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1. Introiluction : So far we studied interpolation operators giving
elegant proof of Jackson's and, Timan's theorem for differentiable func-
tioäs cteffned. on [--1, 1] in this series of papers 13,41. We formally esta-
blished certain iäentities useful in deciJion of the form of polynomial
operators and. other respects too. Tlere we also noticed' that the theorems
oã simultaneous approiimation hold good. in case of [4]. n.M. TRTGUB'5

[7] inequality for iÎre derivative of pólynomial was also obtained in this
case as well as in case [3].

The present papef aims at giving a new and practical proof of .lelya-
kovskii-Gìp"ngarã'J theorem fbr differentiable functions belonging. to
c' l-1, 1].^ It"also includes a theo¡em on simultaneous approximation.
tVteän while we establish a series of id.entities in the shape of lernmas lea-
ding to an identity relevant as well as for further

ffii""tio*. Ou, op"rators efore, uniqueinhawing
tËËse properties asìo such poses has so far been
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2. Defínition of the opeartor G"o(Í, x) (þ - 0'l)

I.et lxl { 1, cos t : 2t and cos t¡ : tt* vítth

(2.I) ,r:T, þ:W; n:1,2,3, ....

Further,forÉ:0ø-1^
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2n- |

and

(2.3) så(r) : a.tÍ(t) + tt6oçt¡ ¡ ctloç¡ ¡ afip¡
1008 - -t820 960 , -1051.:-, Ò: C:-, ttr--
43 43 {3 43

,I.hen for any arbitrary function /(r) giYen on [-1, 1], we define the
operators

(3.3) s5 :#l*r,ruona -50n2 + 4) + (i* * !n'- 
+)""'Znt r

* (tn* i:* å) cos antl

(s4) s6 :#[(i"'-4ns+ry^" - *) * (T*+T""-?,"+äl "
cos2nt * (å"' + l"'+'Jo" - ål ""' Ant I L 

"os 
6nt)

(3.s) s? : #lfit rrn 
"6 - 53e0r¿a | 7372n2 - 275) +

+ ' fztoe\nu I 2765na - t666nz + ryì cos2nt !'zzol zl

* .L \U+nc ¡ 2590n1 + lg6nz - 135) cos 4nt I
720'

+ )^(2"' ! 35na { e*nz + f,) ."s aø]

(s.G) s8 : 
"hl(zoozæ"' 

- 7t680n5 | rer2n2 - 52-B0n * Y)*
i Q04896n7 | 26880n3 - 22l76n\ | 7920n + 10395) cosZnt !
+ [sozzonz * 43008ø5 - Jt6Bn + '-ryì cos 4nt I't 2J

I (256n7 | 7792n6 | 2496ns i 528n - 315) cos 6nt + 1- 
"os 

Sø¿l'128 I

For the sums S, and Sn, we have the identity

(g.7) 4Sr-3S4: t -3sin3øú.8tr'

!'or-. the sums of higher oLdeL, lve have

(3.8) 4.Sr* åS.*cSz*d.S8 : t -#r* Q12na {420n2 -l-98-

- 455n) sinß n't - 
315 si't øl'
512, 43n7

'Ihe identity (3.7) has been proved in [5]. We establish (3.8) only. l'or
this end, we make use of the technique employed in l5], thus obtaining.

(3.9) Su : Co,o * 2Cr,,t cos 2nt I 2C n,,t cos 4nt -
- 5 cos ntl2C,,,a cos nt -l 2Ctn,o cos Sntl !

