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@ : o *,0 f rì,1å cos 'Lï - sin (@, - Pìl

d'où, par inr.ersion:

(39) o- 0- Jl+ À/äcos(O- p)lsin(@o- p) -sin(o 
-e)l

r3l
donc: :

(3.10) sin o: sin(o -,P) + M2-cos(O - p) 
[sin(O, - 

p) - =i-]
On trouve alors l'expression

(3,11) v :2v-lcos (@-ø) - cos (o0-")t{r ++[r + ocos2(o-

- ø) - 20 cos (@ - o) cos {@0 - o() + 4 cosz(Oo - ")]}

Si nous posons @o: i et ø = 0, noni retrouvons lafcÍTmule'pour 1e mou-

vement sans cifculation et 1'ang1e d'incidence nuile, formule obtenue pour
la première fois par c. racoB t5].

CONTINUITY OF GENERALTZED CONVEX MAPPINGS
TAKING VALUES IN AN ORDERED TOPOLOGICAI

LINEAR SPACE
by

WOITI1GÀNG W. I]TTECKNDR anil GHEORGHE ORBÁ.N
(Cluj-Napoca)

Criteria on the continuity of real
non-empty convex su.bsets
known for a long time (see,
P.-J. 17, pp. 333-3361, co
very little has been done
mappings taking values in an orde This issurprising,_ al1 the more since dur been aconsiderable 

-expa.nsiot in the field o and inbhe study of ,oplimiz,ation problems ulu"s inorde¡ed topological linear ipaces in
BRECKNER w. w. l2l has dealt with continuity properties of real-va-

lued rationally s-convex (respectively ^ defio"J oo
non-empty convex. subsets of topologica e two classes
of functions arise in problems of functi e wider than
the class of convex functions. The
bo make a similar study for ration
mappings with values in an ordered
not only the. want .of a systematic
convex mappings with values in ord
supplied, but also a more general theory will be obtained.

The.paper is divided into three chapters. rn chapter 1 we summarize
the ter¡ninologyusedconcerning ordered.Copological liiear spaces qnd intro-du s-convex mappings.So out here. Chäfter" 2

upper semi-continuous, respecrivety, at aninterior n,it"ltåîi,l:ilåi-irî1
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rt is easily .seen that .Y* ir a wed.ge, i,e. a non-empty convex set crosedunder multiplication by non-negatiíve real numberi. "

rf Y is an orderedrr linear space and x and, y are erements of y,the set

lx,lf : {z eY : r( { z and z çy}
is called t.''e order-interaar between x and 3v. crearry, fx, yl isnon-emptyif and only if r { !.

Let À4 be a s'bset of an ordered line-ar space y. rf there exists y e y
such that x <,),_t.o¡.a11. x e M, tl'en M is'called nràjolara. M is,'uia t"be ord,er-bounded if it is contained i' some order-iíterr,lal. M i; ;;id ;;be full (or order-conuex) if. lx,yl = M fot al| x,y ¿-"M."

An ord.ered toþological l,inear
Iínear sþace) is defined to be an o

linear spaces whose topology and
will be of frequent ociurrence in
full or have the boundedness proper

j3" 
':,'\lil,

ero<j:, i::rir

Def initio n 7,2.I. Let M be ø conaex set. A maþþing f : X,I _,yis søid to bc røt.'ionaily s-conr)ex ø"tlririllríj'"r-I""íi4""if,'for att rationør

rn_chapter 3 the continuity of rationarly s-convex mappings is characteri_
zed;by means of these_ three propertieJ. Two kinds o?'"rii"ri" 

"r" ott"i_ned.: on the one hand, local-crileria fr
s-con_vex mapping at an interior p
hand., global criteria for the contin
on the whole interior of its domain.
the fielcl of real numbers, the result
recovered.

_ Throughout the pfper the following notations are used: N denotesthe set of natural mrmbìrs, R denotes tlhe set of real t n-b"r., /¡ à";;:tes either the set of real numbe¡s or the set of complex ,rumbárs, j;l- Mdenotes the interior.of a set M, cl M denotes the clo-sure of a set 
'pl, 

"iãs is any real number belonging to the interval ]0,1].

CIIAPTER I

Rationally s-Convex Mappings

ru 1¡ir introductory chapter -\Me summarize the terminology usedwith respect to ordered topological linear spaces and introdo"" itË,Ji;
nally s-convex mappings with values in an-ordered rinear space.

ofi Ordere
itions a'd åTL,"å"rJ*j:
recallcd. F order.ed toiã_
$¡e refer [6] urd'-to.woNG y._c. and NG K._F. ll0l

By an ordered I'inear sþacr,V.we mean a real linear space ), on whichthere is defined a binary relation ( such that for alf x, y, z e y thefollowing conditions are satisfied:
(i)x{x;
(ii) ø < )t and y < z imply x < z;
(äi) x (y implies x + z 4 y -l z;
(iv) x ( y implies øx 4 a! for all real numbers ø > 0.

ss that ( is an orderins, rvhile liií)
this ordering with the iinear strìr"l
insteadoføç1,.
^linear 

spaccs..aie lunction spacesf Y is a real linear space of-real-

tions are the usuar pointwise 
"""., ;ftnJ",niiåriÏrX 

tlåjil"ï'"itf'?;
defined by

x 4 ! iÎ x(t) < J,(l) for all t e T.

. The þositiue uelgc -of an ordered linear space y is tlie set y-¡- of ailelernents x e Y such that o 4 xt where o denãtes the zeio_elernent of y.
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give together (1.2.2).

abovc consider¿rtions are obviously valid
. Consequently, in this case (1.2.2) holds
r.ffi

þesþect'i,uely-'r_eal) num'bels a.> 0 ønl b > 0 aith a t b: l, the fottouing,inequøl,ity hold.s l

(r.2.1) f(nx I b¡) 4 a'f (x) l- b'f(y)
uJteneuerx,yeX[.

