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l. Introduetion

In the theories of the dynamical behavior of continua, theLe are
several \Mays of describing the dissipative effects. 'I'he oldest way emploied
a viscous ,stress, as is done in the theory of Navicr-Stokes fluids. rt is
undoubted the fact that, this theor¡' is appropriate for the mechanical
behavior of many real fluids.

Ifowever, the experiments (see for cxample lll g116 or l2l $1) have
shown that it is not suÍficient to predict all the phenomena which may
be observed. In order to remove this inconvenience, many researchers
have proposed and studied various concepts of a fluid, each more general
than its predecesors: One of the most general of thern, is that of a simple
fluid tll S32, l2l, 57, [3] II 94.14 and so o11.

The aim of this rilork, is to present a general study of the accelera-
tion waves, propagating through a such fluid. As a simple fluid is a special
case of a simple material, some of our results could be obtained by specia-
lizing of those from l4], but we have found that for fluids it is easier
and more instructiv to start again from first principles. fn section 2 we
give the basic equations and the smooth assumptions upon the constitu-
tive functionals. In the sequel it rvas presented different aspects with
respect to singular. sutfaces, compatibility conditions ancl acceleration
\¡/aves. The last two sections are devoted to the study of acceleration
waves propagation in simple fiuids.
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2. Basic equatrios antl smootìr assumptions

The constitutive equation of a simple fluid, as it was <leduced irr

$32 is

r:-P(p)l +ftG$);p)
s:0
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space I/ and. it is continuously Fréchet-ditJerentiable throughout this
domain. As functions of p, 7(. and þ are also assumed to be continuous
c1íff erentiable.

Finally, for later use, we give belor,v the forms of the balance laws
(conservation of mass and balance of rnomentum)

(2.6) þ+p div i:p-l-p tr D:Q
and

(27) divT+pb:p;, T:Tr

where n : L (L + L,) is called stretching tensor tll 524, L : grad ï
2'

and b is the body force.

3. Singular surfaees ur.í .n*putibility eonditions

I,et ) be a moving regulal surface whose equation in the Cartesian
coordinate sistem ø,,, is
(3.1) l(", Ð :0

Its normal velocity U,,is defined by [5] the relation (177.6) or [6]
Ch. XII the relation 3, where the term of displacement velocity is used)

(3.2) U
as

lgrad 2ln
At

where

(3.3) 'v1 :grad )/lgrad Xl

is the unit normal. The magnitude of the norrnal velocity

(3 4) Un:Un'n lgrad Ð 
|

at
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where 7' is the stress tensor, G('): ¡iú',')rFt(') - 1 with Fr(s) : F.(t - s)t).the

h"dty;fit" i"totl." deformatión gradient,'p is the density, þ .is a.hy.qo.-

;;ii;'";;r*re, X. is the unit tensoî and. il is a response functional which

must iatisfy the isotropy relation

(2.2) Aft^ççl; p)Qr:ft'^Qc(')Q';P)
s:0 s:0

iilentically in G, p and the orthogonal tensor Ç'

some special classes of simple fluids are those of integral type'z) [ ]
$7. ïh;- cónstitutivà equation of the fluids of the integral tvpe of the

riii ãø"t is (for its fiiding it was used (2'2) too)

ô0

t1l

(2.r)

(2.4)

and

(2.5)

I

I

I

I

(2.3) r - - P(P) f À(p, t) tr G(s)ds 1, pr,(p, s)G(s)ds

óT: - P\ + mG@)
s:0

j +

where À an<l p are material scalar functions'

If the fluid is incompressibles), the equations (2.1) and (2.3) must

be replied by

I

In the next, we shall need of some smoothness hypothesis on the

"oortit-oti-r" 
functional l( anð. on the function 1, Such we sha1l assume

th"t l{ i"s for its ãå-oi" of definition an open subset Ð of a normed

r It will be undersfoocl that p auil T ate fuflcbions of the patticle ø ancl time t and F (s)

cleoencl also o1 Y'"'""";'i;";r;;iutitoti.r" equations have been obtained as,asymptotic approximations of those

of simPle fluids.
slnthiscase,thedensitypataparticlecannot,depenclontime,anclhenceitcanbe

omitecl in the constitutive equation'

is just the rate of advance of the surface, as seen by an observer at
rest. The quantity (see [5] the relation (183.5) or l7l the relation (4.11))

(3.5) U : Un - * ' n
which is a measure of the normal speed of the surface ) with respect
to the material particles that are instantaneously situated upon it, will
be called local speed of propagation.

