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1. Introduction

In [ ] LrN J. _G. gave a F'ritz John type optimality criterion for a cer-
tain class ef nolllins¿r multi-objective optintizatian. But in the proof of
the corresponding theorem there is a mistake. In this note we give another
proof for this important theorem. In the second part of the paper mod¡-
lied Fritz John type sufficient conditions for a certain class of multi-
-objective programming problems are also established.

2. A Fritz John theorem for multi-objective optimizatioln

Iret X c R' be an open set and let f : X -, Iì", h: X -, Rþ,, gi X n
-, RÞ, be given. Denote

O : {r e X: h(x) : 0, g(x') < 0}.

Def inition 2.1. xo =Q is called Pareto minim,øl for f on o.if
tkere exists no x e dù suck tl'tøt

(2.r) Í(r) < f@o), Í(x) + Í(xo).

Si,milørl'y, xo e Çl is called' weah Pereto ttt'in'int,øl for f ott' Q i'f there
is no x = Çl such thøt

2.2) (x) <Í(xo)
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xo = Ç) is cøl'led veto nxinintal (locølly ueû.h Parêta minimøl)
i,f there exists a, nêig B(xr, e) : {x a R": llx - xo I I < .} (Ío,
. > 0), suclt, th,al xo ttt'inintaL (wêøh Pørcto minimal) far f on
Q ) B(xo, e).

Def inition 2.2. LetY c Il"'. Th,e aector q = R"' is called' q. con-
aergencc aector for Y at yo e Y i'f tkere ¿xist a. sequen'ce (yu) dn Y ønd' a.

sequence (ù of stuíctly þos'iti,ae veal n'umbers such tkat

(2.3) lírnyto :yo ;limø*:0; limto-Yo :8.
&+@ Ê+æ h+cn &¡

lnrìoREM 2.1 ll, pag. 541. If xo e Cù is locally minimal or locally weøh
m'inimal, fo, f on Çl then no conaergence aector for f (O) û't yo - f (xo) is
strictl,jt negøti,ae.

lnponnvr 2.2 (Motzkin's theorem). Let A, B and,Cbe gdaen rea.J mat-
rices ønd, A be nonzero. Then e'ither there exists x such that

Ax :0
I3x)O
CxyO,

or tkere exist w, u > 0, u 2 0, w + O swch that

A'u 1- BI'v * Cru :0,
but neaer botk.

Now let us d.enote by C(O, r0) the cone of convergence vectors for
() at %0, and let

Iu: {i: g'(ro) : 0}.

We say that It, and g satisfy thc Kuhn-Tucker constraint qualification
at*oeOif
(2.4) C({1,, x0) : {d' e 1? : yh(xî)d' : 0, Vgr"(xo)d < 0},

where yf (x) is the Jacobian nratrix of. f a.l x and 8r": (Eo)¡=r,.

In [1] the following-Íritz John type theorem for multi-objective pro-
gramrning is stated.
THr{oRÐM 2.3, Let x0 e d). Assttme th'øt tke f'nnctions f , g a.nd lt øre

differentiøble at xD ønfl. tha.t k ancl g søtisfy tke Kukn-Tucher constraint
r1uøIification at xo . If xo i's a Pa.reto min'imal' (or weøh Pareto minirnal)
solution to tl¿e þroblem
(2.5) min{/(ø) :x eo-}

then there exist u € Ri:\{O}, 1) e. Rþ', w e Rþ¡ suck that

(2.6) V'f @u)u ! yTh(xo)u * yrg(xo)u :0,
(2.7) grþ;o)w :0.

