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SOME PROPERTIES OF A NONI-,INBAR PARABOI{IC
DIFFERBNCÐ SCHEMB

by

ERVIN SCHECIITER
(Cluj-Napoca)

l. Introd,uction. In ll), l2l, [3] we considered the nonlinear d.egene-
rate problem:

(l.l) Ôl : tç(r) + ø(x, t) on Q: C) x 10, Tl
Ôt

(1.2) u(x, O) : wo(x) x e A

(1.3) u(x, t): Ør(%, l) on S: åO X 10, l[,
und.er the assumption

(i) uoeC(CI), %=C(S), e=C(8)

L{n, Llr, A >0
(A)

(ii) g € Cr(lì+), ç(u), ç'(ø) > o, for u > o

q(0) : p'(0) : 0, g"(u) Þ- 0.

Q C R' is a regular, bounded., convex, domain. Under certain conditions
on the data we proved, using an explicit difference scheme, that (1.1) -(1-3) has a unique weak solution in the following sense:

(Ð Ø e L-tQ), u )z 0, ô9@)10x, = L,(Q)

(ii) (1,2), (1.3) are fulfilled in the generalized sense
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(iii) For atv f = H'IQ) such that /ls' : 0'

(1.4)

\? #- å # #'\a* 
at * 

5*^o'@'l)d'x 
n 

|¡o'*'t)r(x' 
t)dx dt: 0

a

I.Icre 51 : S U {@,T)lr e O}'

d PaPers'
our' d'""ious papers we use a rectan-

o'ir,"-i-:-t'i'diiections and c in the

(

,':î?i"j,'J. ?i,?¿,f li ;t åî #äjiT
j¿Jt""åw" ì"i r'': ;,uu and an

Consider the following difference problems:

(2.1) tt¡(h) : Àre(U{å - 1)) f ø(À) on Qn

(2.2) O (0) : u"¡' o1r O"

(2.3) UÉn ur(x, a.;) x e . ¡' lt' :0' ' ' ' ' K: [+]

and

(2.4) vi(?t) : L'¡<p(It(k' - 1)) + b(å) o11 Q^

(2.5) V(O) : t1"o on QL

(2.6) Vlt-n:ar(x,hr), x eL-h' h:0' 1' "''":[:] '

Suppose linat M,N are constants such Linat' un' u'' ø { M;

I)o,uz,b <N , Mo:Í+T)M' No:(1 + 7-)N' MolNo' Denote:

ì,.:4] v'(Mo), v:47 e'(N')'

tkøt U i's tke sol'ution of þroblem (2'4)-
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T,EMMA 2.2. Suþþose tka't :

(i) Assumþtion (A) 'is aølid'

(ii) ¡r ( 1

çäi) u", { uo¡, uz { ar, ø { b, on their d'omøins of clefinition'

iiv¡ U søtt'sfies (2.r)-(2.3); V søti'sfíes (2'a)-(2'6)'
Then,

(2.7) U<Z on Q,
Proof.' Denote Wt¡(h) . Yt¡!h)^ . u.,i(h)'. Assunre that. (2'?- i?. "ol

true, Thcn there existr'à'ttipt"i'ót inaióès (*,n,l) such that W,,"(l') <0
for an l' Þ- | and

Wn¡(h) à 0 for anY i,i anð' h <1.
Put 

wn¡\h) : L 1w,,1h) - w¿¡(h- 1)).

Vng) arld. Un,6¡ witt stand for similar differences of Z respectively U'

Then,

(2.8) W,,o(l - 1) : L'n(9(V**tt - 1) - q(U'*(l - 1))'

Because

9(Vt¡(l' - 1)) - ç(u,¡(l - 1)) > 9(V""(l)) - ç(U*"(l))'

for any i, i; il follows that :

'fr nu,(tr - l) > fi k{v,,-{t)) -q(u*-(t)) - (ç(v*"(l' - l)) -

- e(u ^,(t- l))) ) : 4 * lõ' ('J,,,,(t - l)w,,,,(q - õ' (r1.,(D)w,,,(l- 1)l'

IIence

(2.s) w,,,(t) [t - n 
frõl'tt,,,,,{t'))) < ø',,*12-t)(t l7r'{tt,,,,{t' - l))),

which by I,emma 2.1 and (ii) contradicts our assumption'

coRorrrraRY 2.1. If. in addition to the conditions of I'emma 2'l' V

is also nondecreasi"g i" l, tft"" i"ttead of (ü) we can assume, I S 1, only'

ilã""ã, ii us i' tte-piooi of the lemma, we admit t1oat W'''10:
vu,,ll- 1) < I/.,,(l) ( u*,(l) sMo,

which entail that in (2'9)

41ç'(l*,(l - l)) as well as 4aõ'(tl*'(l))'
h2

are less than À.

T,EMMA 2'1. ([1
(2.6). Assume thøt

Then.'r./I ( 1:

l, [2]) Suþþose
(A) is uølid.