(2.4)

where

zo(r) - so(l)

r,(x) : s,,(t)

,:01*¡ :s¿(t) I Sr, o(t), h : I, n -1
and

(2.6) g(x):'!tttl ¡|¡1-r¡
The str re given in Theorem I : For þ :0,1

a) Í'(x'\
b) ""ì"iât of degree S Bf t t'.
Th and can be done on the basis of [3]'

ll. Some identities

LEMMA 1: Let

G,p(í, *) s@) -r å{å @ - *o)nÍ"'@o) - g@lr^@)

(2.s)

,S,"g D ¿f(l)

then, we have

(s.1) s,:#lP"'- Ð*(* +|)"oszntf

(s2) so -#[(i,' - +"*å) * (å' .,- i" - -i;) "
x cos2n,t + | cos+ø]



Ii. B, SRIVAST/\VA and R, B. SAXENA 4 5 ON INTERPOLATION 251

,f 10 cos2 ntlco,s+2czrr,a coS 2ntl- 10 cosst¿l 2Cn,z cos nt I Scosa n,t:

: 
Ito,u - 5c,,+ * sco,¡ * cr,,, -- E, ,u,, t il n

* l2cr,,, - SCn,+ i íCrn/ _l- 5C0,, + 10C2,,,3 - 5C,,2 + 5l4l cos2nt

+12c0,,,, - scru,o * scr,,, - scu2 a fl"os 4nl
L 8l

In the similar fashion, we have,

(3.10) Su : Co,. * 2lCr,,,u cos2nt I Cnus cos 4nt -|- cos 6nt) '-

- 6cos ntl2C,,,5 cos nt * 2Ctu,t cos 3nt f 2 cos Snt ) |
f 15 cos2 ntlCs,a * 2rn,o cos 2nt f 2 cos 4ntl

- 20 coss ntl2C",s cos nt f 2 cos Sntl I
f 15 cosa ntlCo,z f 2 cos Zntl - 6 cos6 n,t '2 cos nt I cosd nt:
: 

[to,u - 6c,,s *']rr,, *Trr,,n - tsc*,3 +f,cr,"- ii*
+lzcr,,,u - 6c*,s - 6cru,, *Irr,, I r5c2,,a - 2oc,,,s +

* ti ,,,, - äl -r 2nt I 
fzco,,u - 6c,,,,0 * ti ,,.,, - 5c,,, *

-r 
f, 

c,,, - ål *. 4nt ! L cos 6nt

(3'11) Sz : Co,z * 2lCt,,, cos2nt * Cn,,, cos 4nt I2Cu*,t cos 6øl] -
- 7 cos ntl2C*p cos nt t 2Ct*,a cos Snt I ZCtn,u cos Sntl I
| 2l cosznt [Co,u * 2Czn,s cosZnt { 2Ca,,5 cos Antl -
- 35 coss ntl2C* cos nt * C"n,o cos Sntl {
| 35 cosant [Co,u * C2¡p cos2nt] - 2lC*,zcos6 nt ' 2cos nt {

f 7 cos6 ø :lCo,, - 7C,,e *T rr,, +rf c,,, -T rr,,n *
+ f c,,, +| c,,,, - *rrr*" * t*l * 1,rr",,,, - 7(c,,u * c,,,u)*

nT rr,, + ztc2*,s *T rn ,, - 35c.4 -T ,r,,,n +3j cr,, +

*T ,".,, +fitt - 42c,,,)lcos2nt I

+fzcn,,,, - 7(cr*,, * cu,,a) *T rr-,, * 2lc¿*,s -T r,,, -
*tf ,r,,, +3jc^,,, - 7(cr,,,ø * cr,,e) +f, cr,,u ! 2rc¿;,s .-

-T t-,n -tl ,,,,n * T 
4.,, - !*t, - tic,,,)]cos 4nt !

+fzcu,,, -7crn,, nTrn,,,u -Trr,,,n * T t-,, +

+jt+- eos 6ntn,Z)42C

(3,12) 56 : [C6,s * 2Cz,,"cos2nt * 2Ct,,, cos 4nt * Cuu," { 2Cos&nt

- 8 cos ntl%C,,,1 cos nt * ZCtn,, cos 7nt i 2Cr*,, cosSntl2cos7ntfl

| 28 cosrntlCo,e * 2Cru,u cos 2nt * 2C ou,ø cos 4nt | 2 cos 6ntl

- 56 cossøl [2C",5 cos nt + 2C s,,s cos ?nt f 2cos ínt] |
| 70 cosant [Co,o * 2C2¡,a cos Znt | 2 cos Antl -
- 56 cos6øtl2C 