- rn..the pr_oof of this theorerrr 11, pag.- qg] the foilowing assertion isdonc: ".l-,et q .be vector loi/1O)- at f - f@): ;l t"t (,,.;and (æ*) bS .!hç seçluances 
-ròr' 

q. õoorr{u'rní1.y, in"* ií isequence (xh) in to øo such thal

lirr_ f(xh) : Í(f), ¡- f(*\-J@) : O ,,.È+æ þ+æ d,y

'rhis assertion is not true, as we can see fro r the following example.
Examþle 2.1. Consider /: R *R*,

f(x) :
I

(x-l)r,øel-oo, l[
0, x e ll,2l
(* -2)", x el2, æ1.

obviously / is a diflerentiable function on R. consider xo: ! sr¿

ur) a sequence in R* converging to 0 : {(+) rt ir "ç"r that there is

no sequerce (x), xr ef-t(1tr) converging to xo.¡.or. inst"nl ..r"," '-, 
uu1

*0, then/-,(;) :{,-; ,r+:l 
*@ :e'xIYk:;'-

Each convergent sequence (xr), xr e
|-:' 2+*)'"o"""rgesto

7orto2 and not to 1
o

Proof of Theorem 2.3. T.et xo e
for / on Q. Then the vector yo : f(x
for the set /(O). I.et d e R-', be"à
lr*u) - O, (æ*) e Rr. the corrcst)
yo : l@u). In view of differcntiä
the sequence (yÈ) is convergent to

But from the diffe¡entiability of / we have also

f@u) -f(xo) :Vf@o)(xo - ,io) + "|lxo 
_ xo ll),

where

a(llxrt - xoll) +0, yþ + y,o,
llxn - xDll

From the relationship

i

I\o

lh - vo 
- 

f@\ - f(xo) : Vf@o) 
rþ - *o 

* aillr.e - ¡¡ll) . llxh - *oll
dk ctþ d.þ llxh _ x|ll dh
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Proof. Assume that (u, u, u)
and, consider the function -F: X
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=.ftî x Rr'' x R'j satisfy (2.6 - (2.7)

-R,
fr

we persuad.e that

(2.8) I : lim )'Þ - 1î 
- Vl@o)d ì

É+æ dh .,. i

is a convergence vector for /(O) at y0 ,i I

From the Kuhn-Tucker constraint qualification it follows that d' is
a convergence vector for O at xo iÍf d' is a solution to the system

{,2.9). Vk(xo)d' = 0

v8r'"(øo)d < o'

Since y" is Pareto minimal (weak minimal) for /(O), there is no con-
vergence vector for /(O) at yo strictly negative (Theorem 2.1). Therefore,
the system

th(xo)d':0
(2.10) Vgr.(ro)¿ < 0

yf (xo)d. < o
is inconsistent.

System (2.10) can be written under the form

-yh(xo)d' 
:0

'(2.10') 
-vgr,@o)d > o

-vJ@o)d' > 0.

From Motzkin's theorem (Theorem 2.2) it follows that system

(2.11) -yrk(xo)a - V'gr"(xo)w - V'Í@o)u :0
u>0,u>0,'u'+0

is consistent.
Let (a, p, u) be a solution tothe system (2.11). Then, considering

u e R!j, defined. as follows:
'tÐ¿:p¡)0,ieIs
u¡:0, i é Io,

we conclude that (u, a, u) satisfy the conditions (2.6) - (2.7), and' so
Theorem 2,3 is proved.

3. Sufficiont eonditions for Pareto optimality

THEoREM 3.1. Let xo e X ønd. let f ønd' g be conaex atcd' differentiable
at xo functions ønd h øffine function. If at xo conditions (2.6) - (2.7) are

satisfied. uitk u = R\, and xo e Ç1, 'i.c. h,(xo¡ - 0, g(*o) 4 0, tlt'en f is
Pareto minimal for f on Q.

F(x) :Ð",Ío@).

From (2.6) - (2.7) we derive

V,F(xo) * yrk(xo)v t yrg(xo)u :0,
{(xo)w:0,u20.

In view o1 the Kuhn-Tucker theorem (see 13, pag. 651) we conclude
that xo is a minimal point of F on O.

