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1. Introduction : So far we studied interpolation operators’ giving
elegant proof of Jackson’s and Timan’s theorem for differentiable func-
tions defined on [—1, 1] in this series of papers [3,4]. We formally esta-
blished certain identities useful in decision of the form of polynomial
operators and other respects too. There we also noticed that the theorems
on simultaneous approximation hold good in case of [4]. R. M. TRIGUB'S
[7] inequality for the derivative of polynomial was also obtained in this
case as well as in case [3].

The present paper aims at giving a new and practical proof of Telya-
kovskii-Gopengauz’s theorem for differentiable functions belonging to
C'[—1,1]. It also includes a theorem on simultaneous approximation.
Mean while we establish a series' of identities in the shape of lemmas lea-
ding to an identity relevant for present investigations as well as for further
applications. Our operators Gp(f, #)(p = 0,1) are, therefore, unique in having

these properties as no such operator for practical purposes has so far been
obtained.

2. Definition of the opeartor G,;(f, x) (p = 0,1)
Let |x] €1, cost = x and cos?, = x, with

kr ———

(2.1) t,=—,k=0,n; =123, ....
n

Further, for 2 =0, 2% — 1
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1
_ sin n{t — ;) cos b (t — ) ) n—1
(2.2) L(t) = 1 =X [1 425 cos j{t—ty)+cos n(t—.tk)]
2n sin — (f'— #) ir!
2
and
(2.3) Sa(t) = ali(l) + b + el + A1)
1008 —1820 960 —105
= b= L= =2,
43 43 43 43

Then for any arbitrary function f(x) given on [—1, 1], we define the
operators

"

P ;
24 Gylf, %) =gl0 £ 305k — A — g9}l

where
7o(%) 7= solt)
(2.5) 7, (%) = s,(¢)
7k(x) = sk(t) + S at), A=11m— 1
and
(2.6) glx) = L2 7 4 A= )

2 2

The striictural properties of G,,(f, %) are givenin Theorem 1: For p=0,1

a) Guplf, %) = f(%)y Gin(fy %) = f'(%)
b) G,::(f, '53 is an *albebraic polynomial of degree § 8n -+ 1.
The proof, of this theorem is easy and can be done on the basis of [3].

3. Some identities

LEMMA 1: Let

2n—1
Su S D0 )
k=0

then, we have

Ayl otk PRI ‘
(3.1) Se= (3n2 2]+(n it 2)cos Znt]
o " 1 [(16 4 3 8 4 1
(3.2) 542—(5”—),,[(?”3—§”+§)+(§”3—i—;ﬂ~—2-)><

X cos 2nt + é« cos 4 m]

3 ON INTERPOLATION 249

BY) grE Lt [l (230 mt — 50m* + 4) + (? mot S %) cos 2t -

(2n)* |24 3
+(£+%—2+%) cos 4m‘]
cos 2nt + (%%5 + %na +§—3%—1% cos 4nt —|—$cos 6nt]

1 (2354845 — 5390ms 1+ 137202 — 275) -+

(35) S, = _‘_[m

(2n)8

B 7%0 (21086n6 - 2765mt — 166602 - 615) cos 2t +
2

+ -7;—0 (1444n% 1 2590m¢ | 19612 — 135) cos 4nt' +
L 6 4 2 L_‘_? i
+ =2 (Zn + 35#% - 98n? - 2) cos 6nt]

(3.6) Se = 71(21 ) [(309248”7 — 7168015 - 19127* — 5280 + —11225) +
n 7

1 (3048967 - 26880n% — 22176n* - 7920n - 10395) cos 2nt +
+ ( 3072017 + 4300815 — 31681 - 22%) cos 4nt -

1 (25647 + 179210 4 2496x* + 5281 — 315) cos 6t és cos Smf]
For the sums S; and S,, we have the identity