0SUSMu for (x,t)uQu
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In the sequel u, wi77 be defined with the aid of ø, as follows:

ur(x,t): u(x*,t) x e lt, x+ e ôdln

wherc r'' is the nearest point to ø. rn the sarrre tirne o4o will stand for
the restriction to d), ol uo.

rrpì{Ml 2.3. (J], l3l) Snþþose tltat cotcd:itions of the þrea,ious letttmct
hold and thøt 4,9þ.r') ) 0.

Then

(i) U1(h) > 0, h:7,2, ...,1{ on. Ç!,,

(ä) dtzf,U,ln¡ ( Morø(O),
o_

for h suff,iciently sma.l,l,.

TrrÐoRÐr,r 2.1. Suþþose tkat :
(1) Assumþtion (A) kold,s ønd, uo - Cz(Q)
(ii) ), < 1

(äi) ôurlôt ex'ists and. is bounded. on S
(iv) e(co) :oo

Then tkere exists a constant C > 0 suck thøt

,h,Ð le(u(Þ))¡l < c.
Qt,

Proof .' I,et e ) 0 be a constant and Vo = C,(Q) such that:
LVo à lAq(øo)l l- e on (l

(2.10) Volr: qþto)B l: ôO, Vo) 0.

Define uo by uo: g-L(Vo) and the functioî ar e C(S) as follows:

at à 0, âurlôt exists on S

4 @, t) ) c { e, ¡ e fo, Tl, ur(x, o): uolrat'
where c ) maxlâurlôt)
With the aid of us, I)1 às data functions and þ : s, we construct using
the scheme (2.4)-(2.6) the discrete soluttion V:Qr*R.
According to Lemma 2.3 we h,ave V¡ 2 0 and,

rkrÐlZiØ) < C h : t,2, ..., K.
Q¡

For convenience we set Û(Þ) : Ui(h) and V(h) : Vì(h),

ç(u(É)) : ç(u(h))¡ and. e(V(h)) : q(v(h))¡.
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First we observe that for h small enough:

so that 
a¡q(zo) > l\,.9(uo)l

(z'tt) lu,¡(r)l ( Z;¡(l) orr Or.
Because of the properties oT g ancl taking (2.fi) into acco''t, we get
(2.t2) lqtu¡¡(tÐl S ç(Zn,(l)) on or.
frrdeed, by Corollar), 2.1 we have eithe¡

u,¡(1) suø(0) szü(0) <zü(1)
or U,i(O) S U,i(1) S Zø(0) S V,¡(r),
or t/ø(0) ( Zø(0) S Uø(1) S V¡¡(t).
For /¡ ) 2 we obtain:

(z,rg) Ú'¡(/') - 7',1h¡ : Ú,¡(h - l) - v,t(h - l) +
| Á,^(Q(U¡¡(A _ 1)) _ q(V,¡(h _ 1))) on C)r.

Now, we r,vant to prove that for any h ) 2

epu(Ð) -< q(Zø(A)) on ç)k.

suppo-se that this is not true and let I _be the greatest s'bscript suchthat for any i, j (for I :2 this is true bv d.tljj ,.--*-
E((rü(t _ 1)) < q(V,¡U _ tD 0n e¡

ancl there is a couple of subscripts ln, n such that:
(2.14) e(1,,,(t)) > e(V,,.p)).
Sinceøo S¿'0, ø, S^r1,.þyCorollaryZ.l,U*,(I_l)V,,^(I_l), U,*,(I)V*,,(I).Thcrr, in view of (2.14) 

-we 
must- have

(2.15) u**(t) > v*,(I).
On the other hand:

p(U*+t,"(I - l)) -e(V,,+,,,(I - 1)) - q(U**(t, _ f)) + q(U..(I _ I)) s<
< e(U."(l)) -Q(V,,,"(t)) - p(l^,(I _ l)) + ,p(V*.(I _ t));

?.:d.:irlilî,t 
inequalities when (m I ],.!) i:r-eplace-d slccessivety by (m _ t,n)pn,n f t), (m,n - t). From (2.14), (2.15), (2.16) :

ú,,,(l) _7_,(t) s û,,,(l _ 1) _ V,,,,U _ l) +
+ u * (ç((l*,(t- 1)) - e(V,,,(t - r)) + e(U-,(t -2)) - ep**(t -2))) <0,

4



230 ERVIN SCHECHTER 6

which contradicts (2.14). A similar argument holds for -,p(u¡¡(h)), so that:

leT ù(h')l S ç(I'n,(Þ))'

The conclusion of the theorem now follows from I'emma 2'3' 
-The 

previo-us

theorem shows the boundedness of the difference in t of 9(U), only' Ne-

""iirr"i".r 
r,emma 2.4 of [2] as well as Theorem 3.2 of [3] remain true

as it is shown by the following lemma.

T,EMMA 2,4. Suþþose that U is the solution of (2'l)-(2'3) a'nd' tkat

cond.itions of Theorem 2't hold'.