^p 
cos nt | 2 cos Sntl!2.8 cosa ntlCo," * 2 cos 2ntl -

- 15 coss nt :

: [C0,, -ÌCn,z ¡ l4Co,6+ l412nF - 42C,,,s- 74Cs,,s * Tar,,*
t_

+ 3sc2,,1?! - slc,,,+ i + i *i co,z * i äl n

+lzcn,," - 8C,,2 - }Cr*,, + 14'0,6 * ßCr*,, I 74Cu,e - 56cn,5 -

- 42cs,,s + 3sc0,1 + '9T cznt *tl rr,, + f cr,, - il cos2nt

+fzco,," - }csu,t - 8Cru,z i l4Cz*,ø * %c.u,, - 74C,,s -

- 4zcs,,s *T rr,, + 35c2,,1 - zlc,s +2] cr," + å]""r 4nt I

+ 
[2C.,,* - ÌCr,,z + 14C4,,,6 + 28 - 7[Csn,s *T tr,,,n - Ir,,"n

* Iro," - äl *' 6nt * L cossnt
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The nulî.bers Co,o, Cz,,,e, Cr,e, Ceu3i Cr,t, r:0,6, C,,a,r:0,5 I Cr,s,

r : 0,4', C,,t, r : 0,3, C,,s, v : 0, L,2; Cr,r, r : 0, 1 ; are respecti\¡ely the
coefficients o1 zo, 72il, /4n, z6n . z/t,, r :0,6; 2,,,, /: 0,5 ., 2,", .r : O,4;
2,,,, i,: Aã ' ZrL, y: 0, 1, 2; Zrt,, r :0,1 in the expansion

(s.13) lÐ,r,)"' - 2zn+r(r - zY'ä#!+: rt

It'¡r tn :8,7,6, 5, 3 and 2, where

(j + r),,,-, : U + t)(t + 2) ... (j -f m - 1).

Bxplicity, we have from (3.13)

Cn,, : 
î,1@,t 

-l- 1), - B(6n), | 2B(4n -- r), - 56(2rt, - 2)rf :

: t 
1SOZ .2to . n7 + 7 .302 .20n6 i 7659392t05 ¡ 1442560n4 |zl'

I 772352n2 ¡ 257152n2 | 51168ø J 50401

C,,u: 
) , [l1O"+l)r-B(Bø), t 2B(6n - r), - 56(4to - 2), 170(2n -- 3)rl:

: 1 tr ril . (2n)z + ssg . 2l(zn¡c + (8s406)(2 n)u + 68G00(2ø)a *7l'

+ 80199 .(2n)' + 57428(2n)'z t 4B64Bn + 50401

C,n,": f,,Jtr" l- 1), - B(l,n), t 2B(8n - 1), -- 56(6ø - 2), *

I 70(4n - 3), - 56(2n - 4),1

:= J- ¡tzo . (2rr.)i )- ß2aQQa 18s04 , (2@r ¡ 25480(2n)a *7t'

)- 4tt60(2ru.)3 f 38416(2to)2 )- 20376(2n') l- 50401

cuu,.: )Wn" * 1), - B(r2n)., | 2l(r0n - r)o - 56(8ø -2), -f

-l70(6n - 3), * 56(4tr, -- 4), -l2B(2n - 5),]

: ! ¡pn¡, + 28.(2n)u + 322.(2n)É l- r960(2n)a t Q69)(2n)3 ¡
7 ! "'

-l- r3r32'(2n¡z -r- r3068(2n) +- 50401

co,, : !rftr"* l)u - 7(sn)u | 2n(Bn- l)u - BS(n - 2)u)