(3.7) U3 ey 8O e disi kg
8ns

For the sums of higher order, we have

1

43 X 8ns

(3.8) aS; 4 bSg + ¢S; +dSg =1 — (11204 -+ 420%2 - 98 —

— 455n) sin® nt — s,
512 - 43n7
The identity (3.7) has been proved in [5]. We establish (3.8) only. For
this end, we make use of the'technique employed in [5],' thus obtaining.
(8.9) S5 = Co5 + 2Cq5 cos 2nt + 2C,, 5 cos 4nt —

— 5 cos wt[2C,, 4 cos nt 4 2C3,4 cos 3nt] -
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+ 10 cos? #£[Co;3+2C4. 5 cos 2nt]—10 cos?nt 2C,,, cos nt 4 Scost nt =

o 5C, 1 45k 1 Copaie %5

C_»,z ‘{’ '1'8;5“ '{‘

+ [2Cans5 — 5Cu4 + 5Cans + 5Co5 + 10C,,5 — 5C,5 -+ 5/4] cos 2nt
+ [26411,5 i 5C3n,4 + SCZu,S — Scn_z + %] cos 41/”

In the similar fashion, we have,
(3.10) Sg = Cos + 2[Caue cos 2nt + Cyy6 cOs 4nt |- cos 6nt] —

(3.11)

— Bcos nt[2C,, 5 cos nt + 2C;, 5 cos 3nt 4 2 cos Sut] +

+ 15 cos? #t [Coa -+ 2on,4 cOS 208 - 2 cos 4nt] — .

— 20 cos® #t[2C,, 3 cos nt + 2 cos Int] +

+ 15 cos® nt[Coz -+ 2 cos 2nt] — 6 cosbnt - 2 cos #nf 4- cos® nt =
15]

15 15 45
= [Co,e —6C, s+ B Co,4_+ 7 Cong — 15C,5 + i Coz — 1—6‘ +

+ [2Cans — 6Cns = BCuns 4 7 Cos + 15Cuns = 20Cus -+

+ 12—5‘00,2 = ;—:] cos 2nt + [2C4ﬂ,6 — 6Cs5 + 12—5 Conls — 5Ch3 +
15 7 1 ;

ol == L 4 f 6nut

+ ) Coz 16] cos 4nt -+ = cos 6n

S, = Co7 + 2[Cauy cos 2nt + Cyy 7 cos 4nt + 2Cg, ; cos 6nt] —
— 7 cos nt[2C, cos nt + 2Cs;6 cos 3nt - 2Cs, 5 cos Snt] 4-
4 21 cos?nut [Cos + 2Cq45 cos 2nt + 2Cy, 5 cos 4nt] —
— 35 cos® nt[2C, 4 cos mt -+ Cauy cos 3nt] -+
+ 35 cos*nt[Cog  Cous cos 2mt] — 21C, 2 cos® nt - 2cos nt 4-
105

35
— Cn,4 . I CSu,4 "I"

+h@m:kw—mm+§%vk4

105 35 420 - 357 .
+ 2 Co+ B Cop — B0+ B [zcm — 7(Cus + Cons)+
-+ 821 Cos + 21Ca,5 + 22—1 Cyns — 35C, 4 — 1-2—5 Cans + 3;5 Cos +

245

+ ;‘ C2”,3 + ;——: (7 — 42 C,,‘z)] cos 27’” -+

2]

(3.12)
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-+ [264';,7 — 7(Cang + Csng) + 22—1 Cons + 21C4 s — SZSCM —
105 35 |
= ‘Csn,4 + & Cinr — 7(Csns + Csng) + ? Cons + 21C4,5 —

35 105 .35 3 X
- 7 Cn,4 i —4— Can‘4 —+ E C0'3 ko i% (7 — 426;.,2)] cos 4nt -

+ [2C6n,7 = 7CSn,6 + gz'l‘cd.n,s — ?4—503",4 + i‘;s C2n,3 "I"‘
+$m_mgﬂmwm

Sg == [Cogs -+ 2C 45 cos 2nt + 2C4, ¢ cos 4nt 4 Ceys -+ 2Cos 8ut

— 8 cos #t[2C,, 7 cos nt -+ 2Cy,7 cos 3nt 4 2Cs, 5 cos Snt--2cos Tnt]-4-
- 28 cost [Co 6 -+ 2Cq,6 cOs 2mt 4 2Cy,, 6 cOs 4nt - 2 cos 6nt]

