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The cat-egory-we shall refe¡ to in this note will be denoted b). Con¡.
T.et X be a local1y convex space over the field R of real numberá.

DEFrNrrroN l. K c X ail,l be called, ø cone i,n X if :
l. K is ø closed, subset of X
2. x,y e K, &,p >0 + ux I þy - K
3. Kn (-K): {0} (0 being tke zeto el,ement of X).
DDFrNrrroN 2. Tke cone I{ c X is called, ful,l i,Í int I{ +Ø.
The objects of Con¡ are the pairs (X, 1{) where X is a locally corrvex

space (over R). and K - X is a full cone în X. The morphisrrs frorn (Xr,
¡<r) b \X_?, I(z) are those linear and continuous functions /: X, -+ Xr' lot
which -f(Kr) - Kr.
The composition of morphisms and the identities are clefined usually.

In order to establish our central theorem, let's recall some well -known results of functional analysis, as they are to be found in [2]. I_,et
X be a topological vector space over R.

pRoposrrroN l. fY c X is a, conaex set, then for euery x eY ønd
j e,intY ønd, eaery q, e [0,1[ we haae æx | (l - &)y e inlY.

coRorrrilRY 1. If Y c X ¿s Ø corn)ex set, then int Y is al,so ct

conuex set.

THEoRME 1. (Halru-Banach). If Y = X 4s øn oþen, non - emþty
conûerc set ønd, Z ¿ X is a tineaí subsþøce aithY Ài:'Ø, tken therâ ís
ø linear and, cont'iwtous functionø|. x*: X *R for which x*(z) :0, Yz e Z
*nd. x*(y) ) 0, Yy e !.

We now establish trvo lemmas which will be helpful to the proof of
the main theorem,
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X + {A\.Then there is
of X,'éach set of &(0)
I every x e X, 8(x) :
hoocls of x, each B' e

' = Ð(xs) and- denote Rn : {l e

= RIÀ ) 0).
B'Ì is a conaex set.

u" ¿ B' and o¿ e [0,1].
oixrwr) + (1 - a) ' (ì',u,) :

rMe have

a"(ì.ra4) + (1 - a)(tru,) :

- [aÀ, + (r - ")^,] (;^-Ë.1, ",+ ffifft ",)

and. this element belongs to R1 B' because B' is convex'

r{EMMA 2. IÍK c X,isa'coneand'0¿ K + B"tken0çint(K *R+B')

(1) 0: (h+ xz) + t"u1{ t''u''

If we should have Àt : }.' : 0' it woulcl follow that' xt i x' 
= 

0'

sox2:-ør'As;;,-;;é''lç,uía-x',i'u"ot'"'itfollorvstlnatx':0'so
;":-h, which is noi iíue. Thus Àr f À, > 0 and (1) implies:

(z) o:=+. @,*x,)*+.'rl;l;.u''lr*Àr'^ ìr*la Àr_|-^¿

As l( is a cone and B' is convex, (2) leeds to 0 e K + B" which

is contrarY to our hYPothesis'
We are ,to* uÍtä to formulate our main result'

t,5J'"1 :"äì;j"-iffe 
%o ê en'

(3) B', À (-K) :Ø'

Supposing 0 e K I B', it would follow that there ,ùre x e K and
u, = B'with 0 - xlø, so that It: -x = B'l(-K), which contra-
dicþ f3). Thus 0 É K + B'. Applying lemma 2, we have 0 æ int (Kl
f R* B').

b) x, ø I{. K being closed, there is B" e S(øo) r,vith R" a K:Ø.
(-K) being a]so a cone, we obtain in the same manner as in the a) case
that 0 4 int ((-10 * R* B").

As we are in the a) or b) case we denote Y : int (1( + R+ B') or
Y:int ((-f) *R*8"). Due to lemma I and. corollary 1, Y is convex
(K is evidently^convex). We sar,v before that 0 4Y, so taking Z : {0} we
have Z aY :Ø.
. Delotittg B : B' (in the a) case) or B : B" (in the b) case), /3
is a neighbourhood of xo, thus øo e int B - int (R+ B) -Y, the last
inclusion following from 0 e K. So Y + Ø and Y is clearly open.

All the conditions of theorem 1 being satisfied, there is a linear and
continuous functional xx : X * R with x*(r) > 0, Vy = Y.

If r've are in the a) case we p:ut h,: ir* and we have k(int K) :: x*(int K) - x*(Y¡ c 10, oo [.
If the case is b), we take k: -M* and similarly we have k (int K) :: -x*(int K) : x* (int (-lÇ) - x*(Y) c 10, oo [.
Thus, in both cases /ø (int K) c 10, oo I and k: X -. R is linear and

continuous.
1l being a full cone, there is zo e inl I{. We show that k(x) Þ 0,

Yx e I(.
€ [0,1[.e [0,1[.

So å(ro) *0, that is h(f(x'r)-eþvi)) #0, or kof * åog, rvhich com-
pletes the proof.
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