
4B GH. COMAN
B I\,IÀTHENIATICA - REVUE D'ANAITYSE NUI\,IERI9UE

Eî DE TIfEORIE DE I,'.{PPROXIMÀTION

L'ANALYSB NUMDRIOUE ET LA THEORIE DE L'APPROXIMATION
'fome 11, No I - Z, lgBZ, pp. 4Ð-67

REFERENCES

[1] B alâzs, M,, Munt.^g1].. L, A uniJicafion.of Neuton,s methods for sol,uin.g eqwations,Mathematica, Zt (44), tt7_li2 (1979).
[2] Coman, _Gh., Pavel, G., Rus, A. f.: onintltetheoryof oþeratorialequ_øtions, (Frtmanian), Ecl. Dacia, 1976.
[3] Davis, P!. J, Inlerþolation aniLAþþron del pub. Comp., Nerv york, To-ronto, I,ondon 1965.
[4] Pävälo,iu, r., The sol'ution of the equations b5t inrerþolar,ion (BlrrrrLanian). Ecr. Dacia,

Cluj-Napoca, 198I.
[5] lraub,-1. F., TheorSt of oþlimøt algorithms, In: Software for numerical maflrenatics(ed. Evans D.J.), eõaa. presi, r,onctãn, w"* voit, l!.-i_rs, rszs.
[6] T r a u b, J' F., Itcraliuc netlrod's Jor thc solulion of equations, prentice-Hall, Ne.u.york, 1g64

Received IT.XILlgBl
EXTENSIONS OF SOME FINITE DIFFERENCE

EQUATIONS FOR THE CASE OF DISTRIBUTIONS
by

BORISI,AV CRSTICI and ì{IITAI NEAGU
(f imiçoara)

Uniuersitøtea Babe;-Bolyai
Føcul,tateø de mateilxa,lxcd,
3400 Cluj-Nøþoca
Str. I{ogdlniceanu I

0. I,.et Ð" : Ð,(R) , x € R, be the space of testing functions of a
real variable and 6J,,y : Ð",r, (R2+r), x e}1.,leB¡þ theìpace of testilg
functions of þ + 1 r'ariables. Ø,: Ø; (R) and gì',, y:Ði,y(p1þ+r) denotã

the corresponding dual spaces. Further, \\,e tlse the notations : l)e : :r+
for the clerir¡atives of the functions belonging Lo Ø,, aïLd D|:#,D',,,

^Þo-:;r , where y¡, i: I, 2, ..., þ are the coordinates of the vector y,
oyi

for the derivatives of the functions belonging t9 Ø,,r.
l. I.et ø eF.þ. We consider the follorving operators on the space O",,

(1)

J@): Ø.,y -, Ø,,y

J@)Ld@,t) - ,t(* - þ_onr,, ,)
for any g= Ð",y,
vector Ø, arrd

$¡here o¡, i: l, 2, ..., þ are the coordinates of the

I(a):Ø,,yèØ

(2)

for any ,? e Ø,, y

I (a')lel@) : J@)[el@, lt)dy
¡Þ
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2. We consider now
respectively Øj
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We remark that
r(ø)lçl : <-ly, J@)L,pl >

for arry g = Ø_,,y,- where l, i"_ the regular distribution defined. by thefunction ly:1, for any y eB.þ.
'W'e observe also the evident properties

J@ I(U) : I(b) J@) : l@ ib); a eftr', þ e[â
I(a) l(b): I(b) f@): I(ølb); ø e [lÞ, þ e ftÞ

the succession of the operators being from right to left in the case ofthe product 1rI.
Finally, we observe that

r(ø)lel@) : : ( P",lcpl@, y)d.y
lo;l )

for arry g e Ø*,1,, where 
¡r'

P"ul,tJ@,!) : g(!¡, !t, . . ., !i-1, ^4, !¡+t, . . ., !p)
for any g e Øn,y, where

