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1. The goal of this paper is to construct some simple proced.ure for
the approximation of the solutions of a given nonlinear equation, with
practical facilities and. with a good efficiecy.

I,et f iO +R, with OCR be a given function and. one considers thq
equation

(1) f (*) :0, x= Ç).

I-ret, a1so, F'.D -Ro, whete DCç¿", be an approximation method, a
F-rnethod, of the solutions of the equation (1) and.

(2) xs, xr,..., xn-t, x,,,.,.
with x,i: F(x,-r,-. ', !(¡-t), the sequence generatedbyF, for a given txo,...
"', xu-t) e D'

ff ø*eO is a solution of (1), the number þ:þ(F)with the property
that

I,m 
x* - F(t¡n_b+1 ,..., x) : C + 0,

r'+@ (** - nr)þ

where C is a constant, is named the convergence ordeÍ of F and C is the
asymptotic error.

A F-method depends of some in[ormations about the function/. Usually,
these information are values of the function f and certain of its derivatives
at some previous approximations. Next, will be considered only this case.

I-,el ur:u,(F) be the evalurliol nLlmber of f o and C, : Ct(Í) the
nunber of arithmetic operaticins for or: ev¿lultion o1. ft't, if 7ta It a rational

{ - Mathernatica - Reyue d'analyse numérique et de théo¡ie de l'approximation, tome 11,

par conséqu ant, \a lirnite (5) existe si et seulement si la cond-ition (8) est

la relation (26) 1a terme H,,,6(x'l)
ux lerrnes otlb ure limite finie pour

co, perce que ies inbégrales (24).et
:r,'sonb õongergents Ceci achèl'e

notre preuve.
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on peut écrire:

(26) \ 
t++uU) dv - H-þ(x'') - II^p(x'1) f ln L 'ul:', tø +

e<r<¡l

+; i
e<t <l

I_9*^ß) dt r \ t#+ u.(y) rtlt

1<¡<R J
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.u.ri"g" the p-roperty that B,k : /t,, 1.or any h=-pn - the set of ar1 poly-no,mials:i_!lq.degree at most n, it lollows thot for"ge ç"+rlV(0)1, firåí"v(0) : Í (v(x*)),

(R,e) U): I oU' y¡¡þ't') ¡t¡ dt

rvhere 
v(o)

q(t; y): 1 I U - ü,!,-f D t,o¡(y)LU - t),+1u\ L
" ! | 

'' ?o ¡-,r tt:rol

. ^. 
Taking into account that ø* : g-(0) : (8,,g) (0) * (R,e) (0), (B,g) (0)

defines a new approxirration to **. l{*ence

(6) F(*0, . . ., x,n): (8,,g) (0)

is an approximation method f.or x*.
Next, we consider sorrte particular cases.

Cøse l. m: l,ro:1, lt:0, 1o: {l}, /r: {0}.
The interpolation forrnula (S) becomes

eU) : @,Ð(y) -l- (R,s)ly),
where

and for lo { lt 
F's)U) : 

,(! - 
y') g'uo) + g(y'")

f6') (R,s)þ) :iU-y,)(y*h-2yo)s"(n)

yilþ I I lto, y1f,1or any y = lyo,yrl. rn this way, we obtain the method F,
defined by

Fr(xo,xr): x fØ')

THE.REM r. Let 
- f1'")'

i) Í(xo) <0 <f(x,)
ä) f' (x) ex'ists, it is finite ønrl J' (r) > 0 for x- lxo, xrl.
iii) Í" (x) exists, it is finite ønd. f,,(x) 4 0 for xo < x,< xt.
Then
l) the equøtion (l) køs a unique solut'ion x*, uith xo q x* q xr.
2) the sequence (x,) defined by the method. Fr, i.e.

(7) xntl : Í-, (xo,x,,), n, : 1,2,...
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function or the number of arithmctic operations for the approximation
of the function /(t) with a given error, if it is not rational.