— 56 cos?nt[2C, 5 cos nt + 2Cy, 5 cos Int 4 2cos dSnt] +

+ 70 cos*nt[Co 4 + 2C4u4 cos 2nt 4 2 cos 4mt] —

— 56 cos®1£[2C 3 cos nt + 2 cos 3nt]+28 cos®nt [Coo + 2 cos 2mt] —

—"15'cos®nt =

= [Con = 8Cu7 + 14C0s + 14Cous — 42C0s — 14Cuss + 53 Cos+
35 35 35 35 108 525

"I' 3562‘4,4 z‘ - 350”,3 "l‘ E‘ "l" E’ + z‘ C(]'g + —8- ES] —-f—-

+ [204”,8 — 8C,7 — 8Csu7 + 14Co6 + 28Cs,6 + 14C46 — 56C,5 —

245 105 105 583

= 4263,,]5 —]— 3560,4 + T CZn,4 + —2- C"‘g + —g- C()'z ST E cos 2nt

+ [2c4ﬂ,s 580, —/8C s, FULIT4C,, o Y- 28C,, 'L 14C, 5 —
— 42 an‘s + i—‘?CO'4 + 3562”’4 = 216"‘3 + '221 C0,2 + ;—é] cos 4nt +
1 [zcan,s — 8Cay 4 14C4s + 28 — 14Cs, s +‘°;~5 Calpl_ gc,,,3+

7 75 1
= Cogfis— 6nt 4+ — cos 8nt
+ g Loz 16] cos + 28
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The numbers Cos, Cons, Cus, Cons; Crz, ¥ = 0,6; Choy 7 = 05: Cos,
y =0,4: Cos, ¥ = 0,3; Ch3,7v=20,1,2; C,, r=0,1; are respectively the
coefficients of Z° Z2u Zin Zo. Zm y =06; Z™, 7 —0,5; 72" r=0,4;
Zm, oy = @; zm, vy =0,1,2; Zm v =0,1 in the expansion

(3.13) [E ZJW = Z+1(] — Z)mz (7 4 Vs 7i
i=n i=0 (m — 1)1

for m = 8,7,6,5, 3 and 2, where
GV =0+ DG +2) ... +m—1).
Explicity, we have from (3.13)

!

Cos = 71 (81 + 1), — 8(6n), + 28(4n — 1), — 56(2n — 2),] =

1

L [802 - 210 - w7 47 - 302 - 20nd - 165930208 4 1442560m¢ +

- 772352m% 4 25715202 + 51168n - 5040]
g = % [(10n4-1),—8(8n), + 28(61 — 1), — 56(4n — 2), + 70(2n — 3),]=

= % [1191 - (27)7 + 359 - 28(2%)6 + (35406)(272)® - 68600(2#)* 4
+ 80199 - (21)3 + 57428(2n)2 + 486481 + 5040)
Cung=3, (120 - 1), — 8(10n); + 28(8n — 1), — 56(6n — 2), +

+ 70(4n — 3), — 56(2n — 4),]
= L (120 - (@n)7 1 1624(20)° | 8904 - (2n)5 4 25480(2n)* +

71
- 41160(2n)* + 38416(2n)* + 20376(2#) + 5040]

71| [(14n + 1), — 8(121), 4 28(10% — 1), — 56(8n — 2), +
+ 70(6n — 3), + 56(4n — 4), + 28(2n — 5);]

CS»,S = ==

= 71. [(20)7 + 28-(2nm)° + 322 (2n)® + 1960(2n)* + (769)(2n)* +-

- 13132 (2n)% - 13068(2n) - 50407

Cop = = [(Tn + 1)y — T(5m)g -+ 20(3n — 1)y — 35(n — 2)q]

1
6!

P
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ki (2354818 + 70644n° + 91000n* + 6426013 4- 2657212 +
G!