Let ú(r, t) be now a continuous and differentiable function of ø
and t on each side of the moving srlrface X. Its jut"p [Û] across ) is
defined by
(3.6) [,],] : ù* - ,þ-

where { + and. {- are the limiting values of {., on the two sides of this
surface.

ó

r--- Plf !P(
0
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DEFTNTTToN 3.1. A sirtgular. sltlÍøce with resþect to the function þ i,s
defined. as q.: surÍece ãcross ahick iül * O.

If the function {., is continuous acfoss X, but its partial d.erivatives
þ,¡, are discontinuous, then the follolving geometrical õnditions of com-
patibilitya) tBl II 52)

(3.7) lü,rl : lnhþ,elno

are true.

-^_ th. ^qorresponding kinematical condition has also the special form
[B] n s3)

(3.8) [+l: -U,frthþrlI a¿l

DErirNrTroN 3.2. A singulør surface' Z for wkich lù] : 0 ønd. at least
one of its þørtiat d.eriaatiaes ,þ,¡, or ! i, dirrontinuous, ui,tl be said. to be

At
singular of ord,er one, relatiae to the function þ.

In the following we shall retain our attention upon singular surfaces
of second order,

4. .tceelcralion waves

I,et us now consider a rnotion, whose velocity field is
(4.1) *:*(x, t)

DEFrNrrroN 4.1. A surface 2 is called, øn øcceleration uøue or a. second,
order uaae uitk resþect to our motion, if :

a) x is a. continuous function of x and. t jointly for alt x ønd. t.
b) iì a.nd grað' * ha.ue jumþ d,i,scontinuities across 2 but nre continuows

in' x ønd, t jointly eueryukere- else.

. g) tke function t -> G(*.,') høs -.uølues in H and, is continuously d.if-
ferentia.ble uitk resþect to its norms).

For an acceleration wave the following geometrical and kinematical
conditions of compatibility (l5l 9190 or t8l-55,6)
(4.2) lxh,ijl : øhn¿n¡, a.þ : fn¿nixh, ijl
and

(4.3) ' ti¿hl:(Jzøh
can be easy obtained from (3.7) and (3.8).

{ In [5] $ 175 it is given as Maxwell's theorem.
, u M!t9 pr.ecisely, G(r,.) is a smooth function of I r,vith respect tothe ¡/-norm tgl S 5. A

such condition limits the wilclness of the past history of a point.

,
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DEFTNTTToN 4.2' Tlte uector d,, uhose comþonents øre g,iaen by $.2)will be cølled, the ømþIitude of tke wøae.

DÐFrNrTroN 4.3. An øccelerøtion wøae for whi,ch

(4.4) eXn:Tor a.n:e
is called, ø longitud,inøl or trønsaersal one.

rn terms of ø we can easy write the next two useful kinematical
conditions of compatibility
(4.5) lLl:-ua@n
and

(4.6) lDl : - i øØ n + nØ a), ltr Dl : - IJ ø . n

Other the possible discontinuities in the derivatives
will result 2.7).-Such conditions will be called dynamicaiconditions . In the assumption that the body fórce is acontinuous and t, they are

(4.7) töl + pltr Dl : e

and

5

(4.8) fdiv 
"j 

: pff ]
Now, by combining (4.3), (4.8) and a simple consequence of (3.g)

I/ fdiv rl : - lTln(4.e)

we attain to

(4.10) lTlnipUsø:0
5. The veloeity and ttrre amplitude of aeceleration waves

rn order to characterize the two specific sizes of acceleratiou waves,let us firstly derive (2.1) with respect to ttt

(s.r) T : -,f t + ao iloQ!') ; p)p + snr/(G(Ð ; p/G(E)

This relation, together with ([10] the relation U.3.15)J

c(') : - *G(') - LrG(s) -c(s)z -Lr -B
I IIere, the notation ,,/" is meant to inJicate the lineat depentlence of the functiona

p6ff with respect to its last argument.
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(4.5), (4.6)r, (4.7) and the definition (4'1) lead to

(5.2) [î]:ru[--#t*ao"i1ci'¡ ; r)]
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If this tensor will be simmetric, i'e' if
nØn G(') : G(') n@n

then its characteristic equation

lQ@)-uzll:g
will have only real roots.