: 
fr tzas+aea ¡ 70644rr .r g1000nt ¡ 64260,xs ¡ 26572n2 t

-F 62r6n + 7201

cn,t :j ftt" * 1)u - 7(6n)u | 2r(4n - 1). - 35(2n - 2)ul

: fi tsoz '(2n)u + 7es2'(2n)5 + 5180 ' (2n)n * 7560(2n)s I

+ 6398 . l2n)' | 3108(2n) + 7201

cz,,z:å itr" * l)u - 7(7n)ut2r(5n - 1)u - 35(3n -2)u135(to - 3)ul

6l 1t0543n6 { 40299n6 { 61705n3 | 22792n2 -l 6936n + 7201

csn,t:* ttto * 1)u - 7(Bn)u | 2r(6n, - l)u - 35(4n - 2)o t 35(2n - 3)ul

: j ru, .(2n)u + 567(2n)6 ! 2205(2n)a ¡ 4305(2n¡s ¡ 4578(2n)2 *

)- 5376n + 720)

c¿,,,t:!,fyt" * l)u - 7(9n)rl2r(7n - 1)u - 35(5n -2),1

t- 35 (3n - 3)u - 2L (n - 4)ul : luzzr' | 4998n5 { 7580nt I

-l 7B270rF i I269Bnz * 4452n + 7201

ca,¡,¡ : !. Wt, * l)u - Qln),121(9n - 1)u - 35(7tt' - 2)u t

| 35(5n - 3)uPn) -17(n - S)ul :

: * ,r, I2ln5 | l75na | 735tøs -l l624nz -l 1764n -l720)

cn,u : ! Uu'n* 1)u- 6(4n)u { 15(2n- 1)'l -

: ! l:,"t12n5 i 52B0nL ! 5520n3 13000n2 f BBS7ia + 120]

cu,e : lttr"* i), - 6(5n), t r5(3n - l)u - 20(2 - n)ul

: I treszns ¡ 4590na 1 5030øs !2850n2 * 848ø + 1201



254 K, B. SRIVÀSTAV.4 and R. B, SAXIINr\

C"u,u : * ttt" - l)u - 6(6n)rl r5(4n - l)u - 20(2n - 2)rl

: ! Wz"s ¡ 2BB}na | 3760ns -l2400n2 * B0Bø + 120.1

c,u,u : * fp, * 1), - 6(Tn)uf 1s(5ø - t)u - 20(Bn _ 2)o{

-l 15(n - 3)ul :
: ! rp"* l)u - 6(7n)u { rs(sn- l)u - 20(Bn - 2), r ts(n-B)ul

: -]¡. Vern6 ! llllna | 2085ns * l725nz | 678n, + 1201

: j t{ro, * l)u - 6(Bn)u -l 75(6n - l)u - 20(4n - 2)u t
| 15(2n * 3)ol :

: !. lurnu | 240n1f 680ø8 { 900n2 * s49n + r20l

cst,,e : ! Wt"* t)u - 6(9n), I t5(7n- 1), - 20(sn - 2), *
* t5(3n - 3)u - 6(n - 4)ul :

t -_::- lnu { lína * B'n" 1- 225n2 f- 274n + 1201

Co,, :*l7r* l)n- 5(3n)nllo(n- 1).1

: j lzæ"t ¡ 4ffint { Blonz { L^on + 24)

c,,,s : * l$"* t)n - 5(4n)n * ro(2n- 1)rl :

: I Jza"a | 4oons * s4oonz { txon + z4l

2n,s : * ftr"* 1). - 5(5n)n * 1o(3ø- 1), - 1.0(n - 2)rl

: j Uø*n l240ns | 2ffin2 | l20n + 24)

csil,s :L^Urn * 1)o - s(6n)ntt0(4n - t), - t0(2n -Z)al
: I Jønnf BoøB I rxonz I toon + 241

c¿,,,s : |ffr" + 1)n - 5(7n)rl l0(5n - 1)o - l0(3n -2)n-5(n -3),1:
: J- ¡yr ! I\ns | 35tc2 { 50n + 24)qt '

The, numbers Cr,a, r:0,3, C,,sr:0,1,?; C,),2 and,^Çn-, r.re the coeffi-
cienis of various'þo*ers of Z in the expansion (S !S) {-o1 ln - 4,3 aud
2 respectively. Thäy have already been computed in [5]. 'I'herefore rve

sha1l not mention them here.
After the substitution of suitable values of these constants in (3.9)

- (3.12) we obtain the indentities {3.1)-(3.6).