F'o¡ s : 1, the s-convexity of a mapping f : M * y coincides with the
usual property of / to be çonvex. Any additive mapping f : X --, y i, 

'-atio-na1ly 1-convex.
rt is obvious that every s-conr/ex rnapping is rationally s-corlvex.

The converse of this property fails to be true" 
^rrñever, 

under some acldi-tional assumptions rational s-conve ity irnplies s-convexity as the Ïollorv_ing theorem shows:

1.2.1. Lel X be ø to lineør sþace, Al[ ø conaex set,ønd ed toþolo_gicctl lineør h y 1- sequentiøttY ctosed.. Tlteiq.ny røt,ionølly s-conl)ex f : M iy is s,conuex.
Proof.f,,et ø)0 and b>0 be real numbers with ø+b:1, a'd

7et x, y be eleme_nts o1 M. Choose a sequence (a,),.* o[ rational numbersin the interval ]0, 1[ which converges to ø. Siáce

f (o,,* -l (l - o,,)y) < aì,Í(*) + (t - ø,,)".f(y) for all n e N,
we conclude from the continuity and closedness a:;s,,rmp,cion thrt (1.2.1)
holds. Ifence / is s-convex. üffi

_ Þoq"__"seful propertics of the ration,Llly s-co'øc>< mappirgs are given
by the following propositions, which arc an.Llogous to rèsulti stateä foi
s-convex mappings by nirBcr<NDrì w rv, and oi¡.,trq c L4l.

pRoposrTroN 1 2..!. If M ls ø clnuex y, gn,cli,f f : M*y ,is a rationølly
s-conaex nøøþþing uitlt, s e 10, l[, thon f(x) > ò 

-¡or 
øll x e M.

Proof . If ø is it X,I , tlten

r(x) : r(; . + i .,< jtøt + ;r@) :2,-"f (x)

implies o < (21-' -I)ltx) Since 21-"-1>0, we obtain Í(x)>o.W
pRoposrl'rorv 1.2.3. Let M be ø conuex set, a,nd, tet f :M-+y be ørati,o-

nølly s--conaex (resþectiuely s-conugx) maltþi1tg. rJ *o and x øre elements oJX suck tkøt xo - x ønd xo t x beiong ¡; M", tken, 
-ae 

køae

(r.2.2) -ø'lf(xo - x) - 0(s)/(øo)l E

4 Ítxo I øx) - f (xo) <
4 a'lf (xo + n) - O(s)/(øo)l

for euery rqtional (resþectiaely real) number a e 10, ll, zaherc

ñ
I\
o

PrpoJ, Suppose y' is rationally s'couve¡ and a is any rational number
belonging to t0, ll. Taking into consideratiorr, that¡ : i

Ko I.ax: a(xo -l x) * (l - ø)xo, 
ì

rvc have :'

(r.2.4) Í(xo + ax) -"f(vro) < a'ftxo * x) + ll - ø)' - L)Í(x,)

Silrcc

[(1 - ø)" - l)ftx,) ç -ø'o(s)/(ør),
the inequality (1.2.4) implies

(1.2.5) f lxo i øx) -"f(øo) < ø'lf@o + x) - 0(s)/(ø')1.

On the other hand, because o1 the representation

' *' ::u,@o - x) + ìr ,@o ! ax)'

it follows that

.r(,,) < (:, 
": 

¡,," _ K) + (!, . ,l ¡l-, t ax).

This inecluality yields

(i.2.6) -ø"f@o- x) + [(1 *ø)" -l]Í(x,) 4flxoiaù -f{xo)
Since

ø'0(s)/(øo) < t(l + a.)'-Ilf(xo),
r've get frorn (i.2.6)

(1.2.7) -ø'lf@o - x) - O(s)/(ro)l < "/(to -l ax) f (*o).

'Ihe rclations (1.2.5) and (1.2.7)

If / is s-conve)(, then the
for any real nutlbev (r e 10, I
for all real numbers ø € [0,

CIJAI'TEII 2

Locnlly ìllajorize tl il[appings, Precontinuous ßÍappings
and [I¡rper Serni-Confinuous Þlappings

Iu this chapter we present three classes of mappings taking values
in an ordcred linear (rcspectively orderecl topological linear) space, each
of them being defined by a loca1 condition. F'urthermore, we investigate
whether a rationalTy s-conve,K mapping satisfying one of these conditions

l
1
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at a' i'terior point of its domain satisfies the same condition at every in-terior point of its domain.
Thro'ghout the chapter__x de'otes a topological linear space over 1(,M a non-empty subset ol X, and y 

"rr' 
orã"r"ã ünear space.

. . 2.1. l,oeally Majorized Mappings. 'we start with the followi'g defi_
nition.

n 2.1.1. A IVI -y is søid. to belocally maio_
ocally ord,er Io =.M ,if 

,there exists á neiþn_
onta,ined in that th,e set- {f(x): x eU} ,is måjo_

rized, (resþecliaeljt ord,er-boundcd).
It is easy to verify- tlut q mapping f : X,I * y is at xo e ll,y .

l'locally majorized i_f_a'd only if ihêre exist a neighbourhood u ofxo and an elernent u e. \-, such that
U c ilI and J@) -Ítxr) ( ø for aÍ x e IJ ;

2" locally order-bounded if and onry if there exist a neighbourhood
U of xo and an element a e Y, such that.

U ,- À,1 and f(x) -Í.(xr) = [-ø, ø] for all x e U.

