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Abstr¿rct

ól
c{

The compulational length of an algorithm for"pattern recognition by
absolïie "õitri"tirotr 

ís a rãndom variaËle, whose features dep.end 9" il."
ärãtr¡1ity di^stribution æ e R¿ of the Þ classes to be discriminated. The

buclid.ean distance from the uni{orrn pt
distribution n is proportional to t
variation of the lnearr computational
classes with distribution ?r. This rcsu
basis of R¿ which allows simple repres
and. of the functions under stud.y. Fu
Schwartz inequality easily gives an u
the mean computational length.

1. Introduction

by
var
the
-Elvl hes a s n-rllest value E.¡o and a

+ å-"- : h 1- 1, furthermore they
n = (þ,., þ,, . . ., þ) of the classes t
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. y(À)) be a family of Þ vectors of RÞ defined. in

y(, : (y(r), T9r. .. ^yfi),

I

Yj¿): ,(i:1,2,...k),
^'h

ilhe total' uør'iøt'íon' v(n): Ð-'= - -E¡¡¡ of the mean! computational length

(t)

where u, e Gr is a permutation such that
(2) i<l *Þo¡) þo,for all i, j ={1, 2,... h}.
rn tle present pape^r we point out two inequariti s concerning v(n), whichare independent of any permutation o å G*.

2. Domain of Z
Let.Q f RÈ be the set of istributions of å classes.

If .I = (þr, 
^þr, . . .-þ,:). e O is nce to any permu-

1-q!i9" o e G, we dèfine a new o * æ in the follo-wmg way

ftl o*ñ: (Þo,, Þo,,...þ"h).
For a fixed æ e o let ø be such a permutation that (2) hords and ret

I : ø*7! : (8r, ðr, ... àr),

then

ô¿ ) Ð¿-¡1, (i: l, 2, ... h - l).
Definition (3) implies that

T*(o*rr) :(y*") *n,for all 1, oeG,zreg2,
and in particular

(no-t¡ *(oxæ) :(ao-lo) {<¡: q*æ, lor all oeGo,ne O.
F¡om the above results and from definition (1) of z, it forows
(4) Vþ * v) : V(¡c), for all 6 = G^, rr e O.
Therefore we ma1_sjart analyzing the functiou v(n) i' the domaino* c o of the nän-rn"reasing probabìritv"ãì.tîi¡"ii5J,,

O* - {n = (þr., þr, ... þr) = Q, þ, > þz 2 ... > þr}.
Now, definition (l) becomes

(5) vfu):h+t -2Di?¡, for all æ 6f,¿r.,
i:l

Ji*"a;: 
simpler than (1), because (5) is a permutation-independent ex-

Letl-{y(1),T(2),
the following wayv(æ):k+r-zfl,i,;' (6")

(6b)

(6") \lit:
0 ir i< j,
(h - j)af il i,: j,
-rjt í1 i> j,(i:1,2,... h; j:1,2,...h-l),

(6d) ar: -t (h-j+l), (j:1,2,...h)
'We caq easily verify that I is an ortonormal basis of R*. Bvery non-
-increasing probability distribution zc e o* is rep esented as a linear func-
tion of the vector in the basis l:

I

Þ,

(7)

where

From (6) we obtain

rl?l : n1"¡,

Í2,.,. c*)eRÀ

tt:D
Lt(tr

h 0 fi t <h,
JEirj:h

Then, (þr, þr, .

1_

so that

(s) I¡r:G.
For the other pa¡ameters it must first hold
(9) r,Þ0, (j-_ 1,2,... h- t).
fn fact, if (9) does not hold and e.g. (þr, . . . þ) : n(t) with

r¡ 10, t¡+r ) 0,

for a particula¡ index h < h, then we verify that

þ¡ 1þ¡+t and æ(r) É Q*.