The value tsl
(3) cP(F ; f) :1 

'n'n + c(r)

where C(f) is the combinatorial cost, is named the cornplexity of the rne-
thod F.

The value

(4) E(F; Í) tog',þ(F)

cP(F;f)

whe¡e 1(F) is the convergence order of F is named the efficiency of F.
It is alsp important to merition that for large classes of functions the

methods with a good efficiency are the simple methods, as the Newton
like methods, the secant method etc.

Next, will be studied such simple methods, generated by the inverse
interpolation of Birkhoff type procedure.

2. I.et x*eÇl be a solution of the equation (1) and V (**) a neighbour-
hood of ø*. One supposes that the function / has an inverse g: f-r on
v (**)'

Now, if lr : Í (ør), where xr- V (x*), A :0,1, ...,m,, are approx-
mations of x*, /r€ N 'and Ir: {0,1, ...,/,,}, Þ :0, 1 ..', ?, then if there
exist gØ !yr), j'=1, h:0,7,. ., rn, one óonsiders the Birkhoff type in-
terpolalion problem: to determine the polynomial P of minimum degree
which satisfies the conditions :

Pt¡(yr) : g{i)(y), j- I, k,:0,1, ..., nx.

It is known [3] that, if the fun tionals gti)(yr), j= Ir, Ì¿ :0,1,..., n1

possesses the intèrpolation property, thenT the interpolating polynomial P
éxists and it is unique. I.et B, be the corresponding interpolation operator,
witl' n the degree of the interpolating polynomial.

We have

\8,,g)(v): É I b*¡(v)e(itUr)
h,:O je I r

where br¡ are the fundamental interpolating polynomials, i.e,

ufi)Uì:0, h * y, þ= Iu

u'Ê'Ur): 8Þj, þ= 1,,, '

lor h, u : 0, 1, ,,., n'1,, j -Ir.
W'e also have the corresponding interpolation formula

15) E: BnB + R,g

where R,g is the remainder term.
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.1,+

cotxaerges to x*. Furtheyntore, ue lt,aae

(8) x* { x,t-t { x,, tt:1,2, ...
P r o o f . The existence a¡.d the uniclueness follon' irnmediatel), from

the assumptions i) and ii).
By induction, first we prove the ineclualities (B) . Indeed, $¡e ha\¡e x* 1.xt.

Snppose tlnt x* -< ø,. Then, using the rernainder expression (6), one obtains

x,1' - x1,+1: (R,s) (0) : + Í@,)ll@,,) - 2l@o)l##
and, frorn the inequalitiesf(x,,) ) 0 tx, ) x*),Íþo) <0,f'(x) S 0,f"(x)<
(0 fol xe)xo, xrl, it followsthat x'a-x,,*1 40, i.e. 'x* 4iy,+t.
From (7) it also Îollor'r,s that

xnt-t - K,,: - *\ a 0, i.e. r¿+r ( x,, and (B) is proved.
f' (.v 

^\

From {B), r,r,e harre that the sequence (r,,) is decreasing ancl bounded,
so it, ís convergent. I,et ã* be its limit. Then (7) implies

ti", r.\,i),: lim (x,,.,1 _x,,) : o
t+@ J l,Vil r¡+æ

hence li:rn Í (*,) : f \;-) :0 and xo < l* < xr. From the uniqueness

of. x* il follolvs that i* : x* anð, the theorem is completell' proved.
The utility of the method -F, grows up if it is combined with Newton's

rnethod.

coRorrrrAr{y I. In tke øssunøþtions of theoreut, 7, the seclutence

Xg,Xt,..,rXt¡,'..

generøted, by the iterøt'ion'

2. A more simple combined rnethod is obtaiued frorufix, i.e.

fÇr'zu-z) 
""- 1oL2tt 

- ^2t_ t tþ : ItL,,,,
f' (t; o)

ïzlt-.v2¡¡ l- 
I(t't' ì,tt-r,2...