Rema.rh 5.3. If the fluid. is perfect then the corresponding acoustic

tensor

(5.5) Q@) :1" * "
has only one real eigenvalue u' : ? and \

" dp

(5.6) ":lH
is just the acoustic propagation speed i6l Tfi the relation 32)'

Furthermor", i;.ã;"iLãi-ã"¿ tS Sl i," i;"¿ known result [6] II SB

(5.7) a'Xn:o
i.e., an acceleration wavc in_ a. perfect fluid. is necessary longitudinal'

Remørh S.¿. fitne fluid is inãompressibil p is a^constant, such that

A@)-;'í;i" tåf." ,mpfifi"d fot-r, In tËe liniar case, for example
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[;å S [ 'r-

ø,n,+

+ 2U8G 1(G(s) ; p/C(s)) ø Ø n

where C(s) : G(s) + 1(s) with 1(s) : I for each 5 e [0, oo)'

Now, introducing (5.2) in (4.10) it obtain

THEOREM 4.1. The ømþI'itud.e a an,d the aelocity u' o.f an accelerøtion

uaue traael,ing in the direition n of a sin'rþle flu,id of the tyþe (2.1), mttst

obey the þroþøgøtion condition
(5.3) Q(n)a : u2ø

uker e

Q,¡@) : I 
n,no - 0o ñ*(G(r) ; p) ttrhi -

- 1un,*fu,r Gþ); plc"¡(s))n^nr

are the components of the instantaneous acoustic tensor t4] $2'

Remarh 5.1. The relation (5.3) tell us that any real right_.proper vector
a of. Q@) is a possible amplitude vector if its correspoTdìng eigenvalue
is real"'rita positive. GeneräL|y, Q@) have not real positive eigenvalues

and than real proper vectors.
Following [t]-SZt we can conclude that if

V .Q(n)a > 0

for ar,y unit vector V, than in a given direction n, there is at least one

real amplitude with positive velocity.
Furthermote, if ø ís a such real amplitude, then

U,: (a .Q(n)a)la

where ø is the norm of the vectoru a.

Remørh 5.2. For fluids of integral type of the first order, the acoustic
tensor Q@) takes the simplified form

æ1

(5.4) Q@) : ll#\âor(p, 
s) trG(')d'] t -

0

?^ , ^,,.ì æ

- )oov(p, 
s) G(s)ds]r"* " - :J r,(e, Ð C(s)ds -

0o-

-nØn [ [zr(p, s) * p(p, s)] C(s)ds
?)

Q@):-!W.nl+n@n'f
P

¡.,(s) C(s)ds

æ

(5.8)

(5.e)

Generally, from (4'6), anð. (4'7) it results

A" n':O
i.e., in incompressible simple fluids only transversal acceleration waves

are possible.

6. Homothermal aceeleration waves

In this section we shall allow the stress to be affected not only by

the history of the stï"i", ¡"t also the histories of thermodynamic vatía-

t-l"r. 5;;d, i" "i"* ot irò1 $1.3' we can write ? under the form

(6.1) r - -P(p)l * ft.(,r'þ); 0, P)
s:0

where ,fÚ: (G,,0',,F') is the past history of l', 0 is the temperature'

E : F'g and g: grad' 0.
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The liniarized form of (6.1) t10l gl.S.) is From (6.5), (4.5), (4.6), and (4.7) it result that for a homothermal
wave

@

T- - P(p)lJ- v(p, 0)0 f v'(p, s)0,(s)ds f [r] : p"[ oolo* ur,ä (,t,(r) ' u, o)1 ø .n +
(6.2)

0

o æ
æ (6.6) ¡ 2ut.1 (,1,(s) ; 0, plC(s))ø Ø n I+ f À(p, r) tr G(s)ds t+ I r-¡(p, s) G(s)ds s:0

0 0

+ "[1,,ä (,1,(r) ; o, pløg 
"e-,(t)]