Secondly the condition þ, Þ þr+r, bV (6) and (T), implies

; -,Ð oi',,1 (h - i')u¡tc, r- * -Ëro',, + (h - i - r)u-¡l1r¡¡1,

(d : l, 2, ,.. l, - 2),

S n,(¡)Lti:i-l
. ' þ) : n(¡) being a probability distribution, it holds

f o,:Ðå ,,^¡!) :É'å ry :,rnl1,

I

i
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which is equivalent to

(10) ú¡¡fii¡r ( u¿r¡, (i : l' 2" " h - Z)'

Finally the nonnegativity condition, þ, ) 0, becomes

(11) ts ,;t". < l1-t" ' h

Conversely every vector ,, : 1(c) e RÉ, d'efingÉ -b¿.(7) as ltl"-tl:::l:
;;;t";; L nu tbr which condiiiôns (8) to (11) ho1d, is a non-increaslns

probability distribution, 7c e O{''

L"t us ináicate by T the set of all vectors c e RA such that conditions (B)

to (11) hold.
We notice that, if ¡ e T, bv (10) it holds

(12) k<h, r¡:0+rh-Fi:0, U --l' "' h-h-t);

therefore, if æ: (þt, þr... þr), we obtain

(13) h<h, nt,:0,æ:zv(t) +þ¡ :þ¡+t: "' :þr'

3. Fermutation-intlepcndenl' lower bountl

We Prove that

(14) V(") > V1@'(tc, u )), lot all æ = C)'

where

(15) V1(t):ui, leil'

(16) ur : 
^lh 

^¡(t) = 9¡'

d is the Duclid.ean distance in R¿ auri y(Á)' u1 are defined AV 19'-15
is the uniform prou'ubility 

-ã1ttti¡.ttion. 
We iirst prove (14) for æ e O*q-C)t

i.e. for the vectors æ - æ(c) with t e 1' Computation of Z(æ{c))' by

(5) and (6), gives, o þ ...

V(r('c)) : t¿ i | - 2!i )lc,1l') :
i:\ i:r

I Þ-t \,n y, + ,_ É¿yÍu,l 
:h,+ | _ ,lÐ,.,>. i:, ,

(t7) - -21",r,'[to - ni - É.ol :
îá L t:i+t t

k-l

Ð u¡,,.lor all 'c a T

On the other hand, from (7) and (16) we d'erive

rr(") : ur1- ;$r,t(i),r eT)
j:t

therefore, since the basis I is an ortonormal one, it holds

(rB) d.(n(r), r.t^) : ¡'(c) - url: 
il_ir^r,,,ll 

: vii fi ror atr¡ er.

Now, since both tr/(æ) anð' Vt(d'(n, ør)) assume.nonnegative values for every

æ = O*, we have oíly to prove the inequalit¡'

(19) V'z(n) 2 V!(tt(tt, ur)), Tot all æ e O*'

Setting
(')(\) z(r) : V'z(nft)) - Vl(d'(n(t), ur)) :

: lÐ ,,',) -,T'i'r,LrT - ) i-t'
(19) becomes

(19') Z(r) > 0, Tor a7I ¡ e T'

Tlre quaclratic form Z(r) ís not p.ositive semidefinite, then the -inequality
ùé1 'a""r not hold. rãi-âri r elih anð' Z('c) must be examined' in detail

in the domain T.
Cir". .p""iái .ase for which rz :0 (i.e. æ(t) : (þr, " ' þr) wilt' þ1 Þ þ':
: 7)z : 1,) yields

z(r) : z tr, 0, o,#) :o

L

i

for all t12 lfeasible rvith conditions (B)-(11), i'e' for all t1e 
Lt' V- I

In this case, the inequality (19',) is trivially verified. we note incidentally

tlraï. -rr: ¿tfÉ(rl,0,,.,0, hl,"r)' 
rn generaT, ir t,,>0 and' h:h- 1 or "

1¡::Q for ia< j <h - l,'then bv (10) and' (20) it holds

(2t) z(,): Ðr, - ,ï'i *rþ-,['Ë,,"'l urc' 2

hhj-llL,Ð( - uia;¿)aþl + 2Ð-Ð'i"T :D.','1"1'
J -2

where

(z'-2) ct :2j - 1 - a?oi-', i :2, 3, "' h - l:
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If. h :3, then cz:O and from (21) we obtain

(23) h :3 + Zþ) 7 0, lor all r e T.