Proof:
For any g € Ø",y, we have

<i@r¡1, e>: <Í, r@)þl): \r('- to,r,,r)u, :
ßP

, (- n i w,)vø, y)dxdy

f(x)dxI
ß

\: :(. -Ð,o.*r - t,)

the following operators on the space Ø,*, r,

C o r o ll ar y l. If u e_Ø', is the regul,ar d,istribwtion d,ef,ined by
the functio,n d. e Cfr, then 4.qþl is the regul,ar d,istributíon d,efined, by
the fwøction f3 = Cffrn, for uhich

þ(x, y) : *(* *þ,.ry,)
uhere (x, y) =RXRf.

pRoposrTroN 2. If æ e Cf,, then for øny T e Ð1, ue have

lça¡¡"r1 :i(ø)Ld.l . î@)LTl
On the right side we have the product of the distribution ï(elTl e

= ÐL,y and the function 4o)l_"1 e Cff,no.

Proof:
For any g e Ø",r, we have

'o?7;:1,"'u"!,),.*l,l!"Tt.,î:i:l:;':=
: (o.T, I(a)lçD : ë@)l"Tl, ç)

pÌroposrtroN 3. For any T = ÐL wle haue tke following rul,es

n,7p¡lrl : T1ø¡¡nr1

n r,71ø¡ [T] : ø,7 1ø¡ ¡or 1

for eucry i : l, 2, . . ., þ.
Proof:
For any e e Ø*,y, w€ have

(î@)lDTl, eS: (DT, I(ø)IçD :
(T, D(I(ø) [q])) : - <7. I(ø)lD"elS:

: - G@)LTI, D"E) : <D.7@.)["], ç)

J1ø¡ : ø',, y -, Ð1,,

(3) <Ï@)rc1,,p> : <r" I@)lel)
for any T e Ø'*,, and f = ?',,yi 

and,
' I(o) : Ø', + Ø'",,

(4) 171ø¡¡11, e) : (T, r(ø)lpl)
for any T eØ| and g eØr,y.

'l'he following properties are i.mmediate:

l@) ï(u) : lþl ï@) : l@ * b) ; a enþ, ó e R,
jçø¡ 71u¡: jlu¡î1ø¡ : l@ * b) ; ø e p1þ, ó e Rt

pRoposrrroN l. f-1 7Øi,ís ø regular d.istribut,ion, then î¡ø¡¡¡ X ttæ
regul,ør d'istribution d,efined, by the function g for which wt høi)e''''

/þ\
g(x, y) : Íl* * 7, ony,l

\;ã)
where (x, y) eRXRP.
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The first r1le is proved. l,Ve shall prove the second rule for an arbi-
trary i. \\/e have, for: anY I e Ð,,Y,

(n,,7@)lrl, ç): <Ï@)lrl, - Drne):

: (r, - I(o)lD,,el) : (r, - + \ P",lo,,rldY>
ll/'

\*,
r!P

Ia1^ldfr
¡Þ

dI.t
d,x I

,i"

:(o,r, -;, P"nlvJdt):

: (anDT, I(ø)ld) : |ønT@)LDTl, ç)

(For the srgrúfication of P',1v7 arrd of T], See the errd the sectiorr 1).

pRoposrrroN 4. If foy T = Di ue haae yJ@)lTl:0 Íor qto i e

e {7,2, ..., þ} inrt"foi ø1't' d' eIJ.þ' then 7-:0'

\ t,x})at: 1' f,et Ù(*, t'): l(-o)lqxl@, Y)

u'hete g e Ø, is arbitrarYï"'nleo we have

O);iVL)Ú-), ¡S : 1Í1ø¡Vl' Y¡l(-ùlçil) :
:(7, I(a)lv,J?a)lçxll) : (T' 7v' voï@)ll?o) tçxll)) :

: (7, (1n, tiex) > : <', v \ t,x dY> (T' q)

lÈJ'

From (T,9):0 for an1 I eØ" results 1:0'

3. We define for the testing.functions. o1'þ-+ I variables the fol-

tonriog,,iilit" aifieä""ãperator of.order þ"' w}ricl, operator maps these

lunctions in thc tpo..:-ti;gte valiable testing functions :

Lp : Ø,,r(lì'o+t¡ -' ø,(trt)

, 1) - i1(0, 1,..', 1) +..'+1(1, 1,

.., 1) + ... -F 1(1, 1, 1, " ', o, o)l +
-ì- (-1)¿ 1(o' o' ' "' o)
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For the distributions bclonging to øj(R) we d.efine,,the finite dif-
ference operator of order 1r" in the fo11owi11g rlanner :

Ã¡ : oi(Xl) -"o;,.,(R2+1)

(6) í 1T¡LTI, ç) : ( T, Lplçl)
for an1' f = l)í(R) a¡d g e Ør,y(Rr-tr¡.