This last relation together with (4.10) lead to
THEoREM 6.1. ucle nd, the aelocity u of ø homotkevmøl'

øcceleration aøae, tke n of a simþle fluid. of ltke tyÞe
(6.7) must obey t on c

(6.7) Q*@)a : 112q,

where

Qi¡ çn¡ : ?rn,n, - ôo,#.ro(,t,(s) ; o, p)nr% -
9ûlEe¡*,ffiin(,1,(s) ; 0, plC¡¡(s))n*%r -

- | u,,årr(,r,(s) ; o, el1l, þ))n,nr

are 
^the _compo¡ents of instantaneous acoustic tensor corresponding to

p, 0 ancl ,f,(.).
Remørh, 6.1. In the case of the linearized theory when ? is given -

by (6.2), this tensor has the simplífied form

The smooth assumplions upon the functio nal 7(, are an easy extensionof those of the s""onã sectioï and we shall suppãr"-In"- to be tacitsatisfied.
DÞFrNrTroN 6.1., A s'lngulør gurføce e uith resþecr to ø motion, chøracteri-

',t"( by the field's *(x, t) "and, oçí, t¡, aiil, be âalred. øn øccer.erøtion waueïJ:

. a) * ønd 0 ave conti'n'wo'rs functions of x ønd. t jointr,y for øil, x and,t.

It'nuous in x and t jointly eueiywhere else.

.. c) for e.qqk *, tlt? function I -,lt(x, .) h*s uø.lues in H ønd. is con_t'inuously differentiøble' aitbt, resþect' to' iis korrn.
DEFrNrrroN 6.2. An øccelerøtion wøue for ahich

(6.5)..r,$ : tOl : 0, fgrad 0] : e

uill, be called, a homotkertnal aøaet) 111] Sg.
Now, derivating,T.from 

-(6.r) and takirg into account the precedentrelation of (5.2) añd [10] tÈc lelatián 1r elS¡r¡

(6.4) s'(s,): - fte,ttl - ¿rg,(s)

we attain to

T- - fl& + ao.ä 1,t,ir¡; 0, p)ä + au"ä Lr,ls¡; 0, p)0 -
(6.5) - t" 

"î 
(,f,(s) ; 0, elLrc(s) f c(s)z) - s, ä (,f,(s); 0, elLr!(s)) _s:0

- ¡r"ä (,t,(s); o, p 
I *,r'U,

N

Il

æ

Q*(n) : Q(n) - Oäov(p, 0) f âou'(p, s) 0'(s)ds nØn
0

rt is a well known fact that an acceleration ryave ln a clefinite conductor of heat ishomothermal t4l S 6.

while, for incompressible fluids

Qx(n) : Q@)

Obviously, in each case Q*(n) is simmetric íf and only if Q@) do
so,
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SUR QUELQUES OPERATEURS LINÉEMNS OBTENUS
"- 

aï,EIDE DES FORMULES DE QUADRATURE
pal

I. GAVREA

(Cluj-NaPoca)

Calctlra cte ùI atetnalicã
I r¿stit utul P ot' i teh¡t i c,,G hc or ghe A s aclt'i" I a ;i

Cated¡,a de Nlecanicà, teoYelictí

Inslilututr Potitehnic,,Gheorghe Asaohi" IaSi

aliser une méthod'e d'e r,' r'urns [{l
ãï-p"tititt à l'aide des formules de

áes fonctions continues sur.le segment

a.sié ; I P' le PolYnôme de Lesendre

l, P'(1) : 1'

Considérons les Points

(1) 0 ( øo' 1%ø< "'
etlaformuledequadratured,utypeinterpolatoire

l-n

(2) \r<*la* 
: 

!;t',^f 
{x'") + R(/)

oÌr/eC[0, 1]'

(3) Ai*:# l(t¡\ d,x, i : o, l, .,, n,
1l-frn

el t(x): (x - xo*)Ø - x,,) "'(x - x"")'

on sa.it que le d"grJ'ã,"*"ciitude d.e la formule de quadrature (2) est

au moins Ø.

Définitionl.Ond'itquela'for.mu\e(2)estuneformuledequøilrø-
trrr"ou"*- ioi¡i'l,c'i,tnts þositiÍs si Ãin > 0' i : 0' 1' " " n'


