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Let f be a regular function in the unit disc U : {lrl < 1}, /(0) :0
ancl /'(0) : 1. If

Re'"(') + 1> a, for z e U,
r'þ)

then f is called a conaex function of ord'er ø, while if

Re
zf'(z)

Í(z)
>a,forzeU,

then/is called. a størlihefunction, of ord,er oc. The classes of such functions
shall-be denoted respectively by 1{(ø) and S*(ø). We note that q. { 1 antt
willonlybeinterestedinthecase o( > 0. If 6¿ e [0,1), then K(ø) C K(0):
: K, t]ne class of convex functions, while S*(ø) C S*(0) - S*, the class
of starlike functions.

For a given ø e [0, 1), tt,e ord'er of starlih,en¿ss of convex funoticns
of ord.er a is defined by the largest number I : 9(") so that ¡f(") C
C S*(P). It is well-known that P(0) : tl2, according to the classical result
due tó a. MARX [3] and E. srRoHI{A.cKER [4]. The problem of finding
p(a), for all ¿¿ e [0, 1), rvas recentely solved by v._r.. zuonovrcn and
r. K. KoRoBKovA, by using a variational technique 16].

Another Yay to obtain p(a) is to rrse the following result due to
T. rr. MACGREGoR [2]: if f = K(q), a = [0, 1), then zf'lf is subordinate

l
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to q, where
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.luf-
I

1

o(lfa)log(lfe)

This result implies

p(o) :,id,Re q(z) :,min Re q(z).

According to r. s. JACK [1], IVlaccregor conjectured that this infirnurn
occurs at z : 1, i.e.

rvhere

M(Ð: -22(1-a)(l f cos Ð - l2(l f cosl)lztr-a¡ *¡2t'' ")cos ø'l -|

f 2 cos (1 - ø)/l [2(1 + cos /)]' ''
We can write

¡/(r) : {1 f cos t - l2(l f cosl)l'-ocos (1 - ø)l1z -¡-

f {sin t - l2(l + cos t))t-" sin (1 - ø')l}'z'

II ¡ü(l) :0 forsome ¿e(0,n), then 1l-cost-l2(lf cost)!-":
:siri l--12(1 l- cos l)lr-n sin (l - ø-)t:0 attcl rvc get cos 1 ti" Io - ))' '0'
Since this last ecluality is not possible, -we deduce. N(l) > 0, for 

. 
ail

î-= tO. "1. Since iz" : Dl12 - 2i(t--"\f > 0, it retnains to show that
AL(ti> 0, tot ¿ - (0,æ). To that end, r'vc shall write

(4) L'I(t) : t4(1 + cos l)l'-"P(t)

whel"e

(5) P(t):2r-ocos at {2" cos (1 -- æ)l - (1 f ccts t)t-q - (1 f cosl)*

and we shall show thal P(t) ) 0, for all t e (0, -)'
since P is invariant when ø is replaced by | - n, u/e can suppose

It2 < c¿ { l. If we let x:2a. - 1, then we have I e (o,l).and^co.s[(1 -
-- 4i¡21> cos (tlz) > lcos(tl2)lr.r.'. I{ence the inequalitv P(t) }0 is eclui-

valent to
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1-l.x
l-cos 

- 

I'0
>O,t e(0,æ),5e(0, l)(6) F(t) :2 -

("..

A siurple calculation Yields

sir. (xtl2)(1 - lcos $12)1'z\ G(t)
a tút :^ \"/ 2lcos(tl2)l/þos [(1 - x)tl2)- [cos (r/2)]1+v)'
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(1) q(z) : z

o

2u-l
Z2l1-d')

1

a. #-
2

I
q.--

2

9(") : rnin Re q(z) - q(1) :
lzl:1

D. R. ]MTLKDN and. J. rrENG have recentely proved this conjecture' by
using a very-tn thirpu ry proof of-the above con-

jecture, bv itr 2 : I is the uniclue. point

of minimum. eresting trigonometric ine-

qualities.
''---ttuooø,l.. If o- = (0, l) øtt'd q is giaen by (l) tnt" 

f,tlRe 
q(z) occl'{rs

'if and only if z : l. 
:Proof ' Let 

R(¿) : Req(eit), ¡ e (--tt, æ).

