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1. l,et X be a compact Hausdorff space, M(X\
measures oî X, IUI+(X) the set of all positive Raàoi
M,.(X) the set of all p in M* (X) for *nicn p(l) : I

the set of all Radon
measures on X and

DEFTNTTToN l. we søy that tke conuex cone s c c(x) is seþørabl,e
if tkere. exists a. countøble set H Ç s suck thøt s ç H, the closure being consi-
d,ered, in the uniform norm.

EXAMPT,ES._g) .ft M CC(X) is a countable set, then the convex conegenerated by M is separable.
b) rf x is metrizable, then every con\¡ex cone s c c(x) is separable.

,r ,1"! f .C.C(X) .be a convex cone. If ¡r, v are in M(X) write p (5 vtf ¡t(s) ( v(s) for each s in S. This relation is clearly transitive 
"nd 

tcfl"*ii".
For ø in x let e, be the evaluation functional at x. r.et 3 be the setof all lower semicontinuous functions /: x * (- oo, * oo] rot *rri"r,

(1) x e X, þ e M+ (X), ¡, (5e, + p(f) < f(x)
(Concerning these functions see [g], l4l).

Lest S be the set of all functions in S for which

(2) x, e X, v e M+(X), p (s€,, Fls * enls = v.(Í) <.f (x)

. .ExAMpr,ES. a) r.et x be a metrizable compact convex subset of alocally convex space ,Ð, and let
g: {min (hr, ..., h,): n = N, hr, ,,., h, = (E* + R)1"}.
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Ttrerr 3 - {/, X* (-oo, -l-tol:/ a l's'c' concave function} (see [3])'

""u t=: {i;X-'(-æ, l-ool:/ a l.s.c' strictly conca\re function} (see

the lemnra in f7l).
b) Let n'bc anortncgativc integer^and'.lct S Ç^Clo'-ó] be the cone of

alt continurr. ""r,Ëääiàïiä.ti"# "f 
àà"t n.7' e = Cla, bl ís a co'l-

cave function of order n, theng is in 5.1s"" [B]' theorem l)'

2. In the example a) above S and 5 are disioint' v
pRoPosrTrou f . f¡ S C C(X) is a' conaex seþørøbl'e cone' thett' S n S

is nonaoid,.
Proof(see [3], tal)' L9t s, be in S' s" # 0' such that S ( cl{s" : n ín N)'

å I sn. v

'I'hen the lrrnction f :Ðt 
ff",,ff 

is in S I S'

convex 0'

A maP be

ect to ¡r, 
+

and for Ø)

t ¡.r.1 be d.efined bY

tr^ron (6) and (7) rve deducc

(8) 'I'.(f):f(*) ¿r,e.ft.

F'rotr (5) it follows T"(s) < s (ø)for each s in 5 ancl ø in X'..,,{. 'Ihtts,

(9) T, (. e* f.or each r in X\.1.
From (B) and (9) it follorvs that there exists B C X, fr(B) : 0, such

that for every ø in X'..,B we have f-(Í):Í(*) and 7-*(5e,. But /is in S,
thus T,l. : e"ls for each ø i1 X\8, q.e.d.

THÞ6RÞM L Let S be ø, conuex seþørøble cone uiclc conta.ins ø fr,r'nclion
s > 0. Søtþþose that S is tnin-stable. If p. 'is in M(X), 0 (s þ¿, Plsl0,
tken p.(f) ) 0 for euery f iø S ¡l 5.

Proof, Since/is in S, it follows t"U)> 0. I,et p(/) :0. We have ¡.r, 
:

: [.¿+ - ¡.r.- where F+, p- are in Mn(X) and ¡r- (s p+.Then there exists
a S-dilation T rvith respect to t-r* such that [¿-: V,+1 (see lemma 1)'

Since ¡.r,- (fl : V+(/), from proposition 2 we deduce

?,ls: erls a'e'P+' If s is in S' then

rr-(s) : rr*?(s) : i f,1r¡ap*(ø) : J 
e,(s)d¡r +(x) : r¿n(s).p7'(/) : \ r.t¡x

d¡r x) f in C(x)
(3)

v X

LDITMA 1 (t3]),- Let S be cI conaex cone ult''ich contøins a' functiott' s>0'

and, suþ'l>osc tløt s"¿i" ñ¡n-'ioutti'' t¡ p'"o-ia-" o'e 'in M¡(Xi'"" 45 ¡t" then

i;':rr";í:írî;- o"'s'-auh¿"i' i w¡tn "'l"t to ¡t' suctt' ttt'at v - &T'

pRoposrTro x 2. Let S 6 C(X) be ct' conaex seþaløbl'e cone' ¡t'' v 'in

M * (x.), ,, < , .f :.4"1 T 
s ¡þ-"'h *" ",V,1;yl{),,'ruL' i,' frgí'!"{, ?;!?,

ves'l>'ect''to ¡t,- for uhich p'7' : v' then tt
'tí,ií"i,lr i'.jt, for each'x in x 