^ Tlie follorving result demonstrates the equivalence of these colceptsfor rationally .s-convex mappings.

l'Hr1or{rlM 2.1.1. Let M be ø conaezr set. Tkenfor any røtionally s-conaex
(resþect'iaeþt s-conu.ex) m,øþþing f : M -Y and 

"ny xi e l,t thí fo¡,otuin:gstøtements are equiualent :

l" f is locølly malorized, øt xo.
2" Tl¿crc c:t:t'sl, a rtcighbourh,ood, lv of the origin of x ønd, øn element

q. e \', suclt, lltoL e,,, -.1- Ì.1" c ,Il attd
(2.1.1) .fþol ø:r) -.f(xo) - a'l-a., xl
Jor eye^r'y^ r.&lional_ (rcsþcctiucljt -real) nunrber a e i0, 1] ønd, euerlt x e w.3" f is locally ordcy-bound.ed at xo.

- lror{-_Assume / is,locally rnajorized 
^!_*0. 

'rhen there exist a neigh-
bourhood U ol xo aucl an elernent øo e y, äuch that

U <- A,I and f(x) ( ø,¡ for all x e (J.

choose a bala'ced 
'cighbo'rho9d w of the origin of x, such that xo !

I U:.:.../, 1tl,lput a: Ø0 - O(s)/(ro), where 0"(s) is thé number clefineclby (1.2.3). Wc ir¿rvc thcn .vo 1- l,V ç'tr[ and,
f (xo - x) - 0(s)f (xo) ( o, Ílxu * x) _ O(s)f (xu) ( o

for all x " w. Accor<ling !9 e.z.z) itfollorvs that (2.1.r) is varid for e'er-).r.ational. (rcspcctively rr.al) nrrnbcr a = L0, l] à'd éuirv " è i/. ìr.ù,,,
1o implies 2".

1'he implications 2" +3" ancl 3o + lo are trivial. So oul proof iscornplete. ffi
The uext theorenr u'ill be uselul in our further investigation on thecoutinlrit¡- oI rationally .s-cotl\¡cx nrappings.

'rrlEor{Du 2.1.2. Suþþose M is ø conaex set ønd, f : M -Y is øratöo-
nal,l,:\,. s-comaex n_taþþing locally.møjor.ized. at ø þoint xo e M. Then f is
locall.v m,ajorized. at euery 'interior þoint of M.

. -!roof..I,et yo be any interior point of M. We shall show that / is
trocally rnajorized ^t yo.

. Since-/ is locally major?,Id at xr, there exist a neighbourhood Uo
of ro and an elernent æ e Y, such that

Uo c tr[ and f(x) ( ø for all x e (Jo.

Notice that

(2.r.2) þ,,+*rr,- *òl:yolirn
î+ú

Ìfence there exists n e N, such that

l:!o+f þo -xo)
lrelongs to X[. P:ut

u:;?y+-+u,.
Ily the convexitl. of r}f we conclude that u is containe cl, itt M. Further-
r11ore, the set U@) t x = UÌ is majorized.

Indeed, if ø is in U, then there exists u e (J o, such that

' ::-tv +;i"'
Therefore we have

/(r) < (å¡)'¡0, * [#)'Í@) 4(#]" tu^r@ r øl

llence {f þ): x e U} is majorized, as claimed..
on the other hand, u is a neighbourhood of , o, because we have .

u:yo+-+(ur-xo).
tr1-l

Ilcrrce / is loca1ly rnajorized at yo.a
this section we assrltne that y is

: M +Y be þreconti-rl V of the Y, tliere exist
ber ø2O, U cM and

(2.2.1) Í(x) - f @o) - øV for every x e (J.



':' .2:1. Lel ønd, 1.c1. Í: lI -,Y'be 'iþ'hi¿ht U o-f 
"xo 

aontai-
ned. thøt the i Tl,ren' j iå prccon-,tínu i,.

Pro,of.*,Since^ {/(ø) :% 
= 

U,\ is bounded, {Í.(*) -f@,): x= U} is alSo
,bbuhded, thus, lor each neighbourhood Z of thc origin,of Y, theie exists
a real number ø> 0, such that, (2.2.1) holds. ,Consequent1l,, / is precon-
tjnuous at ø0. ffi

Rentørk. Thc co'verse oT p'opositión 2.2.1 is not true, nol even for
línear rnappings. Indeed, 1ct Y be the rcal linea¡ space of all real-valùed
continuous functions x: 10, *.o [ -' R, equipped with the topology induced
by the family (þ,,),-N,,wheÍe þ,,,Y -' Rris the semi-norm defined by

þ,,(x) : nax {lx(t}l'¿ e i0, nl},

and with the pointwise orileririg The lincar mapping f : \' -,Y definecL
bV Í@) : x lor a77 x e Y is obviously continuous, and therefore precon-
tinuous at a77 points of Y. Holvever, th.ere exists no neighbourhood U
of the origin of Y such thut {f (x): x = U} is bounded, bccause the origin
of the space Y possesses ¡ro botrnded neighbourhoods.
. THBoREu 2.2.2. Let M be ø conaex set, Y ø locally fnll ordcred toþo-

lo.gical linear sþace., ønd f i M *¿Y 'ø'lal,ionally s-conuex .møþþing tohhlt
is þrecontinuous et ø þo,int xo e 'M;t,T,hen f is þrecontittu,ows øt euery'inte-
rior þoint ,gf M. ,, :. :. :, , :t:.,:

Pro.of. I,et yo be any interior point of I'11. 
'We shail show that / is

precontinuous at yo. :1 : .

I.et V be arry neighbourhood of the'ori$in of Y. Since Y is locally full,
there exists a 1u11 neighbourhood V o of the origin of Y, such that V o c:, 'y'.
Take now a baianced neighbourhood Vl of the origin of Y with the pro-
perty Vr;l;Vr.F Vo. Since / fs;rprecontinuorls af xo, there correspond
to V, a balanced neighbourhood W of thè origin of X anä a reaT number
a.>0,suchthatxo1.WF,Mtrnð :, :; , :.,r

':(2,2.2)'. ,, '. f lro j- t),*:"f'txo')'ç'',aV, for every x e W,

On the other hand, there exists in vie'uy ol (2.1.2) a natural rttlrtber n
such that

,, 11iir{(i1 ¡¡¡1ffiËn o,ì,i' öu: onnrt¡:

belongS to M.'Piot bo: ll(" + 1),'aud-'thöose a'ratioldl, nùmber

"the interval !0, ,ó.ol such that' ì' : i
'f.i i i.1. 1 li.'.i .,i:'..1r: ! '. '., : ¡ ,r: . . i..:.