For ø. e (0,1), we sha11 show that

(2) R(4 > R(0) : q(I): p(ø), for atI t e t-n,n)' t +0'

Since ølã) : s6, it is sufficient to sttppose ¡ e (0,n)' 
-

Fiiàt 
"ottsiáet 

the case " * 112'From (l) we deduce

R(t) : + {1 } cosl - cos atl2(7 + cos¿)l'-'},
N(r)

where

N(r) :2(l+cosl) - 2lcosut f cos(1 - ø)lll2ll+ cosl)l' "f
+ l2(l + cosl)lz(t-ø)

2\og2

(2a - tlM(t)

¡z - z2(r-"l1N1t¡

(-" *)'-'
l-t

cos 

-ú-
2

t
o

+

(7)

where

(8)

and

(e)

G(t) : 1 tlcos (tl2)l2n - 2 cos (xtlz) lcos (tlz)ln
-xI - [cos (l/2)]¡'

G',(t):

r-x f "i,rl+"¿ll- "or]*''x sin- t

#iftIT [r"" 
; ) 

" - ;E' 
I |,( 

""' år- * ; 
I

Therefore we have

(3) R(r) - R(0) :
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If we set

H(x) : ø log [cos (tl2)l - log

for a fixed t = (0, æ), then

so that
R(') -R(0) : ø;røea;æ

[*'T r] + ros 
þo' 

l-r I
where

I(u) : (log2)u tg u - uz { (log2) log (2 cos u) - 1og2(2 cos u)

H!(x) :1og [cos (tl2)l + i(trYt - te=') and,

where
I'(w): J@)ts

J@) : - (#k - 2 cots ") + zrog (2 cos ø)

J'lr) :2 t l- (l :1og 2) cos ¿ OU'

R(t):t - (2- los'l., Cîbø;

and.

IIence

where

Since Ir'(O) : I1(1) : 0 and' H(x) is convex in (0,1), rve conclude that

u(*) < ti iot ø à'(0,1), which Yields and
-l+3 2 -logtt - - log 2)2 cos I

K'(t) : (1 - cos l)
U + (1 - log 2) cos ú12

t
2

g

cos

, 1ç "']Ï::,i'.i"'# uT" :'å\,i, r,
'- log 8 - 2 2 O, I'(u) > 0, l(u)>

(l) > R(0), Ior all t = (0' n)' u'hich

implies (2).-- -' It is é"sy to show that 1im R(l) : oo, fot a¡l a. e (0,1). This comlrletes

the proof of our theorem'

Since

cos
t

2 )'

using cos 1,t' : | - ullZ !
€tT. G(Ð > 0, f9I ¡ = (o'Y).
sirowé tinal. F(t) given bY
e (0,1). From (6) we get

2* - l. Since I'(ø) :2n[logB -

).

I'et u : ll2. !'rom (1) we get

R(r) : Re q(e") : + rylr ̂r;#, 
where " 

: i = (o' ;)'

RLr!'ERENCES

of ord'er a, J' I,oldon Math Soc' (2)' I

otnez fux'ations of order a' J' Lonclou Nfatlt' -

dangett., l\{ath. .A.nn., 107, 40 - 67 (193U,33)'

sch"Iichtten Functione n, en' M.aL1n' Z' 37 
' 

356 -

orx conuel øtt'd stailihe fuøctions, J' Lonclon

).
l. K., On tlrc ord'er of starliheness of conu3x

auk' Úkt. SSR, ser' A, 7' 584-587 (19771 '

(Russian)

Rcccivcrl LIV.198l
(J niu er sitøtea B ab eç- B oIY ai
Faaultøteø de mølemøliaã

Slr, Kogdlniceønu nr, I Cluj-Nøþocø