"B'
Proo!. Let s,,-nc lu S srtch that tS C--c1{9':'ø inN}' and let l" be in

S such tla:- 1,,*7. ff'l."" iftãt" ""ittt AC-X' rl,t2l :0 duch that Ior everv

, i" X-:¿ ánd êr'er)' n in N :

(4) T,(t,,) < t,(x)

(s) Tn(s') < s"(ø)

From (4) it follows

(6) T,(f) < f(*), ø in X\24'

Since ¡,r.(/) : ,(/) : vr(f ): I eflu¡l(ø)' we have

7',(f)ó,¡t(x) : r x)ø)dp

Thus ¡r,(s) : 0 for each s in S. So Fls : 0, a contradiction.

COROtrrrART. l. Let X be a noetr,íztbl,e nuex subset of ø locall,g
conúex sþace, a.nd' let S be tke cone of ølI conca.ue functions .otø X'
If ),., v àre in M(X), I (5 v, ¡. + u, and' i'f f is ø st,ictly conco'ae continuows

function om X, tken 1,,(f) < ,(/).
Proof. It. suffices to apply theorem I for ¡.r,: v - l.
coRor,rraRy 2. Let S q C(X) be ø conaex seþarøbl,e cone' lL i'n M*({)

ønd, T ø S-d'il,ation taith, resþect'to' ¡t. If pTls : y.l, then there ex'ists B C X,
p(B) : 0 suchthøt T*lr: e,ls for each x in X"',8'

Proof.I,et/be in S ¡ 5. Th"tt VT(Í):tr(f), and rve can apply propo-
sition 2.

I,et S CC(X) be a convex cone. We say that p"in M* (X) is a S-rnini-
mal measure if

(10) v e M+ (X), ,i (sF + 'rls : Fls'

I,et ¡r bein M¡(X) and f : X-* R. Denote Q*U): inf{¡r(s) :/( s e

= s).

G. MSI(6BSDZKI [6] has obtained the following characterization oI
the S-minimal measures :(t)

X
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pRoposrîroN 3. Let S 6 C(X)^be a conaex cone uhíclt' contains a func-

tioto s > 0. Then y. in M¡(X) is a S-minimat rneasufe if ønct only íf Q"U) :
: p(r) .for eack t in -S-

From theoreur I we will obtain:

coRoLr,ÂRY 3. Let S C CIX) be .ø conaex cone wkich contains ø func-

tion s>0, ønd, rufio"rr"tù.t"è-1', nin-itLüli- frt v.be in n[+(X) ønd' t iø
_rs n s).. rnen ;í,"; l i,*¡,*t 

ä;f,:,2,! í,,!,,:irr,!rnäTì¡ffi,,U""
S-*iniìnáí *àËttt", then vl5: Pls; it follows

).' exists a S-minimal
) (see [4], ProP' 1'7)''r(Ð' sv theorem l,
telY that F ls a )-m1-

nimal meastlre'
3. Let Q be a met T:C(Q\ * C(Q) be a

positive linear operator s Denole I{ : 1(C(0))'

îhen the subsPace H co and H : {k e C(Q):

Tlt, : k). Suppose that Q' Denote' | : {l =

= C(Q):f < rfj'
Then I is a closed convex cone în C(Ç)' and I il11i" *able' Moreover'

H :l n (-l), ""d 
i - i it a dense soËép""" of C(Q) (see [9])'

Le:- T'F be the ad,joint of ?' If *e d""ãt" by A the Choquet boundary

of fl, we have (see [9]) :

(11) ,, : 
Ã{* 

-Q: e'(f) : T*""(Í)}'

l'. Ar,ToMaRP [2] has Prorred':

PRoPosrrrox 4' a) Th'ere exists a function I 'in I suclt' th'at :

(12) H:{x eQ:e'(g):T*er(9)}'

b) Let Il (<p) be thc linear subsþa'ce tÍ C(Q) generø.ted' bv H and q' If V'

v are in A,t*(Ø, ;:r,';*:';l;,*,,,r"å. u-it-'uràùíi*ãt ,t¡tn rcíþect to {.7-, tlt',r'

v-[!.