\tr/e obserr¡e that if / is a regular distribution definecl b)' the locally
r'irteglable function f, then Àr¡¡1 is the regnlar distribution defined by
the inllction

g(x, S,) : Í(x 1, ),,I ... + ),r) - Í(x I ),, ¡- ... + ),t) - Í(x -f
* -h I ... + tp t) )- l@ * !t, * ),a+ ... +y!,) +... + Í(x ï y, l-

t Yz * "' + !¡-") I "' + (-l)r'f (x)

pRoposrl'roN 5. For any T = øl(R) we haae

Ã¡trl : jrlz . . . yul10r, 0r, . . ., 0þ)lDþT1

uhcre 0, e (0, 1), i: l, 2, ..., þ.
Proof:
I.et 1>: 1. In this case we have

A,: Ø",n,(Rr) * o,(R) ; 
^1 

: 1(1) - 1(0) ; Ã,: Oj,(R) -,:1,,u,(R2)
F'or any f € Ø;(R) and g e Ð",r,(lì2), we harre

(Ã,[T], ç): (T, Àr[p]) : (T,, (1,,,, (,f(1) - /(0)) lçl@, y,))):
: (7,, (1r,, -!rD,J(9r)lql@,_?,)) : (T., (1r,, J(0)L-D"yrql(x, yr))) :

- <T, I(0,)l-D"y,e)l) : <T, -DI(O,)ly,çl) : (J/17(01) IDT), ç)
'we obtain 

Ã,.r-Tl: yJpr)LDTI

',vhere 0, e (0, 1).

Now let þ:2. In this case we.have

Àr:O",n(Rtl *Ø"(R), Ar:1(1, 1) - 1(1, 0) - 1(0, 1) + 1(0, 0),

Ãr: øj(R) - D'-,y(Rl)

We observe that for any g € 9D,, ),(R3)

(1(1, 1) - I(0, t))lel : - DI(sr,.I)ly,çl
and

(1(1, 0) _ r(0, 0))tçl : _ Dr(ït, 0)L),,p1

5

: (r,

: (r, ai

la'¡l

P",lv)d!

P.,lq)dY

A¡

Proof:
Tret X e Øy such that

(5) Lp : I(r, r, .

+ t1(0, 0, 1,

., 0)l +
I

I
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I

occur, tvhere 0, = (0, 1). Hence

A,[ç] : - D(I(0,,1) _ I(0,, 0)lysl
Since

(¿(01, 1) - I(0,,0))ly,çl : - DI(A., ïr)ly,y,çl
where 0, = (0, 1), we obtain

A, [p ] : DzI (01, 0r) [yryrql
where 0n e (0, 7); i: l, 2.

rrence 
(Àrr"r, ç): (T,ar[p]) :

: <7, DzI(1r, 1r)ly,yrçl) : (l,yr l10r, 0r)lDrTl, 9)
lor any :f e Ø'"(R) and g = Ø.,r(R).

for 
y we can prove the relation from the proposition S

this ,l; iï,Jf,"",'ïi'îT*"'1îi'iåì.TJåî #í,;,;ïnffi,:ämap s in the space Ø" :

Li: Ø,,h - Ø,

tti: L1-'(J(I) - /(o)) , n > 2, Ll: LL

On the space Øj, we define now the operator

ÁT , øi -, 'J',, n

in the following lnanner

<Ã':lrl, q): ('f , Aîtçl)
for any T = ØL, g e Ø",7, and n > l.