æ: b' 
l/(+,) 

+ (f)"ftrl - flf-r.ll

belongs to,a,,L,r,t wher,è 0(s).is the,number definedt= lo + bW is a neighbou¡hood 
"f 

,?0, and, b1,
havc , t,

'i' n ' "' "- I 'U ç yo I b*W - ;-, t "-"!=,@o

(t I GENERALIZED . CON\T'EX N4APP]NGS '23

by (1.2.3). The set U :
thc convesit¡' of M,'we

{ W) ç,,ÀtI. , 
:..,,

We wish to show that

(2.2.3) . Í(y) ,,"/(1,.Jìl =,aV lor çr/e-y J/ € U.

It-y_is in (J, it must be oT thc folm'y : jo l'bi 'Tór 
a,suitable

% e W. By proposition 7.2.3, the tollowing"tétatióii holds
, :i' ,.'

e2 4\ - I ò l' UOo - box) 0(r)/þ,)l < /þ) _/(l,.) <.\ / la"l

But, from the equalities i

,it follows that

' lo - box :'¡l - uo¡, + bo,(xo - x),

io'J- bú '{\',- bo)z + b;(*,"*'q); .' '
'': ... ', :. i . : , , ...,1. '.r, iì,:..j,

: :: .r : i '.. ::: .'j

f9o - box) 4 I - bo)'f(z) ! bi,f@o - x),

Í(y, + b'o*)' {' (r -'bo)'r'Þ).+ bì,f (x, + x).

(2.3.r)

Ifence (2.2.4) implies jr: I ,: ,;ìì

(2.2.5) , .b'll!ry.o'-'x) -.f @o),1, - ,ø ( /(y) -l-/fyo) < ,, j.:

( ó'[/(ø0,] ¡)t - ÍQ,)l * o.

Ifowever, according ..tA .(2.2.2),aÍId Ìto rtheì chóice ' havb, , ;

:, -bslÍþo ,ù = f@ò] o,,= -alfVr'- oV¡ =, r) ,ç:q,Vóii,,i,i

b'lf,*oi x) -Í(xr)lf ø - ob"Vr'j'o'U, = a(VrlVr¡ = oI'0.'.',
í -: - '11:

Since øZ,o is full, (2.2.5) implies Í(y) -Í.Uo) = eVo Ç øV. Hence !2,?,.9)is proved. Therefore ./ is precontinuous át yo. ffi ;ì 11 : ' ;:rr '

2.3. Upper Semi-Continuous Mappings.. Throughout this section .we
assume thatY is an ordered topologicã1 linear space rvhose positive wedge

'has-'interior points, rt- shorrld be noted ,that, then the foilõwing eclualiãy
holds , :. , ".'i . ;t l, . \: j

bin

,Y* f.int l¡i : iiit,y+
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Another propert)¡ which will be used in the sequel and which is easily
proved asserts that ø e int Y+ if and onlf if the orclcr-interval [-0l,0c]
is a neighbourhood of the origin of Y.

Def inition2.3.l. A rnaþþi'ngf :M -Y is sttid to be uþþcr senú-
conl'in'aous ctt xo e M df for eøch q, e int Y+ tkere e xists ø ncighlsourhood'
U oJ xo conta'ined in M and, such that

(2.3.2) Í(x) -"f(rn) < a for caery K e U.

pRotosrTrox 2.3.1. I-or any xo e M and any maþþing f : M -Y the

Jollouing statements are equiaølcnt:
l" f is uþþer semi-continuous at xr.
2" þ-or eøch, a e int Y+ there cxists ø neigh,boarhood U of xo contained,

in tr[ snd søck tkat

(2.3,3) d" + Íþúo) - Ítx) e int Y+ for eaery x æ U-

3" (xo,uu) = int E(i for eøck øo e,f(øo) f int Y+ , wlt'et'e E(f) ís d'efi-
ned. by

(2,3.4) Eff):{(x,æ) =X xY:x e-íûtM, ueÍ(x) +intl'*}.
ProoJ. Suppose that statement 1o is true. Let ø be any interior point

of Ya. Since (l/2)æ belongs also to int Y* and / is upper semi-continuous
at xu, there exists a neighbourhood U of xo contained in M and such
that

I
-u*Í(*ò-f(x)= Y* for everY xeU.
q

: IQ) is then an interior point of y*. Ilence (ø, p)
(2.3.6) is proved,
æ,^æ_o-|æ) -:.do* l-o, ol.Since l-ø, ø] is a neigh-
of Y, it follows that .[no -- e, io * ø]-is a nei[h-'bourlrood^of ø6. Therefore (2.9.6) irnplies (*0, no) - iit'E(f).ff""""?

irnplies 3 o.

Assume 3o is true, and 1et ø be any element of inty*. By our hypo-
thesis, rve have lhen (x-r,_tr) -= int E(f)', where &o: d" + j@r). Th;, ií,ã;
esists a rrriqhbourhocd u ot xo such 

'that u x-{øo} ç É(fi. conr"quãÀt-ly,r'lehaveUcMarrð.
æo e f(x) | íntY* for all x e (J.

The latter relation yields \2^32). Heuce / is upper seLni-continuous at ø0.
So the irnplication 3" => i" is proved. fu

obviously, any rna.ppins -f : M * Y which is upper semi-conbinuous ata p_oint xo e M my¡t be lo_cally 'rajorized at ihat point. This remark
enables us to establish..the following theorem concernii.g the upper semi-
confinuity of a ration:.lly s-convex inapping f : M -y oî ttre wËo1e inte-
rior of M.

