
the discrets intervals (4) foì the odd. values of j, ot conversely : convex
and. increasing for the 

'oád 
values of j anð. concave and. clecreasing for the

even values of 7.
We have the following:
T1rE9REM. If tke øboue cond.itions om x and, ! qre søtisfied,, tkere ex'ists

then P a þiecew'íse retøvded conaex interþol'ating'þol,ynomial-
Proof . We may assume !o:0' Under the above presumtion on y

we have tlt'(y)*0, Lfl+0,'i:-1,0,,'.,%-2 and, whichis
important:

(5) sign A[]ì-'(.]) : sisn LL']-'(v), :i :0, 1, ' ' ., þ

Denote
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Or, Or, . . ., @o are linearly independent and therefore they forrn a base
in R". Moreover, for each u e R'¡:

(9) , :f, A¡-2(z) @,
¿:1

where zo:0. For each i = {1, 2, . . ., ø} denote lr : (sign Ar-r(y)) @n.

We have (Þ, : (sign Ln-"U)) )ri, 'i : l, 2, . . ., n and using (9) :

fl

(10) y:Dl\¡-'(y)lÀ¡, lA¡-, l>0, i:1,2,...,%.
i-1

We construct another base 0 in R" which is d.efined by
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0;: À¡ - À¿+, iÎ i æ {hr., hr, . . ., hp)

ìi if i, e {hr, hr, ..., hp}, 'i: l, 2, ...,'tr'
,t n

Clearly if z:Dórlr, br)0,i:1,2, ...,n tinen 2:\ a;0¡, ør) 0,
i:t i:r

i:7, 2, ..., n and. inparticular using (10).

i

a,(Y): ..,,n-2,
, fr -2. WeUsing (5) we have sign A,(y) : sign Al')(y¡, ,i: .1, 0,

d.enole by D the following convex cone of polynomials

(6) D : {Q= glQ@)lx¡-u xn-t, x,;lJ > 0, x= lx¡-', x¡f'

Q\x)lxo, Kt, %zi !) >- 0, x e 10, xrl]¡

and we define a linear function F: D - R" by

(7)

Clearly F(D) is a convex cone in R". We will prove lh:al y : (!t, !2, ' ..
. . ., y,) = F(D).'Éót 

"""rt Í < ¿ < ø we construct a vector (Þu e R" in the following
mannet:

(B) Or : (0,0, ..., 0, l, 2, "', kj+r - i + l, hit, - i +
l-1,...,hj+r-i+l),

where hi-lI <i < h¡¡1, t:he first i- I components_are__0 and the last
n - h¡ní* 1 componénts are equals to h¡.¡, - i I 1. We remark that

(r2) F(Q) : 
ÐU-úF(Q)) 

(sien Lo-"(y)) 
^;.

Using the Weierstrass' polynomial approxirration theorem we find fo¡
each interval lx;4, ø,] a polynomial P, P > 0 on [0, 1l such that

P(x)=0, x é lx¡-r, x¡f

P(x\ = ll ,X€lX¿-t,x¿f

Therefore

P(xl Q@) = 0, x É lx¡-t, x¡l

lÍt)þ) iÍ i + I ø {ho, hr, ..., ho}

tlÐU) ir ¿ + 1 = {Þ0, hr, ..., h¡}, 'i: -1, o,

(11) y:Dø¡0,,
4:r

Let us prove that for any i e
of F(D). Indeed., consider Q e

a¡) 0, i: l, 2, ...,%.

{1, 2, ..., n}0, is an accumulation point
D. By (9) we have

F (Q) : ("i o' i n o, r.)1, 
:,

-P(x) 
Q@) = Q@) I dt ð.x ,X€lx¿-1,fr¡)

*i ,

5 " f Q@)dx

'i-t * ¿-t

I oøt
" ¡,,

I

* i-,
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Then we have
3. If f is a convex continuous real function on [0, 1], then / is the

uniform limit of a sequence of convex polynomials on [0, 1]P, whlgh
interpolates / on the knots {ilnli:0, 1, . . ', n} respectively (ø e N).

Z. Sit"itãr results can be obtained. for the piecewise anticipatecl con\rex
interpolating polynomials.

*¡ t Ir 
'l { lst"l ¡A,-,(.e'(P?)) = J d, - \r ¡-.. "i-t \

I

J
dt \ o(')¿'

" i-, ' i- ,

: slgn
te (r,'_y rr\

Q@): sign A,-r(-!)

and. if i ø {hr, Ìrr, . . ', ho}
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Au-,(F(Pq))= - l
T.'1-l

cIt i
* i_' þ

@)l

,i

J
'i-,

dt
J

n í-t

Q(s)ds

: - sign Q@) : - sign L'''(y): -' sign A'-'t(y)'
re (ri_a, ri)

l:f. ,i e {hr, hr, . . ,, Ap} then

Ad-1(F(PQ)) : AÍ'911(F(PQ)) :0.

'I'hus F(PØ)3 À, - À;1¡ if d ø ll'r,""'' h¡\ and F(Pq) = )'' iÎ i e

= {hr, lr", ...,hp} uod'''Ëoor"qtÃtrv'î"i u"í'¿ =..!!'2' " " n) 0' is an

accirmulation point äî i(Di. {o, Àái"À-bac1 to (1i) we ca' find a base

0 in R" formed. by elements of F(D) such that y:Ðu'î" bu)0'

i: l, 2, .,., 11, and consequently y : (yr, yr, " '' !^) = F(D) ' thus'

y:F(Q) forsomeQ =Dand
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P(x) :
0

dt
0

Ç(s)ds

is the desired PolYnomial'
REMARK5. 1. The piecewise retard'ed convcx interpolatilg-polynomial

p found in the proof of o'r theorem is monotone on ôach of the intervals

lxo¡r r, %n¡*rl, j : o' l' ' ' '' þ'
r'i'li convex on the e[uidistant points x, there exists then an intï.

polating col1\¡ex polynomial. indeed, 1el ls ?1d,t: y a Tinear polynomial

Þr rrr"tr Lhat ylPrbe increasing on ø' Clearly the convexity of y is not

affected by Pr. Now, if we apply the above theorem to y I P' we find

a polynomial p.It is easy to sã" t¡,at P - P. is the desired interpolating

convex polynomial.
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