-+ 6216% - 720]

Coz = 2 (8 + V)o — T(6n)s + 21(4n — 1)y — 352 — 2)s]

= —1—' [302- (2%)® -+ 1932 (2n)® -} 5180 - (2n)* 4 7560(27)% -+
6!
+ 6398 - (2n)2 + 3108(2n) + 720]
(:2;;,7:6i [On + 1) — 7(Tn)s + 21(5n — 1)g — 35(3n — 2)5 + 35(1 — 3)e]

!
] b’l [105430° -+ 4029975 | 61705% | 22792u2 - 6936n -+ 720
CW=61! [(10 + 1)5 — 7(8n)g + 21(6n — 1) — 35(4n — 2)s + 35(2n — 3),]

- bl' [57-(2n)8 4+ 567(2n)5 + 2205(2m)t -+ 4305(2n)° + 4578(2n)* -+
4. 5376n -+ 720]

Canr= & [(11 + 1)y — T(On)g + 21(Tn — 1)5'— 35(5n —2)s +

1
61
4+ 35(3n — 3)g — 21 (0 — 4)g] = (% (72218 - 499815 + 7580m +
+ 18270n° -1 12698n + 44521 + 720]

Cons = —[(131 + 1)y — (I1n)g + 21(9n —1)g — 35(7n — 2)s +

1
a '
+ 35(5n — 3)4(3n) + 7(n — 5)] =
— L6 4 2105 4 1754 + 73508 - 1624n® + 1764 + 720]
6!
Cos = =7 [(6n + 1)s— 6(dn)s - 152 — 1)s] =
— L [21120% £ 5280mt + 55207° + 3000n2 - 8887n + 120/
51 °
Cog = = [(Tn 4 Vs = 6(5n)s + 15(n — 1)s = 20(2 — )]

— 1 168205 4 4590m8 + 5030n® - 2850n2 + 848n + 120]
5! .
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CS;L,S

Cs;;,(i

CO,S

Cn,s

2n,5
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% (8% — 1) — 6(6n); + 15(4n — 1); — 20(2n — 2);]
EIT (83205 + 2880m* + 376043 + 240012 + 808n + 120
—51—! [(On + 1)5 — 6(7n)s + 15(5n — 1)s — 20(3n — 2)5 +-
+ 15( — 3)5] =
% [(91 + 1)5 — 6(7n)s + 15(5% — 1)5 — 20(8n — 2)5 + 15(n—3);]
- [2370° + 1155n% - 2085% +- 1725n% + 678n + 120]

— [(107 + 1); — 6(8n); + 15(6n — 1) — 20(4n — 2); +

+ 15(2n 4 3)] =
i| (3215 4 240mt + 680#° - 900n2 + 5481 + 120]

i! [(11% + 1); — 6(9%); 4+ 15(7n — 1)5 — 20(5n — 2); +
4 15(3n — 3); — 6(n — 4)] =
L (05 4 15w 4 8508 4- 225m2 - 274 4 120]

4% (57 + 1)y — 5(3n)y + 10(n — 1),]

% (23014 + 46013 - 370m% + 140n + 24]

% [(6n + 1), — 5(4n), + 102w — 1),] =
— (176w + 400n* + 3400n* + 1401 + 24]
17 + 1 — 5(5n), + 10(@n — 1), — 10(n — 2),]

41' (7614 4 24018 + 26072 - 120n 4 24]
- [8n 1)y — 5(6m), + 10(4n — 1), — 10(2n — 2),]

ﬁ [16n% + 80u8 4 1402 - 1001 + 24]
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Cons = % [(9n 4 1), —'5(7n)g + 10(5n — 1), — 10(3n — 2),—5(n —3),]1=
= LI [#4 4 10#3 4 3512 4 50n + 24]

The, numbers C,4, 7 = 03 C,gy =0,1,2; Coz and C,_, are the coeffi-
cients of various powers of Z in the expansion (3.13) for m =4, 3 and
2 respectively. They have already been computed in [5]. Therefore we
shall not mention them here.