Tken, ihere exists ø constant C ind,eþend,ent o.f /r', suck thøt for any Çl*

uür A* çQ,

,k, f Ð (ç,(u(p) ),, * ç,(u(h)),.) < c
o_r oi

þrouid.ed, tltøt k < kr(Ai).
Proof: The argument is mainly the sarne as in {.1]. The_only diffe-

rence is ihat insteãd of an estimate lor U, in the discrete Zr norm we

ú;;;;" for 9(U),. So we sha1l have to traisforrn the scalar product:

K

,h, ÐDui(n)çp(nD,-t ai

into

LEMMA 3.1. Suþþose tkøt :

(i) Assumþti'on (A) is aøl'id,

(ä)' uo e W!(a)
(iii) À < 1

(iv) u, is constønt uith regørd to t.

Then,, there exists ø constant C 'ind,eþend.ent of k such thøt

(3,1) nÐlul<c.

Proof .' (3.1) is valid if there exists a constant Co such that

,'Ð,uJh)l < co, h: r,2, ..., K.

For /¿ : I this means that

n 
\ll^v@o)l 

( co,

rvhich is true according to (3.1) and assumption (,4). Further we have

U,(h - 1) : Ar(e(u(,å - 1)) - eg(h -2))),
so that

ü,,1n¡ :(t - n V ø:,W - r))üu&- t) +

1- ft lã',nr;(k, - t)t+',¡(k - l) * Qí-', i(h - t)Ú¿-r,¡(h - 7) *
* 4¡¡+lh - 7)t¿,j+lk - 1) + íi,t_rt,,¡_r1Þ - 1)1.

As before the sign - indicates an apropriate intermediary value.
Hence taking into account condition (iv) we get for any integer h > |

Dlu,¡(rr)l < D I uü(h - t)1,
0h 0h

t
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K-1
--"k, D lu¡n¡eçu(å)), +- | 1u1o¡e1u(0)) -- u(K) e (u(,4'))).

F- õil ai,

This is bounded. since U is bounded on Of'

On the basis of the results of this section we call prove in the same way

as in [1], l2), [3], the foilowing theorem'

THEoREM 2.2. lJnd.er tke h,yþotkeses of Th'eorem 2,1 the þroblem (1'1)-
(1.3) has ø unique solution u.

I:f. Uh is the solution of (2'1) -(2'3) then:

(i) (ç(Ur))' --* eþ4) in Lþ(Q) p e lt, læl
(ii) (9(Ur)r,)' * 09@)lôxr, i : 1,2 weaklv in' L'z(Q)

(iv) Uí,+ u in Lþ(Q), þ = ll, *oo ['

Here Ui = C(Q¡) is the multilinear (finite-elernent) interpolate of the

discrete function Ur'
3. Time independtent boundary conditions. The main result of this

section is given in the following lemma.

which completes our proof.
Finally we notice that The assertion of Theorem 2.2. rcmains valid under
the conditions of l,emma 3.1.

R!)MARK. It is readily seen frorn the proof that condition (ii) can be
replaced by ç(uo) = Wi($.
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THB BOUNDARY BLÉMENT METHOD - A REVIEW
by

rr. rvr. sÐÀIPI¡IJ

(Irondorr)

Absf,ract

This rePo
solution of Ir
The character
cation of how
many afe referenced'

1,. Intrrtductioll

Many problenrs in rnathematicai physics ancl cngircclillg can llc for-

urulated as intcgïa1'"q,.tãtit"r, ^ltitotìgt'''t"t-ãli.hailc 
b.ccritraclitionally

.,osed in this *ru. ir'19J,;äi'r;';;;il";' i"i"giál ccluatiorr irr *'hich thc

intesrals are tar<cn ;;;r.' th" borrnd"r]-'"i'tìi" i"gi'on..lt'he bou'dar.v is

cliscietised. as in tir" tinite elernent "i"titã¿, 

^ 
tftis' enabli'g the i'tegral

equation to be .ppïã*ir*iå¿ ¡v " s"t'-ái algebr.aic equations rvhich can

be solved. numerlcatly. such, irr essence, is ttr" "technicluc of solution ktrown

;' tfnffälilL?iili"i'i 
#ì1,i3å;"r equatio,r is usrLa'ryrro,u a di{Êercrrtiul

eouatiorr and is effected by thc rtse of'an appropriate rcciPtocal identity

i:.Ë:'äi:#i; id";iìiì. ìãr-íupro.e,s.cquatio")'tog"tt'"' with the use ot a

sinq'larity runctron.),s';:fi"i;;:ã¿uiä"il"r^'piá!"tti"s. that make it thc

ecuivalent oI satisfying the go'e"'"'.'g 
""qoäiå" 

tntotrghout thc regio' of

aôplicability and determining ,o,n" ni,or'oximation to the borrtrdary con-

aiiions. This is jn coutrast to rnany'ã;;t*il;te techniques, iuclLrding

some applications oi"irr" 
'ii"ite 

elcnrent ''åethod, which arrnroximate the

governing equarionl- u,,t ,otirtv "*u"tiy 
'i^rrï- ã"ä"a"ry "Joäitions' 

There