Upon definition of the third degree polynomial

lvhere

(32) G(h) :irr': H '" \,"t _ 
.Lr_.2" í _ 

H 4l _ t¡

Norv G(3) : +:2--2 ^nð' 
nothing that, by (32),- -\' 2 s-l

G(h+ l) :c(É) + -f ^,h(h - 1)

it holds
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t

(24) Q@) :2 Ix--
2

(x-h).(x-(Ë+1)),
the coefficients c, assulne the fonn

(25) c,: IQU) - h(k - L))u¡", (j :2, 3, .. h - l).

It is easily verified that

(26) QQ) > h(h - 1), for a17 h > 3,

and consequently:

(26') cz) 0, for all k > 3.

By the fact that QØ):0, Q@) ) 0, for * a * { A, and by (26), we see

that there exists a real number x* : x*(h) such that

Q@*):k(h-l),2<x*1þ',
and x* is unique.
Therefore by (25) we obtain

lc,Þ0 ifj < x*(h),(27) ir,.o irj>x*\k).
Let us define the numbers

j

(28) s¡ : Ð ,,, (i:2, 3, ...h- l),

then from (26') aud (27) we obtain

sa)0,
S,)s¡-r,ifi<x*(k),
s,(s¡-r, 11 j>x*(h),

Moreover it holds

(30) sr-r = 0, for all h 2 3.

Indeed, (28) and (22) give

(3r) s,-1 : h(k - r)l=-G(Ë)l

(33) G(h) : 

=,for 

all h > 3.

F'inally, (31) and (33) imply the truth of (30). Frorn the relations (29)
and (30) it follor,vs

(34)

LO

h-rc(h): +G(h + I) : , r (h I t)-2
' h(h-t) (åt l)-l

'I'herefore

o, (i :2,".h-2)
We are now able to prove inequality (19'). By (21), if. q) 0 and c7::0 (k< j<h) or h:h- 1, we have

hh

(35) Z(") : s,aflt!!\c,alrl 2 srulr! t lc,ul"c?,j:3 ' t t j-=4 r ' r

becanse s¿ ) 0 and (10) imply sruf;r! Þ sruz"r!.

If we assume

h

Z(r) > to- rr?. ,r?_r*

then the relations (34) and (10) yield
h

for all i<h-1.
From (35) and (36
<h) or h:h,-

D'pi'i,

(2e)
(36) Z(t) >- s,uþ! I 

.
J

\-l-t a:"c:JI

we can conclude that, if r, ) 0 and c, :0 (h < j <
, it holds

' Z(r) 2 suul;rf; > 0

and. (19') is proved, i.e. (14) is true for all æ e O*.
In order to extend the result all over O, we have the following proof.

J

)
1



T82 BRUNO VISCOLANI o(t q INEQUALITIES
183ff ø : a(r) e G" is such a permutation that (2) holds, therr

æ(æ) xæ eOt, for all æ eCl,
and, by (4) and (19), we obtain

. 
V(") : V(a(n) * n) >_ Vrld.(a(r) * æ, uo)f :

: Vr(d.(æ, u)), for all æ e O.

The proof of (14) is completed..

. (37)_ is true for all æ e O*. Finally
I,'ï:1 îiti":ìî.t"""" or a Permuta--

4. Perrnutation,indepcndent uppoÌ bound

W'e prove that
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(37)

where

Z(") < V"(n), for all r = d),

(BB) V,(æ): r(0. -;) . V
h(h-t)(h-2)

ó Id.,(n, ur) - *(r. - Ï)'
and

(3e) þ* : þ*(n) : Í1âX {þr, þr, ... þr\

Taking n: æ(¡), ¡ e T, it holds

þ. - +: (h - t)u,tr,: I h-l
n'

and, upon substitution in (38), we find

(40) v"(æ(.c)):,, 
{", .l= JæøO¡ "¡=æ,

for all zc: æ(r), .c e T, i.e. æ e O*.
By (17) we can write

V(n\r)) : Vtrt +Tr,",
and the Schwartz inequality gives

(4r) vfuþ)) ( u,o, *lE,: h-1t'
¿-J ¡?I

- lb o: nft + arV 

= 
^lFø\), ur) - rl, for afl c e_ T