Tr{se¡¡B¡¡ 2.3.2. Let M be ct clnuex set, y øn ord,ered, toþologicøl lineør
the h r.ty, ønd, f :M -y ø ration,crlly s_conuex

loiclt, i ,inuousa.tø þo-int xo e M.Tkeí ¡ isøtþþerLt,cLts þoint of il,I .

Proof. .r'et y.o be any interior point o[ M. we shall shorv th.it / is
flpper semi-continuous at yo.
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r l,i:"i:ä'rT íi ':l;',::'
.1 there exist th the órigint øo e Y, such

Íl -- j\Ialhemalica 
--Revrre d'anaryse rumériq.e et de théorie de l'app¡oximation, tome t1

Hence we obtain

æ I fþo) - ÍIx) :

r1

it
In
o.f

[i" " Í(xo) -/{'l] + T" =Y+ * int Y*

for all x = U. Thus (2.3.3) holds, in view of (2.3.1). I{ence 1o implies 2o.
Suppose now that 2o is true. If øo lies in f(xr) f intY*, then o¿:

: lll2) lao-Íþo)l belongs to intY*. Therefore there cxists, by the
hypothesis, an open neighbourhood U of. xo cgnJlined in M and such
thãt (2.3.3) holds. Since oc * f(xr) : c(0 - æ, (2'3.3) implies

(2.3.5) üo-ú-f(x) eintY+ forevery xeU.
We show now that

(2.3.6) Ux[øo-ü,úo]_u)sÙ(f).
I1 (x,þ) is in UX [*o-a., úof a], then n'e have xeintM alnd

P - ao * or e Yn . By (2.3.5) it follows that

þ -Í(x): (P - øo * ¿) * [øo - ct -fþ)) =Y+ t intY*.

(2.3.7) Í(y, -f a.y) - f!o) = ø"[-ø0, øo]

lor every rational numbcr ø = 10, 1] and evety y e [[/.
on the other hand", l-u, ol is a 

'eighbou¡hoJd 
ol the origin of y.

Sirrce Y has the boundedness properLy, there exisls ¡r n:rtúral ír.m'oer n
such that (Iln)'l-o"n, øo.l s l.-o,, o-l. FroLn (2.s.7) we conclude then

(2.3.8) i (r, * 1o)- f (y,) = l- o, a1 for afi y n= ry.

The neighbourhood u : io I lln)w of yo is contained. in M, and. one hrs,
according to (2.3.8)

f b,) -,i(yo) < a for all y e (J.

fn other words, / is upper semi-continuous at _1l0. ffi
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for all t c= rrr2, r], is.convex. sircel-r) s.øo whe'ever x e M, it folrowsthat f is locallv májorized at xo: O.'Èút¡;r""oï-"orriàíou, at this point.This"assertion is ; rúpl":oår"qãårr." of 
're 

i'equality

llf@) _ Í(x,)ll > l¿'r:! 0 _ o,r:1!(r) 
I : t _ xz > tI ¿r" dtz t-'l 4

t/21\ {0}.
lizes* rrcÁults. of r,oprìs prN:to .{. J. u.
[9, Proposition 9] on the 

"o"tì"üiÇ
x sct, Y qto ordeyed, cal
andf:MnYøra s-
at ø þoint xo e lVI. ís

orem 3.l 1. W
s that the couverse of theorem

iìii ii,iTfî i'1î,''l,![i ¿l
(3.1.2) llrll : max {lr(t)l ¿ e [0, 1]]

_thc nonn (3.1.2) is rrrorrotorrc, )'
borrndedlrcss prolrer.ty.,Ihc rnan_
7 x e= \' is lincar. and corrtinnous.

rized at flrc or.igin of y. Slrppose,
rnajorized at the origin of y.-i¡ei
origirr of )- and an èlernent a e y

that ø is an interior point
f:, thaL the positive wedge
11¡r rr:rajorizcd at thc origTn
er-e locally majorize<l.

cr, that continuous mappings
n,ith interior points ar" â10u,,!s

{f@), x = U} çÍ(xo) i L-a, el: ff(xo) a, Í(xo) * al.
lfence / is locatly order-bounded at xo.ffi

Corollar M
Y øn ordeicà'åi" sþ i,lí'i!"rú,#,¡int Y* + Ø, a;xd î,ai;";;,,'ot-ío*'ti it ,:îkr is con-

CI{AP TER 3

Continuity of Rationally s-Convex Mappings i.',

In this chapter we give results dealing with the relationship between
the property of a rationally s-convex mapping of being locally majorized,
precontinuous, and upper semi-continuous, tespectively, and its conti-
nuity.

As in chapter 2, we denote by X a topological linear space over 1(,
and by IVI a non-empty subset of X.

3.1. Coltinuity of Locally ÙIajorized Rationally s-Convex Mappings.
In this section we continue the discussion of locally majorizecl ratiónaÍly
s-convex mappings which was begun in section 2,7.F¡-¡

THBOREM 3.1.1. Le/, M be a co?ruex sct, xo ø þoin,t of Ìl[, Y øn{prdrcred.
toþological linear sþace u'itk the bounded.ness þroþer4,, an,d f : I,I -Y 

"ø 
ra2io-

nally s-conuex maþþ,ing uhiclt 'is locally nr.øjorized. at xo. Then f is conti-
nuoLt; at xo.

-Proof. By theorem 2.1.1 there exist a ueighbourhoodW of the origin
of X and an element u. eY such that xolW c M and also such that
(2.1.1) holds for every rational number (t = 10, 1l and every x e W.