Since ø> 0 it follows (see fl,.Thçom1-_e.m 6.11) that rf is pareto mi-
nimal for / on O.

rn order to generalize Theorem 3.1 we introduce the notion of weak
strictly pseudo convex vector function,

Def inition. 3.1. Let X c l be an oþen set ønd, let f :X.-R,
be d'iffe.rentiøbl'e at *o 

=_x. 
Then f is sai,d. to be weøh srrictty þsàud,o connex

at fl if for øny x eX, x + f ,

(s r) 
',',i', _',',:""1;3 l 

=' vÍ@o)(x - xo) <o

This definition 
_ 
is a slight extention of that of the vector pseudo

òonvex functions. This class of functions does not contain the class of
convex functions, but does contain the class ofstrictlyconvexfunctions.

rrrEonEu 3.2. Let f : X n R* be ø aeah, strictly þseud,o conue^i,
g: X +fti, quøsiconuex, k: X + lQy'' affinefunct'i,on, and, ãreàil, differentiøbte
øt xo^¿ O: i{F R':k(!):-0, E@) < 0}. ry there exist u =*ni\ {0},u e Rþ', u e Rþ" suck that (2.6) - (2.7) 'kold, then. xo is ø Pøreio rnirí;-
mal þoínt for f on Q.

.. Pf9o.ï, If 1o and ¡lr" have the same meaning as in $2, then condi- -
tions (2.6) can be wríttên under the form :

, -VrÍ@o)u - Vrlt(xo)V - Vr'g,"@o)* r,: 0

u>0,u+0,aà0,
where ut,: (r9t)1-r".

From Motzkin's theorem it follows that the system

- th(xo)z : 0

- Yír"@o)z 2 0

- yf (xo)z > 0
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or equivalerrtly

Yk(xo)Yz : O

(3.2) Vgr.(øo)z < 0

yf(f)z <0
is inconsistent.

Assume tL:at xo is not Pareto minimal for / on O. Then there is
Ì e {L such that

/(ø=) < l('c,), f(r) + l(x,),
h(tt) : 0,

i.e. 
(t) < o'

Í('v) -"f(zo) < o,f(*) -f@o) +0,
3.3) k(*) - h(xo) : Q,

gr"(x)-gr,(øo) (0.
From the weak strictly pseudo couvexity of f, quasiconvexity oI g

ancl affinity o1 h,, from (3.3) we obtain

vf@,)(* -_øo) ( 0

(3.4) y/t(xo)(x - xo) :0
Vgr,(øo)(r-'o) (0.

For z : ñ - ø0, system (3.4) shorvs that (3.2) is consistent, i.e. a
contradiction. 'Iherefore, øo is Parelo minimal for / on O.
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MONOTONY OF WEIGHT-MEANS OF HIGHER ORDER
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l. Infroduction. For ø > 0 we denote by I [0, al iJne space of l,ebes-
gue summable functions on 10, øl and by L*10, øl the subset of non-
negative functions in Ll0, ø).

I,et g be a real-valued lunction defined on [0, ø], which satisfies
the follor¡Ãng conditions : (i) g is continuous on [0, a), (ä) g is continuously
differentiablè on [0, ø1, (äi) g(0) :0 and (ív) g'(x) > 0 for all x e 10, ø).
Suclr a function will be called a ue'igldt-funct'ion.

fi. f = Llj, a),.,ve define lhe weight-mea.n of I (of weight g), as the
fnnction F : ArU) given by

(1) F(*):f (ftrte'(t)d.t, ror x el0, ø1, anð.F(0) :/(0).
g(x" 

o

'Ûlae zaei,ght-111,eavt of order n of f is defined by F,: ArU): Ai(F,-t),
Fr.= ¡;. 'l'he main result of this paper states that if f = L+[0, ø] and
/ is continuous and. strictly increasing on a neighborhood of the origin, 

-
then .F., is increasing on lO, øl for sufficiently large ø. Some particular -

cases afe considered..

2. P¡eliminaires. the operatot Ar: Ll}, øl + llto'al d.efiued. by (1)
is linear, positive and Arl): 1, i.e., it is au auerøging oþerøtor, In the
particular case g(ø) : x, Ae : A is the well-known Cesàro operator. If
g(x) : Kr, \ ) 0, the operator -4r, denoted by A., is the so called genera-
lizerl Cesàro operator.

Since the weight-function g is strictly increasing on [0, ø], we can
define the function g: [0, ø] x [0, 1] *R, by

(2) ;j "l e@, u): g-llu7@)f, * = 10, al, u e 10, rl.
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