To obtain (3.8) rvc multiply (3.3) by, : #, Q'4) bv b - -'#,
(3.5) bv t : T and (3.6) by d : - !E t'd perforrn the intcrr'ccliatc-4343
calculations involved. Therefore we obta-in after some manipulations

2w-1
p"Y Ð, {øti(t) -l bt'r(Ð * c4Ø + dtsh(t)} :

: t28nz -tfiOvn'l 420n2 - 455n + 98) sin6 nt - #isin8 nt

2n- |
5, . illàna ¡ 420n2 - 455tt { 98)sinszl 315 sins lzÍ

L sp\r): ¡ -þ-o - 43 ' 8n 43 ' 5l2nl

which, is essentia.lly the same as (3.8).
fiEMMA 2:For -1 < x 4 7, we have,

b) < 20 and l-x2 D,i@)
å-0

20

The proof of this lemma makes use of (3.8), (2.5),
differentiated form of (3.8).

TTEMMA 3: F'ot I = [0, æ], we have

a) ViA) + I'h+LU)l * #
and

o) lå {ti(Ð + rt+,(r)}l - *#=
where an : 2n rio ! 1t - tu).
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(2.2) and tl,e

4

n2
ru@) - 1iI{:0

fl

Dl(:0 ri@)

, (2.3),
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'lhe proof of this lemma depends tlpon a similar lemma given in [4]
r?DùrI{A 4 : For t = 10, æ], we have, for þ :0, l, 2

") :D' 
,inø\Ulsu(r)l < rzot"^!*"L

t, ,p, sinø tt -rtnt lri(¿)l < t7o7 \YJ,J

"l ht "inølt 
- t¿l l'í(¿lt . t or lsinþ n'tl

' *-".¡ 2 sinf ' nþ-'
Again the proof of the lemrna is obtained on the same lines as in [4]
THEoREIT 2: I.et ÍeC(qt [-1, 1], then for the operators G,þ(f,r), rve have,
lot þ:Q, I

(4 1) tcy,ì(I, *) -.ft',)@)t " "(!!=)o 
0,,,,^(+a)

'l'he proof of the theorem lor þ :0 and q : 0 is contained in the
proof of theorem Tor þ : 1 and q :0 and. is therefore omitted, Still for
þ : I and, q: 0 we need not present here the proof inasmuchas similar
theorem has been done in [4]. However the proof is outlinecl as follows :

G,o(f, x) - f @) :
(42) :l+(/(1) - f(*)) ++(/(-1) -f(ù]' [r - ä,^o]

ll

D t/(r) -f(x) - (x - xo)f '(xn)7ru@) : S, t .S,.
¿ =.0

Nor,v nraking use of the identity

(4.3) Í(u) - f (r)Í'(r) : o(lu -- ul)u¡'(lu - vl)

tlre lemma 2 and the properties of modulus of continuity, u,e obtain

(4.4) lS,l < ur,+ [.i,(1 - x) | l.l,¡'(r + x)lt---!sirl nt <

< 72Cr

For Sr, using (2.5), wc get
fi-l

sr: D B¿s¡(i),,t:0

(F=)^'(1t=)

11

where

(4.6) go:/(cos l) -/(cos lo) - (cos I - cos to)f '(costr)

Now on account of (a.3) and the inequality

U'(l)l < 1

We have,

(4.7) lS!')l < 6BCr't lcosl - cos lolcov'(lcosl - cos tr1¡ xti(t)'

It is easily verified that
2n_l(4.8) "[ 

rirr¿ !-P rh(t) < ry! ; þ :2, 3, 4'
È'-u 2 " ilP

Therefore from (4.7) we have, on acconnt of (a'B)