If V is any neighbourhood of the origin of Y, we can finc1. a natural
number n such that (lln)'L-o, ol c Z, since the order-interval l- o, nl
is ubonded. Fron (2.1.1) we conclude

xolLxf -Í@ù e V lor all x e IU

The neighbourhcod U : *o I Qln)l of øo is contajned in À[, and one
has f(x) = Í(xo) I V for all x e U, in view of (3.1.1). Hence / is conti-
nuous at øi. ffi

Remarlr. Ìn theorern 3.1.1 the hypothesis that Y has the boundedness
property cannot be dropped as shown by the following example. Take
X: R and Y : C"(lll2, ll), where C2(L112, 1l) is the orderecl normed
lilear space of all twice continuously differentiable functions u: llf2,l].*Rwith the norm

2

li"ll :f trta* {ø,{r)(l)l :t e 1112, ll}

a¡cl with the pointwise ordering. Y does not have the boundedness property,
since the order-interv¿l betweenthe origin and thefunction ø.r: ll[2, l*R,
defined by øo(l)_:1 for all t e 1112, ll, is not bounded. Pl¡rt M: [-1, l].Thc mapping J: iVI -1, defined by

t

GT(Í(x)) tt) : xat if x ç M\{0}
iÎ x:00
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Proof . Apply theorern 3.1.3 and theo¡em 3'1'1' E
3.2. Continuity 0f I'rccoiltinuous Rationally s-convcx illappings.

The folloi,ving theorern is the maill resnlt of this scction.

THrJor{}lì[ 3.2.1. Let XI be n conuex set-, xn a þoitt't oÍ M, Y ø locøIly

nU "iAtlia tuþological lin'ear sþøce, øncl f : ù[ -Y a rntiott'ct'll, s-con^ex
"171aþþing zatticli'is f;recorotinuoots ø,t xo. Tken, f is contin''uous øt xo.

proof . I,el v be any od of t_h_" ougitt of Y. since Y is
1oca11y fríI, it."t" exists a ourhood trzo of__the origin of Y such

ãr^t'V; ¿ V. Take now a hbourhood Zr oi the origin of Y
,"^ù.f, åaãsfi"s V, i V, - oJ the prec.ontinuity_ of f at xo,,

;;; ;" fitrd u bniari"ed neighbourhood lV of the origin of X and a real

n'.rrnlrer a > 0, such that xo I lV '- il[ and also such that

(3.2.1) Í(x) - Í(xo) = aV, lot all x e xo ! I('
choose a rational nurnber Ö in the op:n interval ]0, 1[ satisff ing øb' 1^1

""à-ãJtr - 
0(r))f@r) <21, rvhere 01s¡ is the nurrbet defined- þv (ttz 

-)Þ;i 
"U': 

xr+b\,V 
"îhis ii a ncighbourhood ol .r-o containerl in l'12l' We

clairn that
(g.2,2) f(x)-f@o) uZlor ever¡r r eU'

If x = U, it must be of the form x: xo-F by fot a suitable ye W'
Tlren, by proposifton 1.2'3, t,re Iolioi""ing relation hoids

(s.2.3) -b'l/ Øo - )') - 0(s)/(øo)l < /(') -./('o) (
( ð"[/(xo I Y) - O(s)/(r')]

But :ro - ll and xo l ), belong to xo _|_ fil' In l'icrr' oT (3,2'1)' lve conclrrde

that

-b'lÍ@o - I - 0(.s)/(øo)l : -1"|f@o - v)- f(xo)l -
- b'[1 -0(t)lf@o) - -cttt'l/t - ll,. Ç l/t 1- I" Ç Vo,

b'lf Øo + Ð - O(s)/(;vo)l : b'lfØ, 'l- l') - f (x,)l +
+ Ó"[1 - 0(s)lT@ò = ab'V, -l V' - V' I V' ' V,

Taking [or,v into consicleraLiou that ¡t n rs full, (3.2.3) irnplies

l@)_fØo)=l,o-V.
Corrsecluently (3.2.2) holcls as clainred'

since z was an arbitrary neighbourhood of thc origin of Y, (3.2.2)

shows thc continuitY of f aL xo' ffi
ILem&rh. In theorenr 3.2.1 the h¡1;othcsis that !'is1ocal1y 1u11 carruot

t" diàpp"d. Indeed, the rnapping / òon:;iclcred in the remark after theo-

iem g.f. 1 is precontinuous at øo : 0, sinr::

llf@)ll < 14 + 1 < 2 for all x n l.- ^,12¡2, JD¡21'

Il.ut, as it has lteen shown, it fails to l¡e continuous alc xn.
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Cor ollar¡r 3.2.2. Let ùI be a conaex set, Y a local,ly fr.tllordt-red
toþological lin.ca.r sþace, and. f : ][ -Y a rqtionalll, s-rou,rt, maþþin.g tc,ltich
'is þrccontitt,uott,s øt ø þoitr,t ro e l,L Then, f is coytittuous at euery inlL'i'ior
þoitr,t of )t.

Proof . Apply theorenr '2.2.2 and theorern 3.2.L 1
Obr¡iously, any rnapping from rìzI into an ordered topological linear

space is precontinuous at each poiut xo e it^ft l,[ at ¡,hich it is co¡ti-
l1uorls. Thus corollary 3.2.2 provides the follorving lcsrrlt.

Corollary 3.2.3. Let ),[ bc ø cotl.¿)cu sct, \' alocalll, ful,l, ordtrcd
toþolog'icøl li,nea.r sþace , un,d J:,-l,[ * 1' a rolionalllr s-coy:ucx ntaþþirLg ruhicJt.
is contitttt,ott,s nt ct þoirtt t.o e= i¡1 ÀI . Thcn. f is corttinuous at cuct't' iulr-
rior þoitqt of À,L

Theorem 3.2.1 providcs also the follorving trvo corollaries, the Ïilst
of them being obtained in vierv of the remark preceding corollary 3.2.3.