ff T is defined by a locally integrable function /, then

(Ãlt?1, e):(2, tltçlì :\tøl .nl1çlØ,h)ð.y:
ft

: \f {*)lq@ - h, h) - e@, h)ldxd.k : \ LÍ@ -t h) - Í(x)l ç(x, h)dxdk
R¡ ß¡

we conclude that i^g ttris-.case Ãlf"l is the distribution defined bythe function a(x,' h) : Í(x + h) -/(øj.' Genenry,ll f lr -a"ri"àð 
bt tht

function f, t]nen ÃiLrl is the disiribution defined by the function

þ(x' h) :.f(x t nh) - c)Í(x + (n - t)h) + ciÍ(x+(?,-2)h)+. . . +(- t)T@)

PRoposrl.roN 6. For any T = Ø,r, ue høae

Ãitrl : hT@o)lD"Tl
occttrs,uhere0 =(0, 1), n>1.

Proof :

I.et n: 1. For aíy g e Ø,,h, we have

(Âilrl, ç) : <T,lite) - <T, A,lpl) :
r,,\lv@ - h, h) - e@, h)ldh

R,

ð,k> : (T*, (ln, - hçL(x - 0k, h)>>:

: (T., (1t,, J(O)L_ D.hçl)) : (7, I(0)l_ D_hq)) :
: (T, _ D"r(0)lkçl) :InÍ¡o¡lDTl, ç)

hence

where $ e (0, 1)' ']ltrt : nflo¡¡nr,

fn order to apply the proof by induction, we obseJve that
<^ilrl, e) : (T,Aîle¡¡ : (T,Aî-'(.r(1) _ /(0))lpD:

: (Ãi-'l?1, (,r(1) - /(O))lel)
for any T e Ø| and g = ØL,n.

Now, by induction hypothesis we have

(Ãil"l, e) : (tun-r r((" - t)0)lD"-r71, (/(t) _ /(0))lçD :
: (h"-rD"-'., I lqØ - n. - (n-r) 0h,h) - ç(x_(n _ l)0k,k)ld,k>:

B

: (k"-rD"-'a,l - kçL (x - (n-t)gh _ 0k, k)d,h> :

çníiçno¡lD"Tl, ç)
for any T = Ø1, g e Ð*,¡ and. the proposition is proved.

5. Lut be the functional equatiòn

E'o¡r1 : s
where T' e Ø'".

: (7",\- rrrt* - oh, h)
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Using the proposition 5 lvc can write

jû2.., YÃ$r, 02, "', oþ)lDþT) : o

]fence DþT:0, which relation leads to the
pRoposr,l.roN 7. The general solu,tiotø of the fotncliotr,øI equøtíon

Ãn¡r1 : o

iro d,,istríbwlions is a regular distribution defined' by øn ørbitrøry þolynomial
of degree at nt'ost þ - I'

We consider also the functional ecluation

Ãitrl :0
where T e Øn.

Using the proposition 6 lt'e can n'rite

hþî@qLD"T) :0
\,Ve deduce D'T :0 and. we have the /
pROpoSrTroN 8. Tke generøl solution of the functiona'l equation

Ãitrt : o
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in d.istributions 'i,s ø regulør clistribut'ion defined by øn ørbitru'ry þolynomia.I
of degree a.t rlost n - 7.

()orollary 2. The ge'nerø|, sol'ution "f tke Fréclt'et fwnctionøl
equa.tiolx

f(* l- hl !z+'.. * vp) -f@ t jz# !,+ "' + vþ) -'
I y' t j, *'.. * vp-') + ... ¡ (-t)of(x) :0

-f(xl

:n the cløss of the Local,ly integrabl,e functions is an a.rbitrøry þ0|'yroontiøl
of d,egree at tnost þ - l.

C o r o 11 a r y 3. The general' solution "Í the functionøl' eqwalion

l@ + nk) - Ci,l@ -l (n - I)h) +'.. | (-r)"f(x) : 0

in the cløss of tocal,l,y 'integrøble functions is øn ørbilrary þol'ynonoinal' of
d,egree øt rnost n - l.

5 - Môthematica - Revue d'analyse numérique et de théorie de I'approximation, tome 11, nr. l-2ifg8?