After the substitution of suitable values of these constants in (3. 9) —
— (3.12) we obtain the indentities (3.1)—(3.6).

To obtain (3.8) we multiply (3.3) by a __ 1008 , (3.4) by b = 1220,
(3.5) by ¢ = S%? and (3.6) by d = — % and perform the intermediate

calculations involved. Therefore we obtain after some manipulations

2n—1

T (AR H RO + K + B} =

= 128n7 — — (112%4 + 420n2 — 455n + 98) sin® nt — ye 154 sin® n¢

52 [
= (11204 + 42012 — 4551 - 98)sin®nt 315 sin® nt
>__./\ st) =1 — =

k=0 43 + 8n 43 . 51297

which is essentially the same as (3.8).
LEMMA 2: For —1 < % € 1, we have,

a) | X 7(x) — 1 "
K=0 »n
2 7(#)| <20 and JT=7 2n() < 2

The proof of this lemma makes use of (3.8), (2.5), (2.3), (2.2) and the
differentiated form of (3.8). )

1 EMMA 3: Fot ¢t € [0, n], we have

5
a) ) + Bl < J«,f
and
505 sin® une
)| = 030) + @) | < =

where v, = 2n sin % {t —t,).
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The proof of this lemma depends upon a similar lemma given in [4]
LEMMA 4: For ¢t = [0, =], we have, for p =0, 1, 2
2n—1
a) sinﬁ"_;‘_k’ Is, ()] < 1201522 %1
k=0

nd
In—1 |b‘ : | s
: 7 ind ni
b) 2 sin? Ao lspt)] < 1707 IsHEe et
k=0 2 np—1
2n—1 |t : , . b
¢) 2 ginp A= sl sy < 1707 |sin? st .
k=0 2 sin ¢ nP—2

Again the proof of the lemma is obtained on the same lines as in' [4]

'pHEj(b)REm(I) 2 1 Let feC@ [—1, 1], then for the operators G,,(f, ¥), we have,
for = 0,

TR A R LR Cea g Lt |

n

The proof of the theorem for p = 0 and ¢ = 0 is contained in the
proof of theorem for p = 1 and ¢ = 0 and is therefore omitted. Still for
p =1 and ¢ = 0 we need not present here the proof inasmuchas similar
theorem has been done in [4]. However the proof is outlined as follows:

Gu(f, %) —f(x) =
42 = [ (0 =10 + 5T U1 = f)] |1 - 350

2

k};(') [f(x) — flx,) — (¥ — %) ] (x,) I7(%) = Sy + S,
Now making use of the identity

(4.3) flu) — f)f'(0) = o(lu — vi)wy(lu — vl)
the lemma 2 and the properties of modulus of continuity, we obtain

g

(44) IS < 60 [l = %) + wp(l + 2)] -

< 12()1( Jm)m,,(*/m).
n n

For S,, using (2.5), we get

n—1
Sz s )&) gksk(t)J

2n—1
1008
= e— l5 [ ——
3 gihil) -

sin? #t' <

2n—1

+5 2 g{—182018(0) + 9601 (s) — 1053(0)} = SP + SP
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where
(4.6) g, = f(cos ) — f(cos t,) — (cos t — cos t,) [ (cos £).

Now on account of (4.3) and the inequality

@ < 1
We have,
2n—1

(4.7) 1S9 < 68Cy ;‘0 lcost — cos | wp(jcost — cos £,]) X Bf).

It is easily verified that

2n—1

4.8 igp LBl ey o BP0 3 g
( ) ;) S11 3 lk(t) nb 3 i) ’ s
Therefore from (4.7) we have, on account of (4.8)
2n—1
(4.9) |SP| < 68C, [ " (cos t — cos b,)? +
k=0 | sin?