(4.e) Is!')l < 6BC, '5' 
[#,-. / - cos t)' *

* tcos r - cos t,tlti|l,<*,(#) < s44c1(#),r,(#l

For the estimation of Slt) we shall use the idea of Vertesi-Kis 12] lor esti-

mating such sums pairwise. We write

(4.r0) st'): ff sili1l. iF;Ð snt'o4)-r ff"rl*,srnft)
'where j¡ is defined by

(4.r1) lt - t^ * *
.we denote these constituent srlms respectively by Tr, T, and T3 and

show thateach has the ord'er

"[(.#')-'(.#)]
The actual calculation of these sums are omitted here because they are

simply done on the basis of the proofs of the constituent sums already shown

in t¿i. For example, T, can be calculated. as und'er

(4.r2) lr,l < 24cp¡,ff)l#(cos ú - cos r¡)t f

f lcosr - cos ,,lfV¡ttll <24c,,,r'(+il*i{sin'I sinel (t '- t¡) 1-

$ - L'analyse oumélique et la théolie de l'aPPror:iù¡"io¡r-Tome 10' No 2 1981'

,
f

2il.-I
1008 Ð s,tiØ t-

k-o

1
-l_ _t48

2ir-1

Dh:o
g*{-t820t6h(/) + e6011(r) - i0sli(r)}: st''} + sf)
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f 2 sin t sins ! þ - Ul* sina I U - rll+

f 2sintsin|l -uf sinzIV-¿r)ll¿'(¿)t <

<e6c,(+)^'(+)

5. Proof of the theorem lor p : l, g : L

From (2.4) after differentiation we get the identity

(5.1) G' n (Í, x) - .f'lx) : Gno(f' , x) - Í'(x) *

+[ -+.f,(r) + +t/,(-t)][t -ä,^o]-

- b lf@) - f'@) - (* - x)¡,þ)lr(xi) j-
È:0

*l+uo -rØD + L;r(-l) r@lþ:,,i@:
: Bt* Bz+ Bs+ 84

The sum B, is estimated exactly in the same way as is done in the case of
þ :0. Thus, rve, easily have,

(5.2) la,l ( ,*r?7)
For B, and Bo using the suitable forms of lemma 4 and the equalitv $.3).
Wc, thus, obtaiu

l¡nl ( c, {.r(r - x) | a¡,(r + x)}| f';trll
Using the properties of modulus of continuity, we have,

(s.3) IBnr < 6c,.,¡.(+t)
and sirnilarly owing to the lemma 4 and (4.3) we have

(5.4) lB,l < rytCna¡,(r) ç BCn<,r7, (F)

(5.5) ¡,: #'2rrj t,-t,ll :*$ t,rtOl +

. ;ä,Ð. sr * {':rv)t+ *.r, E r,$ {- tezor i(ù +gaofh(4 - 10sr;(r)} :
h*i 

- Brroï urrÌ Bgr.

The sum B* can be estimated. by making use of

lcosl - cosf*l ( 2sinl . sin )V - thl +2sin'1 þ - to)

- P'rl,ùl " T,rt.

Thus we obtain

(5.8) lBrul ( 86oc'-ns-in'ntþ 
¡"o, I - cos lrlo¡,(lcos I - cos lri) (slrl, i¿i

* ry*iry ^,,#;a t* (cosr-cosr,)2f lcosr -- cos,^l]# *

( 3.440c.<,,, (+)Ð;r: oþ"(#)Ì
.B* is to be estirnated as a single terrn of -[J* and hence, we have,

(5.e) Bu:t{*,(#l}
We, now, use exactly the same technique of Breaking the sum B* ernploye&
in l-4] in order to retain the estimate in dessired form. Thus, we have,

(5.10) 8,,:t{*,(#)}
Combining (5.10), (5.9) and (5.8) we obtain ou¡ theorem. Lastly we arlnounce
a theorem on the derivative of the polynomial which is as follows:
THE6RE11¡ 3: I,et f(b) e C!-1, 1], then for the operators G"n("fl ø), rve have

,ø (!rr,'-)
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we transforrn it by putting .Í : cos t, xh : cos l*, and
(4.6) thus obtaining

IGLþ(f, r)l < c
çlT=T"i;i

K. B. SRMSTAVA and R. B. SAXEN,( 72 13

For the sum Br,
using (4.11) and.

