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ON THE INEQUALITIES OF POPOVICru AND RADO
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1. I,et 0 <ø<b anð.Let n be an iu.teger, n 22,,,þ9t,4,= ({,1,.i:t':, xn)

¡Ls""frthatxre la, bl, i:1, ..., n' Weùsethefollöwidgnotätiohs:
'il'i' lì :

A,,:(xr+... + x,,)f.ft, G,,=(xr :,,.%,)t1",., S,(ø) : D @, - x¿)',
i<j

'. .: .fi \n (x) : (ln (ø.), . . ., h(x,)), ^li: (^,1*', , ^lù,. t .t,i
¡ì¡ ' . :,,,:ì ,:. :''¡rl ..r, 1,; : i,', ..11 ;,

l,(t):ln(r) f fi,' Í,tù - -in(r) -L,' Í"(t):cxp(i) - 'l.*p(o), ''

f,V) :;exP (ó) - exP(rj ro''i' < ' <'b"'
¡ :i: i.:: . :: r ' -- _r- 1,

'Ilre functions fi, . ' ',"'To are coTrvex on lø, bf.
2,¡¡$pply;ing, thç.. .lense-4i 'inequali-ty ,to ,Å lr\d, Íp 'we ' 

obtain .::,.ì Ìi¡: ., ì-

(t) sxpi: . Ío * ç*prS.-
" .'-' : 

Ï 2?'b' -"9t' ì"r':! '2tla' :

Applying the sarne inequality to f" and ¡0, and. substituting ø by ln(ø),
xoby ln(øo), bbyln (ó), weo.þ!.qiu¡ , : : .:i ì ,i. .

(2) fi,,s,(ìn(x)) 
( 1¿ - ,, . *s"[n(ø))

','.,,e¿iirWridht and'Fietd O-rr¿:proved the lollowing inequalities.(see [1])':

ï3)

.í '.,j .. .: ::- i-.: .:. ,,:,ir:;:;t:ì,r, , ..,., '.. :..¡ 
..:

'- fs,i..,. _. .

, 
"':: 

j ::r.,r
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Let us note that the inequality

fis^1rt\x¡ * #t,@)
is equivalent to

J_ s,1t.,..*¡¡ * L, 
n,s"(*)

Thus, if one delimitation is better in (3), then the other is better irr(2), and conversely. i
From (3) it follows

3 INBQUALITIES 149

(4) 1+ sr
2bznz

\<
Ai
GA

< t a--s'

Applying (9) to I, and /, we have

(10) \

(#)"-' ."p# (x^ - A^_,)u 
" (*_1" * [äi)'-' "*p# (x^_ A._,),

This is an improvement of Popoviciu's inequality (see [2]) :

[A' '\"-' < lA"\"
lGo-'r ìt""/

Applving (9) t9 /r. and fn, and substituting e bv rn (a), x¡ by rn (xo), b
by ln (å), we obtain

(11) (n - r)(A 
^_ 

, - G, _,) + T t", 
o:_, 

< n(A ^- c,,) <

4 (n - l)(A,-, - G"-r) +u(" -- 
t) 

1nz -þ-2n Gn_r

îhis is an improveî'-11 

å::: : ;:ïi;å:"_':l

2g27rz

From (1) and (4) we deduce

(5) e*p -Jl- < l-!- -< I + so
^ 2b^n^ Gh 2a)nt

On the other hand, ffom
q

t;"lb
it follows

(6) l t^çlÐ < s, (ln(ø)) < 1 s,(Ji)
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Combining (2) and (6) we obtain

(7) #t"(^lù < A, - Go < L,*,S.(J;)

Concerning these inequalities, we ¡ecal} here the inequalities of Kober
(see [2]) :

I
(8) ' ;_, s"(JÐ <d, -"" * *s"(Jt)
3. I.et / a be convex function on la,'b), and let

F,(l) :%Í(A") -Í(x') -Í(x")
According to Jensen inequality we have .F (/) < 0. Vasié aud Mijalkovió
have obtained an improvement of this inequality (see [3]) :

(e) 4,U) < F"-'ff).

Institutul, Pol,ilehnia
3400 Ctruj-Nøþocø