T,et now S be the : cone generatecl by 11 in

c1q¡l.-rren.s 
jL'E 

ff",tfiî::ï'l"r:;lîli,:1Q;S-S i9
TheuSlS

pRoPosrt'roN 5' Let Q bc in - (S¡S):'\1K I = ì- and' âH:
{x - Q: e,(q) : T*e,(9)}' If v, u ài'' 'itø'i¡Ln(Ç)' 

' 45 ¡t' ønd' u(ç) :

¡t(g), tlt'en v:[¿'
Proof . Clearly S C -1, hence- ç is in I'' From (ll' AH C {x =

. Q: e,(ç): t-åtdllÌL"i;"*';-¡J i" Q such that e.(e) : T*e'(e)' rt

is known (see [9]) that 1*e, is the unique maximal (with respect to
(¡) measure- lvhich majorizes e' Flom e, (¡ lxerit follows 1*en(5er.
But g is in S, and therefore l*e,15 : u,1..

Since S - S : C(Ç), we deduce T*en: en' It follows t]nat x is in the
Choquet boundary of the cone l, which coincides with ôH (see [9], coro-
llary 31). Thus ø is in åI1.

The last statement of proposition 5 is a conseqtlence of theorem 1.

RÞMARK. If / is.in I and ôH :{* = Q i ""(Í): Txe,(f)}, it d'oes not
follow thatf is iri-S. F'or example, lèt q: [0, lf, T: C[0, 1]- C [0, 1:]

Tg(x): (r - *) s(0) + xs(\).

Then 11 is the space of all affine continuous functions ou [0, 1] and 9H :: {0, 1}. S is the set of all continuous concave functions on [0, 1], ancl
S iè tUé set of all continuous strictly concave tunctions on [0, ll. T'et f
be defined by

I

5

f(*) : 0

ON A MEASURE

l-3x,

3x -2

[0, 1/3]
(113, 213)

1213, 7l

22r

x ln-
xir'
xin

Then/ < Tf, hence/if in I' Moreot¡er, ôH : {0, U : {x e [0, 1]: en(f):
: Tn"*(Í)I. ClearlY / is not in - S.

4. Next we use the following notations (X being a compact Hausdorff
space and S C C(X) a convex cone) :

âsH: {x e Xi þ = M*(X), ¡r(5 e, =+ F: en}

% e X, lxl : {y = X: erl5 : erl5}

AsX: {x e X:V= M*(X), p (sen+sllpp t¿C tr]}
dsx : {x e X'. V e IVI+ (X), p (s e, =+ t¿ls : e"ls}

s e S, M(s) : {x e X: s(ø) : *T r}

Msx:"U_.tttl

DEFTNTTT6N 2. Let T be n set of lower semicont'inuous functions fro-m
X into (-co, *oo]. We scr'1' tha.t ø sut set F o{ X 'ís.ø bound'ary for T i'f for
eøch t in T there exists x in F such thøt t(x) : min t.

B. FUCHSSTETNDR fsl has provef that L,rx is a boundary lot T.I1
the convex cone S 6 {:(X) contains the constant functions and separates
the points of X, then-1,.X is a boundary for S (Bauer's Minimum Principle,
see [1]).

DEFTNTTToN 3. tI closed' subset A of X is called' S-øbsorbent if
(13) x e A, V e M+\X), tt (5 e, +¡,r(X\,4) :0
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_ rt is easy to verify that the intersection of an arbitrary rarnily of s-ab-
sorbent sets is also a s-absorbent set. rlor x ín x we denote by A- tte
smallest S-absorbent set which contains ø.

LÞMruÀ 2. Let x.be in LrX. If there exist sy, s2 irø S such tkøt sr> 0,
sr(ø) ( 0, then A, i_s _g min,imal (with resþect-to-tke ,inclus,ion,) S-àbsor-
bent set, ønd A*C drX.

Proof. We use the following notations (see [4]) :

(14) T,:U{.opplriV=M+(X),p(se,}
(15) N": {y e X:there exist ø, b > 0 such that a.e, 4s e,,

óe, (5 er).

. rt is easy to verify that Nn CT,C A*. Moreover, the following asser-
tions are equivalent (see [4]) : -

(1) A. is a minimal S-absorbent set
(ii) s(y) : s(ø)s1(yXor any s in S and any y in A*
(iii) Nn: Tn

_Clearly^ Ly)CNnCT*.If ¡r is in M* (X) and ¡r(5 e", then supp ¡.r (
Ç ,lx); it follows that T*Clxl, i.e. .ô/,:1,. Henõe 

"il" is " tiri"i-itS-absorbent set, and from (ii) :

(16) uyls : sr(y)u,ls for each y in A*.