-+ |cos ¢ — cos t“]l;(t) X6, (siut) < 544cl(sintJ ‘Df/(SintJ .
n

n »

For the estimation of S we shall use the idea of Vertesi-Kis [2] for esti-
mating such sums pairwise. We write

43

8 1008 *= 1008 =
(4.10)  SP =28 ) 4 D25 gdkt) +— 25 &)
43 (=0 43 k=j+1
where j; is defined by
g 4 - S iy
(4.11) =4l <=

We denote! these constituent sums rtespectively by T,. T, and T, and
show thateach has the order

e

The actual calculation of these sums are omitted here because they are
simply done on the basis of the proofs of the constituent sums already shown
in [4]. For example, T, can be calculated as under

(4.12) 1T, < 2401(,),,( Si;” )[ L (cos ¢ — cos f5)1 +
+ |cos ¢ — cos tII] | (8)] < 24C 0 (Sint Ilin— {sin2 £ sin? - ¢ —4¢) 4+
n )| sin? 2

g -- L'analyse numérique et la théorie de Vapproximatiion — Tome 10, No. 2. 1981,
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42 sin £ sin® L 1t — 4| + sint L (- t,)} b

+ 2sin ¢ sm— |t — 4| + sin? - (=Y )]]l;(t)] <

< %CI(JT;’)“’/'(JT)

5. Proof of the theorem for p =1, ¢ = 1.

From (2.4) after differentiation we get the.identity

(5.1) Gulf, ®) = /(%) = Gulf', %) = F'(x) +
+ Bt L Ty g 222 f'_<~1)}[1 - Qrk(x)] -

~ 300 — (%) — (5 — m)f () ) +

+ [1 2 )= F @b () .—f(x)] S rlx) =

2 k=0
= By + By + B; + B,

The sum B, is estimated exactly in the same way as is done in the case of
p=0. Thus we, easily have,
szf‘(\/l — x”) y
n

For B, and B, using the suitable forms of lemma 4 and the equality (4.3).
We, thus obtam

(5.2) |By| <

1—-x

1Byl < C

9} 237k

Using the properties of modulus of continuity, we have,

{or(l — %) +op(1

(5.3) |Bul < 6Cr0y ( ﬁt?)
n

and similarly owing to the lemma 4 .and (4.3) we have

(5.4) Bl < 222 C (1) < 804<»f'(¢1 = )
n? ”

Tg—c
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For the sum B, we transform it by putting x = cos?, x, = cos ¢,, and
using (4.11) and (4.6) thus obtaining

¢ 23318’ — LS e+
o  sint k= b ar sin ¢ d¢ /
2n—

1008 : .
43sin¢ 96074(£) —1 -
43 sin ¢ kz_.'\’ {lk 43 sin ¢ ; gi { 18201() +960%;(¢) 052, (2)

s B#j

= By, + Bj + Bgs.
The sum Bj,; can be estimated by making use of
(5.6) [cost — costy| < 2sint - sm— It —t,| + 2 sinz - (t — )
and
(67) — el < 2=
lual

Thus we obtain

(5.8) |Bssl < SH600m it 2 |cos ¢ — cos £,]wp(|cos ¢ — cos £,]) <

sin £
k;ej
860C,n simdnt  (sinf) e~ [ = 1
< DuSLE oy —— (cos ¢ — costy)? 4 | cost — cos t,‘l]—e— <
sin ¢ n k=0 | sin¢? Vg

sin ¢ 1 sin ¢
< 3.440C10)f' ( " Jz—fz = O{(,Of/( . )}
By, is to be estimated as a single term of Bj,; and hence, we have,
in
- o)

We, now, use exactly the same technique of Breaking the sum By, employed
in [4] in order to retain the estimate in dessired form. Thus, we have,

(5.10) B,ji= O{QI,(smt)}.

n

Combining (5.10), (5.9) and (5.8) we obtain our theorem. Lastly we announce
a theorem on the derivative of the polynomial which is as follows:

THEOREM 3: Let f® e C[—1, 1], then for the operators Gy(f, %), we have
«/1 — x2)
o) (V=2

Guw(f, %) < C :
Ga(f, %) < =)
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The proof of this theorem is based upon the proof of the theorem given in
[4]. Therefore we need not present it here. However, for the sake of com-
pleteness we adjoin the proof of the theorem for p = 0.

