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1. l,"t there be givet m eN, nt. 2 I and the points:.

. 0:xo1xt4..,1x,o:1,
0:90, yr, ..., y* *,R. ;'

,We suppose that Lr(y),: lt - !¿_t + 0, i : l, 2, . . ., ffi.
s. w. rrouNc U ] has proved the existence of a polynomial p satisfying
following two conditions:the

(1)

(2)

P(*r) : !¡, i :0, 1, . .., 111,

P'(x)Lr(y) ) 0, x =f t(¡-r, xul, i: l, 2, |n,.

Such a polynomial is named comonotone interpolating poiynomial. '

An estimate of t1e degree of comonotone interporating polynomials
c_11 b_e__foun{ in [2]. Other estimates have been,esta6lished-lE, T¿]. [S],
[6], l7l, only for the particular cases :

(3) j¿'{!;¡r; i :0, l, ..., nl. -- l; or yr') h+|, i:0, 1, ...'; m - |
and

(4) 0: %o < ...
7)-Yo>"'
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The purpose of this note is to show how we can continue, lrom a
constructive viewpoin!, the proof of Young's existence theorêm, for to
obtain estimates of the degree of comonotone interpolating polynomials.

After, we show that Nikolcéva's estimate [4], [5] for the particular
case (3) can be adapted for the general case.

2. To prove the existence of a polynomial which satisfies (l) and (2),
Young constructs the following convex cone of polynomials :

(5) D: {Q etlQ@).4,(y) > 0, x elx¡_t, xrl, i:1,2, ...,tn}
and he considers the function F defined on the t0, t ] - integrable rea
functions set, with values in R'n :

(6) F(f):( /(r)dx)r<r<,, e R''

It is obvious that F(D) C R"' is a convex cone.

After, he shows : y : (yr, yr, ..., !,n),' e F(D).
For, he observes that

(7) y :f,la,(y) lÀ,
i:t

where Àj : (0, 0, ..., 0, 61, ..., o,)' e R" has the first j I compo-
nents null, and o,: sign Ar(y) .

Because Àr, Àr, ..., À* is a base for R', ø,: l\,(y) | > 0, j : l, 2, ...,M,
and À, e F(D), j : l, 2, ..., ffi, ã nerv base for R*: Àr, Àr, .. ., \^ ê
e F(D) can be found such that

. +.first p:oblgm on the systems (7') and (8') is that oi determiningthe delimitation for the norm of thè pertur¡ätion .,1 under *hi"h (8,ï
has a positive solution e+d.

To solve this problem we observe that
a: A-t(A l- Ã)(o + a)

or, equivalently ø : (1 + ¿-t'4)(a f d), and we infer frorn this that
(9) a: -V I A-rl¡-r(A-r,4a).

The existence of fhe ipverse (I + ¿-tÃ)-r follows from a well knowu
c. NEUMANN's theo¡em (see [10], theorem 2, p. 6g) if the foflorving con-
dition holds:

(r0) ll A-tÃ ll < l.
Moreover, in this case, we have

(ll) ll(¡ + A-'Ã)-, il < --1 _ .| - llA-rAll
From (9) and (ll) we obtain

(12) lld ll :,?,.111u, , . 
, 
yi,+ lt ø lt .

rf we put n : ll øll : l¡5^o, 
and p :,li¿r,, e, )> 0,

then a sUfficient condition in order to havc a.+ d. ) 0 is that lldll < p.fn virtue of (12) the last relation takes placc if:

|A_tA| ø ( g,
| - llA-LAll

from where we finalty get

(13) ll A-\,411 < P

"l-P
We remark that the relation (13) assures (10).

,.,_.-Th!t_(I3),is a sfficient condition in ord,er that (B') has a þositiua solu_
tron a I d (wheneaer (7,) høs cn unique þositiuc solùtion ø).

R e m a r k. The anterior resurt has been directely proved., without
using c. NEUMANN 's theorem, in l7l (see also i¿j).- 

-' r
3. the second problem on the systems (7') anð. (8,) is that of construc=

ting approximations, \, = 
p(?), of !4g vectors ).,e F(D), j : t, 2, ...,m,in a such way that (t3¡ witt'bê satisfied.
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(B) y:D
j:1

and consequently y = F(D).I.etQ e D be such that y : F(Q), then P(r) :
1: 
! 0{r)a" is the required polynomial.
o 

"", 
o, denote by A and, A + Ã the matrices having À1, À2, . . ., \^,

respectively Ir., Àr, . . ., À., as colums. If we put

o: (lAr(y) l, ..., l\*(y)ùr', ø + a: (h I h, ..., Ø* + d.^),

then the systems (7) and (B) can be written under the following form i

(7') !:Aa., a>o
(8') y : (A * A)(a -f a).

(ø, I ã,)1,,, ø, * d, ) 0, j : l, 2, ln



tA2

(16)

(17)

(18)
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(23) 
þ,,
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r Iì If 0t's-: /J-,is q;fixed polyrrqlnial and:s; are tþç fqrtclionp:. :. ,iii ,,,

(rn) t' : 'i" : r: sr(r) - l'o" 
* É lx¡:-¡'-,x¡1.,,,' '.' - ,I c,, x = lxi_r,"r,f, "' i i

*j ' 'j ' : .i ';: ' :t',

rvhere c¡:rl i tCttrlir", j =¡,.2, ..'.,,ffi¡.
:::: ij *!.lt 

r, j.l r, rjn' :': ,,.,:
then we see that
(15) À, = F(s,Ç) ,''i = l, 2, . . .', m.
--:: 