Cor oll ar y 3.2.4. Lct À,1 bc a conacx set, xo an, inlerior þo.iu.t of A.t,
Y ø locally fu,ll ordLtred, toþologi,cnl lincar sþace, an,d. f : Ì[ -,\' a rntiouallS,
s-contJex ntaþþiu,g. T-hcn, f is contitt,uolts crt x, if ønd. onl.;t if il is þreconti-
ltLtolts at tltis þoint.

C o r o 11a r v 3.2.5. Lct l[ bc ct cotl,ae2( sct, x, øn interior þoint of Ìtt,
\' ø locally fr.ill orderc.d, locolll bou,n,d,ccl toþological,lineqr sþa.ce, ancl f : À.[ -,Ya ratiotøall1t s-con.ucr muþþing. T/tcn., f is contittuous ut xo i,f ancl on.l1r
i,f th,ere cxists ct tteigh,bourltood U of xo con,tøiu.ecl in À,1 and su,clt, th.itt
{f(x):x = U} is ct ltounded, set,

Proof. Suppose / is continuous at x¡. Since Y is a locally boundecl
topological linear space, its origin possesses a bounded neighbourhoocl l'.
Tlren there exists a neighbourhood U of xo contained in rl1 aud such that
l@ -Í(*o) =V for e\¡ery x e U. Consequently, the set {/(ø) ,ye (J\
is bounded.

Convel-se1)', if thele cxists a neighbourhood U ol xo contailcd in X,I
and such that the set {/(^) , x - 01¡ js bounded, then, b¡r proposition
2.2.1, Í is precontinrlorls at xo. Appi¡.iqg theorem 3.2.7, it results that
/ is continuous at xo. I

Before deriving another corollary of theorem 3.2.L, we recall that
a topological space is said to be cl,osure-sequetr.tial if lor any sultset A attd
any x, e cl ,{".,4 there exists a seqrlence in z{ converging to x.

The following result is due to Averbukh V. f. and Smolyanov O. G.
For its proof we refer the reader to r-R¡r,q,uuno s. [11, p. 140].

pRoposrrron 3.2.6. Lct X bc closure-ser1uerllial,, øttd. let x,,u (/fl, ,r e N)
be elements of X. If the fol,louing conditiotts are søtisfied,:

(i) (x,nu)--¡¡ clnaerges for eac/r, n, e N to an elernent x^ e X',
(ií) (x")"-y conüclles to all, elcrucnt tío e X ;
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the remark after theorem 3.1.1 is, as it has been shown therç, not continuous
zl xo:0. But it iS upper semi-continuous at xo. To pfove this assertion,
1et o¿ be any interior point of Y*. Then we have ø(l) ¡ 0 for all t e
e lll2, 11, éince if there were a point lo e fll2, 1l with oc(to) :0, the
s:quence (æn)n'w 

îir, : a(t)- Lfor each ¡ e rrr2, rl

rvould be in Y\Y*, qftIgggh it converges to ø. Take as e the smallest

of the numbers"#à1"{4/1T)'¡ e lll2, 1l} ancl 1. The set [-', "] is a

neighbourhood. of øo contained in M and for every x el-e, e] one has

Utx)) (t) < øa < ea ( ø(r) for all ¡ e lLl2, ll,
i.e. f(x) ( ø. Hence / is llpper serni-continuous at ø0.
' Corollary 3.3.2. Let fuI be ø conaex set,Y an ordered'toþological'
líneørÍsþa.ce aith tke boundedness þroþerty and, uith, int Y+ + Ø, øncl

f : M -Y ø rational'l'y s-conaex møþþing wlt'ich is uþþer serni-conrinuous

øì'a þoínt xo e M. Then f is continuous at eaery interior þoint of M.
Proof. Apply theorem 2.3.2 and theorem S'3'1' W
THÞoRÞM 3.3.3. Let xo be a'n interior Y øn ord'ered, toþo;

I,ogical l'inear sþace with-int Y¡ # Ø, a' a møþþíng ahich
isícontinuous at xo. Th'en f ís uþþer sem'i xo.
---' 

Proof. ff ø is any interior point olY*, then [-ø, ø] is a neig-hbour-
hood of the origin ol y. Therôfore there exists a neighbourhood U of xo

contained in M anð. such that.

Í(x) - f@o) + l-o, of for all x = U.

IIence we have (2.3.2). Thus / is upper semi-continuous at ro. H
. Rema.rh. Our concept of an uppef semi-continuous mapping, intro-

duced by definitiot 2.3.1, is a nattral generalization of the concept of
üpper semi-continuity known for real-valued. functions. Of course,
it is possible to generalize the latter concept also in another way
for rnappings taking values in an ordered topological linear space Y. For
instance, we can call a mapping f :M nY upper semi-continuous at øo e
= M il for each ø=Y+\{o} there exists a neighbourhood U of xo contained
in M and. such thal (2.3.2) holds. But in this case a continuous mapping
is not necessarily upper semi-continuous. To show this, let Y be the Du-
clidean space R2 equipped with the coordinatewise ordering, The mapping
f :Y -Y defined. bv f@): x lor all x e Y is then continuous at the
origin of Y, but for ø : (1, 0) there exists no neighåourhood. U of the
origin of Y such that f(x) ( ø for every x = U.