,f'( ru)

r,vhich nses the evaluation of the first clerivative only at xo.
This last nethod is verJ- useful for the problerns rvith a largc crraluation

cost of /'.
- Case 2. nt. :2, ro: 1, yt: l, I. : {U, 11 : {0, 1}. ,l.he inter.¡o_
lation forruula is

g(y) : (8,Ð b,) -f (1t,Ð (y)

with

( 11)

and

( B,s) b,) : +f* s' ( ), o) I g (1,, ) * Wt, 
rrff rtu, L r' U,)
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Rernark
(9) - (10) lor xu

where

!R,e) b) : q tl, ', t) g"'(t) dt
5

!o
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I

I

l

I
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I

I

t:

(e)

ç(y;t) - 
U-t)I 

-(v-)''\(2J'o-!_ 
J't) U.-t¡'

2 2tr,, - nrl U'' - t) -"; '

As g does not change the sign on Lyo, ),rl t,e obtain, for g = CtLyo,-r:rl

(t2) (R,s)þ) : 
)ø, - -\,t)2 (2y t 1,, - 31tn)g"'(q)

uith _1,0 ( 4 (-Tr.
Thus, ri'e har¡e the method F, defined by%2, : %2n-2 - 

t#Å, n : r,2,. .

%2n+t: *",,-, -f#*, n:1,2,
(13)

and

tl4)

t;, (u,a) :,i) - 
I'(a) lI!!- zlt"l

2lf@)-JþÒlL t'(u)
J

¡

f (u)

f '(t)
(10)

cotxuerges to xe". Fotrthermoye, x*e lxu_r, xuf for øny r? € N.
Indeed, the iteration (9) is just Newton's rnethod, s'hich in the given

corrditions satisfy the inequaTites x,4. %nt_t { x*,', n,:0, 1,..., rvhile by
theorem 1, lve Itave x4 4 xn+t 4 fr¡, n: I,2,...

Remark 1. îhe combined method (9)-(10) has the advantage
that both cornponents need the evaluation ol the first derivative f' at tlne
same point.

x* - F,(u,al : jt,øllÍ þ) - sf (u)1s,,,(n,)

r,r,here rf is in the interval detiuecl by u and, u.
'l'HEonrììr '),. If .f .søtisfies thc asvmtþt,iorts of lh,corenr. \, g,,,þ) < 0 for

! e l),0,.1,r1 and. (x,) is lhc scqucnce gcniratcd. b), lr, w,ítlo ihi inìiial aaXttes
Aio, xL, 7.e.

xttt: F"(.r-'u,x,,), n - 1,2,...
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hen:

lo. x* ( t¿+l 4 xn, Ø: l, 2, ...
2". tf xo'. - xL', xrl : xr, th,etø frn+t 4. %,,4%*, n: l, 2, ..,
3o. liru. %, : a*.

P r o o f. rt follows easy by induction. r,et us consider in detail the
case 1". We have x* q ør. Supposc that x* {. x,. Then, from (14), one
obtains

"_1x* - xn+.r: 
¡fr@,,)lf@,,) - sf(xo)lg'l'(\,,) ( 0, i.e. x* 4 x,+t.

From (13), we also have

(15) x,+, - xo: - "rif!,^,le#., 
*ffi\*o

for aîy n: l, 2, ... Thus l" iS proved. On the same way can be
proved.2". To prove 3o we also consider first case 1o. Then, the sequence
(ø,) is decreasing and bounded, hence convergent.I.ettr* be its lirnit.
From (15) rre have

1in f@") l¡t-l_J!:t_ * Í(x,) I : ti- (x _ .,** 2t r@,t - r@")tl--j'(,,; + ñl 
: l* \xo - xn*') : Q

t'". ,t* 8"f @"):0 with 8,, ) 0 for any n:7, 2, ... rrence limf(x*):
:9"JÍ@:). As x+e lxo, xtl, it follows tlat l*: s*, ,*îåog ttr"
unique solutio4 of the equation (l) in this interval.