:r S, ,iw.'V.oU¡+e. [tr] indiòafeS the lffeierstlass's,,approxirrration .thëorem
fof to.iil.IlproximCte .,,uniformlylr;the,functions s,, by.,positive polynorttials
s,; thus his approxirnations of the vectors À, are \: F.(siQ) .'¡i'r'.r,'Ì- r':'r' 'rr' Clearly to construct t it is not néccesary to approximate "uniformly'i

s, it suffices to approximatg uniformly the'functiöns 
lts,p¡Qlllat 

Ui "ò-l:
notone polynomials. TÉís idi dòne by u. *r"or,cÉu,l. "od c. rrjrpv [4],
[5], [6], [7] under the assumption (3) (in [6], l7,lthg case (4),is.also,studicd),.
In the general case this idea permits to rvr. lvRN [B] 'to avoid the usè
of Weierstrass's theorem in'.the, pro rf of tþe. existence Young's theorern,
but no estimates arè" made.,,¡, . 

"
Next we show that the Nikolcëva's estimates on the degree of monotone

interpolating polynomials ,can be adapted':for the geileral'case; ,' ', :

TiEMMA céva).''I-f n, i¿ e N, n), O a.rc suck that I < Æ <
4 nlp;\n ø) ex,ists"a'þo,lþnom,ial, An,i af'degree' 4,2n tùh'ick søti,s-

fies'ihefoli eco'nùltionts:'"'' ': '¡ 
-'''- 'i;'ì ':',¡i" '

¡T*rrrton' 
for' the comonotone'i¡iuterprola'ti¡g' p"1.y..xll4l,?l''1" tug 

. totlowiys.1,.

(21) pn, ¿(x)l= p, ø,+ u¡ ¡,
0

' !'' l'i-:r

d,::"4):h(r o',:ij ',
).,ötÐur.

9,jT:tjandi+.j,+t" ''èr,t"ir 
:i;:':

--oo,ifi:j+1,

'.i: iIq',,, ,' :

: \ o,o,,o
x.i -1

theu by (22) it totiðì-rs','i'hät tn", Eráiri."ïtst of 
,'1 

+ A_,1Ã.: (g,r),*,;i *_ are

'j .lr oìj.-

ItQ K,)at,
[:,,1i

,q",0(x,) >
A",u(x) 4 Zean-zt'I ', tro

0, ,x.e l-1, ll,
,,6¡øil <1,

. We shall detertpiog .?,s¡1qh ,!hat (13), will be satisfied. Mp{ç, preciselyìd;é"rshäll 
"dstablish 

'the follorùiog-, 
- , 

.. , I' THEOREM. I;et Q e D, n,,, h e N, n);g.,!.f h,6, q, n øre such tkøt:
(24)

(2s)

i r,(il,t"! i¡ptn n¡ ,

2h,n-1 ln n { t a 
ärrå,Or,r,

o < à 5,101(ø) .f?r a.ny:k,* g [3# * *

\t,rr:kn-lhn

^t,,,

\ ,''' o(Òd* 7,1'
- l"lr,n ,,

00l
N

frç!Ð,be suçþ,th1l ,r.,.,: , : .i Ì,r, ,-,'.: .'
(26)

(27)

* il
and'llËd ts''åónotðìi'''

; .. :'.
ß,(x)12 .'.' 7n n > (z\,r. r)-a tn(zea"# - # . *),

tken tkere c¿le Øj * d,) 0, j : I, 2, ..., ?n, such t)køt tke þotynornial pn,¡,giaen by (21) søtisfies (t) anrt (2), ønd.

(28) d.egreep;;<Zn!||degreeQ. ,,i''
A",¡ (t)



Prqsi. Let qg give estimates for pø, I ( i, i < m, We begin with
tùe case i : j; weþave

Ã¡Ql12

ã_
},ta - Í déa,þ!\t)lQl

-^,l.ll2

-812

f d'a^, *(t)¡q,¡(t
-^ltl12

6t2 A¡lâ12

+ 
\, 

o,n",rrti.l0t(t + ff)at + \ a,,t,,,¡t¡t0t(r + 

=-)ut-812 il?

and henc.e,- rþSS by (20) the second. term is equal to I, we have on using
lemma and (25),

, I 9tl - I I < llQ lld'r(Ã'(x) - ã)2etn-zt+t.

F¡om '(20), (26) (25) antl (18) we see that il, 4 llq and so

(29) lp,Ê- t¡ al/@!z¿.m-zL+t.
c

- To give such estimates for B¡¡ when I * j let write p¿ in the fq{pqng
form:

If i <7 we have

-ò/2 > -A,¡¡1(x)12 - t6t t.:" 2 rt -r+-:
: rt-L * Ar(r)

and conseqirently the estimates (31) are also true.
Now (29) :and (31) yield

(32) llA-rÃll < ll9.lL . t¿an-zh+t . ¡7.
c

Lastly let us observe bv (32) that to have (13) it sufices to have (27i,. This
completes the proof.

Remarks. It is obvious that we cad take Q -D such that degree
Q will be equal to the numbe¡ of monotony changei of (v).

We obtain Nikolcëva's results when (y) satisfies 
-(3) 

ancl therefore
Q=1.
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r¡-(*¡-1*'t¡l!2

(g0) Ur,: 
,r_r_r)_r*,ro

If r>1 we have

fherefore bv (30)

(31)
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d'A,,, h(t)¡ Q t(t + zt=:1--r) at.

Sl2<Ã,;a(x)12:xi-t (r¡-r -4t-tJh-

- tct *+- - A,(ø)

9r¡ ( @ zetn-2h+l
s


