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1. Let 0 < a < b and let # be an mteger n z 2, Let x= (xl, s %)
besuchthat x;, e [a, 0], t =1, ..., % We use the followmg notations :

A = (e ) G (T see ) S,(8) = 2 (x, — m)

In () = (In (), ... ) i Wy o A7),
Al =) + 2 ) =~y — %,'-73@) = explt) — = exp(a),

tZ

Sty = exp () — exp(f) for @ <8 <b.

The functions fj, . ,lf4 are convex on h[c-z, b"]."’
2u1Applying. the Jensen inequality .to . f; a..nd= -fz .we obtain

SaqTRenes thesly

S A
1 p—2 < St g o
( ) i 'e}xp n2b2 _:"Gu,. e p 2712(12
Applying the same 1nequahty to fy and f4. and substituting & by In(a),
x; by la(x;), b by In (b), we obtain; .: . . R S RN IS SR 1

(2) S (in(x)) < 4G, <2 S, (ln(x)

2n®

= Cartwrtght and F1e1d have proved the tollowmg 1nequal1t1es (see [1])

Su(x)

®) 50 < 4,6, <

Qan®



148 " 1. RASA 9

Let us note that the inequality
25,(inx) <

212 2bna

is equivalent to

~ 5,(%)

2and "

2 S (ln(x) <

2z 7

Thus, if one delimitation is better in (3), then the other is better in
(2), and conversely.

From (3) it follows

S A S,
— < =<1 -
(4) 1+ 2b*n? G, 2a%n?
From (1) and (4) we deduce
S A, s
—2 gt g1 L
(5) exp —= G + P

On the other hand, from
2 & In (x5) — In (%) & 2

NN A

it follows

®) 2 5,(Jx) < S,in(x)) <2 5,(/%)

Combining (2) and (6) we obtain
2a = 2b 3 bt
— <4, -G, <—S§
o) 2 (/7)< 4, 6, < 2 5.)
Concerning these inequalities, we recall here the inequalities of Kober

(see [2]):

® L5 <4 —6 < Ls(/m)

3. Let f a be convex function on [a4,b], and let
F(f) = nf(4,) — flx) — ... —f(x,)

According to Jensen inequality we have F (f) < 0. Vasi¢ and Mijalkovié
have obtained an improvement of this inequality (see [37]):

) E(f) < Fuuulf).
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Applying (9) to f; and f, we have

(10)
Apg -t w1 2 e o [ L (Aa_g (L nw—1" o .
(Gn—l ) eXp 21’lb2 (x’l A”hl) < ( Gn ’ < (Gn—l ) exp 2na= (xﬂ Au—-l)

This is an improvement of Popoviciu’s inequality (see [2]):

A,y }"_1 < ﬂ "

(Gn—l \ (GuJ
Applying (9) to f; and f,, and substituting « by In (@), %, by In (), b
by In (b), we obtain

(1) = Dys =6 + Lt T <4, — G,) <
Y2

n—1

< (n— DA,y — G, y) + 20 D 5

2n Gn_,
This is an improvement of Rado’s inequality (see [2]):
(n - 1)(An~1 - Gn—l) < n(Au e Gn)
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