Cor o lIary 3.3.4. Let M be a' clnaex set, xo øn interiorþoint of M,
Y øn ord.ered. toþologicøl linea.r sþøce witk tke bcund'ed'ness þroþerty ønd' aitk

30

then there a.re in N strictty increøsing sequences 
'(mr)n.u ønd' (np)e.¡¡ such

tkøt 
'(x,rono)pe¡¡ co'ttaeT(es to xo'

Using this proposition, we state the following result'

Corotlary 3.2.7' Let X be a
sbace, M & conaex set, xo a.n 'ínterior þ
tobol,opicøl' lineør sþøce, and' f : M -' Y a.

f 
-is 

ãontinuous at xo if and only if fo'uerging to xo the sequcnce (f (x,,)),,*N 'is- 
Proof. Suppose / is continuous at xo. II. (x,)n-n- ì's .a sequence it M

"onv"tgiág 
to io,tnei!rÍ(*,))*-* 

"onvetges 
tof@o), andis therefore bounded'

Conversely, assume that for each in M conve:ging to
xo tlie s"qn"ã"" (f (x,))*-N is bounde t th.at in this case

f "i, pt""oåtinuous"at 
'io tt / ir lo_t_ ø0, there exists a

ireigh-bourhooð. V of the origin of Y

{fþ)-fþo),xuU}cInV for all neN
rvhenever (J e ul|, where 6ll denotes the family of all neighboulboods of
ro containe d in M. For each m e N we can choose x'(U) = LI, where
Ù =U. such that f@,UD -fþù ê nv.Introduce in 6fC an ordering as

follows, U, < UrilU, -'Ur. Fòr eachneNthe r.et (x,fU))u-qt converges

then to ø0. since x is closure-sequential, there is a sequence (x^n)--¡¡ in

{*,(U), U = 1{ which also convêrges to xo.P\ proposition 3'2'6, there

åtä'ií N strictlf increasing sequences (me)e.¡¡and (n¡')n-w such that (fr,,rnu)r=*

converges to xo. Since

f (x,n¡,p) - f l*o) ê n*V for all h' = N,

we conclude that

{l@,,r,u) - Í.(xo) : Æ = N}

is not bounded. Thus the sequence 
'(f(x*o,u))n=N is not bounded too' But

this contradicts our hypothesis. Hence/is precontinuous ^! *o. By theorem
g.2.1, It follows then-that / is continuous at øo' Hffi

3.3. Continuity or upper semi-continüous Rationally_s-convex Map-
ninos.In this sectiön we äiscuss the connection between the upper semi-

ðã"ii""ity and the continuity of rationally s-convex mappings'

THEoREM 3.3'1. Let M be a con' ex set, xo a þoint of M, Y
Iineør sþace with' ed'ness þroþer-ty -øn.d' 

uith' in
+Y a'rationølly møþþing akick is uþþer
xo. Then f is co øt xo.

Proof.It shoulcl be noted t]ngt f is locally yaiorized. al xo. Therefore
the resuit follows immediately frorn theorem 3'1.1' ffi

Remø.rh. In theorem 3.3.1 the hypothesis that Y has the bounded-
ness property cannot be dropped. Indeed, the mapping / considered in
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intY* * Ø, ønd, f : À[ *Y ø rationølly s-conuex nt'øþþing. Tk97, f i.s cox'
tinuous øt xo if 'and 

only if it is uþþer semi-continuous ctt tkis þoin't.

Proof. Apply theorenr 3.3.3 and theorem 3'3.1' I
3.4. Final Concìusions. By using the results presented in sections

3.1-3.g, .!\,e are able to statê the following two theorems. The first of
them gives local cha¡acterizations of the continuity oJ a rationaliy s-con-

vex mãpping at an interior point, u'hile the second gives global characte-
rizationJ of the continttity at the rvhole interior.

THBorìEIu 3'4.1. Let ùI bc a' conl)e,J set, xo a'n ù['

', Iiï'u'l'í;,Hk l'i ::#, ,.if,
equiualen't :

(At) / is locall'Y møjorized at x o.

(Ar) Thu'e exist a neigltbourhoo-d.y, g{ lnt- origin of X ønd an ele'tttent

æ =Y,-'suclt, that xo*W"c l,t and (2.1.1) holds for eaery raliottøl n'untl:er

ø = 10, Ll and, eaer), x e W.
(4.) / is locallu ord'er-bound,ed' at xr'
il,r¡-rltort exists a neighbourhood, U of xo contøined' in tut and' such thal

the set {l\*), x e U} is bound'eø-

(Ar) 
"f 

is þreconlitttr'ous at xo.

(A..) / is continuous at xo.

l&r) Í is uþþer semi-continuous øt xo'

(A") For each ø. e int Y+ there exists + tteighbourhood' U of xo con-

tained 
-itt, 

IW ønd suclt, lltat (2.3.3) holds.

(Ar) (ø0, ¿o) = int E(f ) for cøch' æo = Ítxo) f int Y* '

i¿,r.r) fnnt exists er1, d.o e Í(xo) + intY* su'ch that lxo, or) = int E(,f)'

lgEoRlll 3.4.2. Lct M bc a' con

sþace uith. thc boan
ø ralionally s-coilae
sack that one (and
3.4.1 is true. Then the follouing (

(Br) ,f is l.ocally majotizcd at euery intcrio.r þoint o!.M'
in)i"¡ is locøí$, ot'der-boundcd ai. eaery interior "þ\i!t 

oÍ M'
isr) 7 ¿t s at eaery in,terior .þoint ol M'
inr) 7 ¿t t eaer5t interior þoint of . M.
in'i 7 ¿t onli,nítoøs øt caeVy interior þoint of M'
(8.) int epi f : E(f).
(B) E(fl is oþen.

we notice that the set E(/) which occllrs in the statements (Ar),

IÂro), (Bj aud (nri ;s defined Ai'p.Z.l¡, 'while epi/which occurs in (Bt)

is defined as l'ollows

epi .f: {(x, ") 
e X X Y : x e M, f(x) < a}'
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Conbining theorcm 3.4.2 and theorem l.2.l, we obtain the following
result.

Cor o 11 ar y 3.4.3. Let n,[ be an oþen conuex set, let Y be an ordered'
sþocc uillt' lhe tY,

ally closcd, and røt
here exislsøþ tha
(A'), . . ., (Ato) tt't

sn¿l contifi,uotcs ott, Xl[.
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