(5.6)

and

(s.7)
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The proof of this theorem i of the theorem fliven in
l4l. therefore we need- not er, for the sake of com-

ii"i";;tt we adjoin the Pro - o'

We have frorn (2.5) after

We break the sum R, as follolvs

n, : * (/(cos i) - /(cos /¡) ' {r,(r)} +dt --

(/(cos ú) -/(cos ù) *{ll(r)} ++ 1008

43 sín ú
D
Þ:0

G_(Í, x) :

+Ðlf@o) - Í(*))rL(x) -¿:0

+ * "i" 
, -þ. rrt"". l) - /(cos ùl + {- 1B20lB + e60li -. 1051i} :

h*i

1008

43 sinl ¡

þ+i

:Rl+Rr*Rt
For ll,, we make use of l,emma 2(a) anð' the properties of modulus of

continuity and obtain

-l+"f(l) - r(x)-r'itr¡er) -r@)lDn ̂ rl(x¡:

lR'l < +ry^rQ)
which in both the cases ot alI - x'( l and' ^tT=-F ¡ 

I gives

',(ry)
(5,11) lR'l < all--'

'--À - (t;")

i: Rr, * Rr, 1- Ræ

rvhete i is given bv (a.11)'

The constituent sum 1ìr, is estimated as under

(5.r4) lR,,l ( #,\#)t*lcosr-cosrll *tl+t*
*ry+*(+)

For the sutn R* we argue sirnilarly and get

(s.rs) tn,,t ( #,,(+lþ- t* lcos I - cos r,l + tl%'¿ *
h+i

<.44g..r,n,.,l'Ð'[.a{z.ir',¿sin-L'lt --tþ1.]-2sinâ }U 
* r;} + r] x

=-uio¿ *J, 
" lflo lsirl [ 2

h+j

"ry< 
43e"*(it)hrii +#:,*ñ+;tl *

"y'*(#) :i¡å.#;*(#)
Again we break the sum R* in t:wo patts viz'

Rzz: n9 + n9

where

Rl:) :.+9 D [/(cos r) - /(cos t)] L Piþ)]
43sinf 7=o "'

and

f,

Now for Rr using

(1 -l- ø)o¡(1 - x) + (1 - r)<o¡(1 + r) < 6ia7(t -- xz)'

and lernrna 2(ó) first Part, we get,

(5.10) lR,l < 60<,r¡(1 -- r'?) < 60i, ^,fl - xz+tUIJT) *

< 60{ø ^f-- xa -F rY,î(4=7) * oo 
¡-:--, ,{t - 

x' *

^'l^l'- 
*I

*\zi^,|+)< 120 
',)J-r'
l."l

Norv we transf<¡rm R, by putting r: cos t' xþ: cos lo hus obtaining

.l
I

'i

zfl-1 R!:,) D:J +1
[/(cos /) - /(cos th)l !- {tl(t)}

(5.13) R, : -l- p i/{"or /) -/(cos /o)) sr(r).
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As earlier in [4] these two sunls are estimated in the sarxe way and there-
fore we obtain only one of thern e.g.

Rtt) :;* ) [/(cos r) - /(cos t,)l : $iU) + t!o*,(t)] *

+ *ä ) [/(cos te+t) -/(cos ru) I *{'r*,(t)t : Rt-' + Rl,!".

Now using lemma 3(b), we have

(s 16) tnl'/'l < #ji* (;)D[#lcos r - cosr,r + 1]+i4 <

sin /

*{#''(+)D[Er+#d 1
-t_ _lc

alo

^l ,,( 300æ

(#)
similarly we have

(5.17)

i sin, ì

lRt'r)"¡ ( 60æ:l-.-l
(#)

Combining (5.17), (5.16), (5.14) and (5.13) we get the theorern.
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