I,et us show th-at A,ÇdrX. I.et y be in A*. If ¡.r. is in M*(X) such
that ¡,r,(5 €¡, then from (16) we deduce p<s sl[y)e,, hence ¡r/s,iyi<"e-.rt is easy to verify that a.x Cdrx, therêforã i,-is in d.x. Túij'ítipties:

Then s 2 0 and A.:^{y =X: s(-y) = 0\. A. being S-absorbent, it is easy
to verify that s is in S. T-et 3r be in x and let ¡r be in M*(x) such that
[-¿ (sey and ¡r(s) : r(y). If y is in An, then y siin drX i.e. ¡rls : e"l.r. fI
y is inX\4,,tlnen f(y):s(y) : p(s) < p(/) <f U), hence i.U) -f(y).Since / is in S, it follows Fls : euls. We conclude that s is in S. Furt-
hermore A,: M(s) C Ms(X), and this implies that x is in MrX. So the
incltrsion A"X C MrX is proved.

Let now r be in MrX.Then there exists s in S such that ø is in
M(¡) I,et q be in M¡ (X), p (5en. Then p(1) : 1. Furthermore s(ø) )
t¿(s) > p(s(ø) .1) : s(ø). Ifence ¡r(s) : s(ø), so Fls: enls. We conclude
that x is in drX, i.e. MrX CdsX.

a.t ON A MEASURE
1,2 ò

Let us show that M"X is a boundary for S. First we will prove :

19) s=S,slørxÞ0+s)0.

Let g be in 5¡_S. Then there exists a> 0 such that.f :l * øS>0.
Clearly/-is in S n S.Let s be in S, slø.x) 0. Then s ¡ cf is ir }-.tr¿
(s*¿/)l-.x)O for any real number c > 0. It follows sicÍ ) 0 for any
c ) 0, hence s ) 0. So (19) is proved..

Iret now s be in S, min g : ffi, ff sl¡ar5) nt., then s - ln is in S and

(s - m)l*r*> 0. From (f9) and from 13; theorem 2.51 it follows s -
- rn > 0, a contradiction. So M"X is a boundary for S.

S for any s in S. We will prove that
in M* (X) such that ¡.r, (5e,. I,et s

), 0).Then / is in S andl ( 0. Since
p(l) : t(x):0. This implies ll",pp F :

(r7)

(18)

pl

'rrt I'
:- g,

So we obtain pls : sr(.?)er¡, : .rls, and. therefore y is in drX q.e.d.

TI{EORET\I 2. Let s q c(x) be ø conaex seþørable cone wh,ich, conta,íns
thc comstønt functions. T'ken :

a) ârX C ÀsX C 
^4sX 

CdsX, and, MrX is ø bound,ary for S.
b) i.f rnin (s, 0) øs in S for øny s in S, tken AsX: MsX: d.sS.
c) if min (s, 0) is in S for øny s in S and. if S seþø,rates the þoints of X,

then â"X : AsX : MsX : dsX.

-P1oo!. a) Clearly å"_X-Ç Ä5X. I,et x be in AsX. By lemma 2, A*C
Çdr4 L:t S be inSO S. (see.prop.*l). Then there éxists n> b,"t
that f : 1 + øg> 0; clearly / is in 5.

Define the function s by

(20) s(y) > s(ø) for each y in supp ¡r.

Furthermore p(1) : 1, hence p(s - s(ø)) : p(s) - s(ø) : Q.

logether with (20), this irnplies

(2I) s(y) : s(ø) Ior each s in S ancl y in supp ¡r,.

. Tlrerefore ells : e,l.ç for each y in s'pp p. We deduce súpp l, Clx),
i.e. ø is in ArX.

c) Suppose that rnin (s, 0) is in y s in S, and suppose that
poirrts of. X. that clrX C 7sX. I,et x be
(X), ¡.r. (5en. ff s is in S, then min(s, 0)

(min (s, 0)) By applying the theorem
deduce that .d.

s(v) : o

f (y),
I
I

y 1n A*.
y in \,4,
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SOME PROPERTIES OF A NONI-,INBAR PARABOI{IC
DIFFERBNCÐ SCHEMB

by

ERVIN SCHECIITER
(Cluj-Napoca)

l. Introd,uction. In ll), l2l, [3] we considered the nonlinear d.egene-
rate problem:

(l.l) Ôl : tç(r) + ø(x, t) on Q: C) x 10, Tl
Ôt

(1.2) u(x, O) : wo(x) x e A

(1.3) u(x, t): Ør(%, l) on S: åO X 10, l[,
und.er the assumption

(i) uoeC(CI), %=C(S), e=C(8)

L{n, Llr, A >0
(A)

(ii) g € Cr(lì+), ç(u), ç'(ø) > o, for u > o

q(0) : p'(0) : 0, g"(u) Þ- 0.

Q C R' is a regular, bounded., convex, domain. Under certain conditions
on the data we proved, using an explicit difference scheme, that (1.1) -(1-3) has a unique weak solution in the following sense:

(Ð Ø e L-tQ), u )z 0, ô9@)10x, = L,(Q)

(ii) (1,2), (1.3) are fulfilled in the generalized sense
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