In the case 2", the proof of 3o is analogous.
R e rn a r k 3. The cases 1" and. 2o can be cornbined to approximate** f¡om both parts.
Case 3. rn:2, lo:0, rt: l, 1o _-- {0}, 11 : {0, l},
In this case we have a Hermite interpolation problem. the inter-

polation forrnula is

(16) sU) : GI,Ð(y) * (R,Ð(y)

where

(H,Ð(s) : #, _ r*sb,u) r tz-v##-z¿ s(y.) t
*0-yò(y-y,) g,Ut)

lo-9t
and

(Rrg)(y) - 
(v - vo)(v -- v')' g"'(n), -/o ( r2 ( y..,6
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I,et F, be the iteration rnethod generated by (14), i.e.

(17)

and

(lB)

'rrrEoRE_M 3._4. Í. søtisfies tke cond,i,tionsof theorern l, g"'(y) )0for
!.e l!o, 2rl and' (x") is tke sequence generøted' by

%r*t : Fr(xn-¡xn), lt : l, 2, . . ,

tken x* belongs to tke interaal d.efdned. by two consecutiue øþþroximøt,ions, í.e.
(** - x,)(x* - xn+r)40 for a.ny n:1, 2,..., and, **": ß*.

Proof.By (17)-(18) and the hypothesis of theorem, it follows
that x, ( r, and x, 4 x*. As f(xr) <0 (l@r):0 means that x* : xz)
and f(xr) > 0, (17)-(18) imply that x"2 x, and x* 4, ns. I,et now sup-
pose that nn_t 4, %* 4 xu. Then f(x"_,) ( 0, Í(x,) > 0 and it follorvs that
frr+t 4, xn and rn+r ( .r*, hence the first conclusion is proved. To prove
lhat tim xn: a*, we observe bythe construction of F, ttrat x,= f xo, xr.tr

for any n:2,..., i.e. the sequence (xn) is bounded, hence it contains
a subsequence (xr) wttln xno-l,x as Þ --roo. T'h:us, xno*r- toþ-t0 as

h n æ and. from (17), we have 
Ê1T 

f(*,0): 0 : f (;*), witin V* = lxo, thl.

Also, the uniqueness of ø* implies 7* : x*.
coRorrrraRrr 2. If in tkeorent,3 the cond.itio'n g"'Þ0 is ch,ønges by g"' <A

then:

1". iÍ (x") is d,efined by tke formula

(le)

then

frn+r: Fn(*o, frn), fL: l, 2,

x* { xr4-1 4 xn, n: l, 2,...
2". if (x") is ølso generøted by (19) but with x¡i : r, ctnil %11-: .x¡,

then

xn { xr1-r 4 x*, fr:7, 2,,..

3". in each, cï.ses, lt^ xr:9ç+.

The proof is a simple verification based on the ¡elations (17)-'(18

6

Fr(*r, x') : tq -
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0. I,.et Ð" : Ð,(R) , x € R, be the space of testing functions of a
real variable and 6J,,y : Ð",r, (R2+r), x e}1.,leB¡þ theìpace of testilg
functions of þ + 1 r'ariables. Ø,: Ø; (R) and gì',, y:Ði,y(p1þ+r) denotã

the corresponding dual spaces. Further, \\,e tlse the notations : l)e : :r+
for the clerir¡atives of the functions belonging Lo Ø,, aïLd D|:#,D',,,

^Þo-:;r , where y¡, i: I, 2, ..., þ are the coordinates of the vector y,
oyi

for the derivatives of the functions belonging t9 Ø,,r.
l. I.et ø eF.þ. We consider the follorving operators on the space O",,

(1)

J@): Ø.,y -, Ø,,y

J@)Ld@,t) - ,t(* - þ_onr,, ,)
for any g= Ð",y,
vector Ø, arrd

$¡here o¡, i: l, 2, ..., þ are the coordinates of the

I(a):Ø,,yèØ

(2)

for any ,? e Ø,, y

I (a')lel@) : J@)[el@, lt)dy
¡Þ