We have from (2.5) after differentiation
1) — f(—1 =
%mw=PL§4p—§mﬂ+

33 0fm) — ST -

[P ) — 0 + 1) <A 0)] i) =

2
LR, Rl F Ry
For R, we make use of Lemma 2(a) and the properties of modulus of
continuity and obtain

1 4 sin® ni
R/l £ —
| 1I ™

or(2)

n2
which in both the cases of \/ 1 < Land J 1 — %2 > . gives
n n

)

=)
Now for R, using
(1 4 2oy(l — %) + (1 — w)wp(l 4 x) € 6oyl — x%),

and lemma 2(b) first part, we get,

(5.10)  |Ryl < 600/(1 — 22) < 60{m a1 — 2* + 1}0),(«/1 = x*) <

(5.11) IRyl <8

< 60{n AT — #* + l}cof(“/l_x’JQGO = {1—x’—}—

" Jl — #?

JT— 2\, (1= °f (Jl A x’)
+ }")f( ) < 12058
" n (\/1 - xﬂ)
\ n
Now we transform K, by putting x = cos?, %, = cos ¢, thus obtaining
211—1

(5.13) Ry = 3 (f(cos t) — f(cos 2,)) 5;(8)-

15 .~ ON INTERPOLATION 261

We break the sum R, ‘as follows

Ry = —— (flcos §) — fleos t;) 7 {50} +

_s.int
In—1

4 1008 SN ecos £) — fleos 4) < {0} +

43 sint k=0 , dt

1 23]

2n—1

L1 S [f(cos ) — fleos £,)] = {—18201 + 9604 — 1051} =
43 sin ¢ 1’;;.) dar i

E',: Ry + Ry + Rys
where 7 is given by, (4.11).

The constituent sum Ry is estimated as under

526n sin? n sind n#
(5.14)  |Ryl <= mf( [ 1eos £ — cos 4 + 1|5 <
sin # n J|sint Ui
< 26260 P I(smi J
sin 2 ”

For the sum R,, we argue similarly and get

' 3 H 21 :
(5.15) |Ragl < 222 m,(i“i “[ " |cost — cos b, + 1]5"::“’ <
k

sin ¢ ”n =0 L sin?
kA
438n st )| o~ 145 1
< B, L) DD " {zsi-ntsin Lyt +2sin? = (F t,,)} + 1] X
sin ¢ [ k—o | sinz 2 2
k#§
sm‘ni < 433u & smrt) 15 sin nt 2 l{] <
Uh sin ¢ n )| |l 2n sin fug vy

LI T [ —

2 v; sin ¢ n

433n sinf) 5« 1 _ 109 sint
Wy ( ) )]
n

sin ¢

Again we break the sum Ry in two parts viz.

1 2
Rzz TR (22) + R(22)

where
i1 P
R — 1098 S™ [ f(cos £) — flcos t)] = (G}
43 sint 5=0 - dt
and
2n—1
RE 28091 [f(cos t) — fleos t)] £ {5(1)}
43 sin? p=j+1 at
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As earlier in [4] these two sums are estimated in the same way and there-
fore we obtain only one of them e.g.

RE = 22 5 f(cos t) = f(cos )12 (5(0) + i)} +
1008

t oy 2 (eos trir) — fleos £)1% (a0} = R + RYY"

Now using lemma 3(b), we have

’ 108 . 50% sin ¢ sin? nt [
516) |RY| < ( t — cost,| + 1 <
( ) I i l 43 sin ¢ ©r E sin? lCOS R "' + k

( sin¢ )
o, fi——r
1200 mt 3t 1 I
< : N (‘; Z: : sm n B 3007 n ]
sin ¢ lv | 2nsin foh tv,, vy sin t,)
n
similarly we have ;
|
sin ¢

i el |

(5.17) |RYY| < 60m —— 2. |

)

Combining (5.17), (5.16), (5.14) and (5.13) we get the theorem.
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