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Tet X be a real Fréchet space with a quasinorm induced bLv an
invariant distance d i.e. ||x|] = d(x, 0) (sec e.g [4, p. 14]) and P: X —
— X a continuous mapping. We shall note by [«’, &”; PJand [+, %",
x"""; P] the symmetrical divided difference of the first, respectively the
second order of the mapping P in the points &/, x”, 2" e X. Tet’s

consider the equation

(1) Plx) =x — ®(x) = 0.
If we have the sequence (#,) in X, then the sequence (w,) is defined by
#, = ®(x,), and I, = [, u,; P]™' the inverse of the linear mapping

[x,, u,; PJ, if it exists. There exist the results concerning the existence
of the solution of the equation (1) in Banach spaces [1], as the limit
of the sequence given by

(2) Xop1 = %, — I, [P(x,) + P(x, — I',P(x,))], #=0,1,2, ...

The purpose of this paper is to generalize these results for the case of the

Fréchet spaces. =
Remark. In this paper we use the quasinorm of the linear mappings

L having Liepschitz-property i.e. there exists M > 0 so that for every

x < X, L) < M|
and
IL|| = inf {M > 0: [|L(x)|| < M||x|] for every x = X},

THEOREM. We suppose that there is a point x, € X and the numbers
By, dy, K and M so that: '

(1) there exists Ty = [x,, ue; P17 and ||Ty|| < By;

(@) NIl - [IP(xo)ll = [ITol] - (129 — ©(xo)l] < Byll¥e — to]] < dy;
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. (g1) sup { ||« x5 @] ¥, xS} < M and
sup { ||[#", %1} 2% yR I ¥, %) %" e Sy K;
(@) Bol(|P(xo)ll 4 IP(a)ll) < do(1 4 BolMdg) = 10

where yo = %o — L'oP (%) ;
4
() ho = BoK(1 4 M)ny < =
_ 5
where S = {x € X llx — x| <7}, 7 = 710(2 "}"5)'
0

In these conditions there exists the sequence (x,) defined by (2) having
the following properties
() «* =lim x,, x* & S exists and x* is a solution of equation (1);

(77) the ¢CZp°3d1‘z3; of the convergence of the sequence (x,) to the solution
x* of the (1) is given by

n 9 (5" (51 gn—1
e, — 24l < (2] (G e e =12

Remark. The radins of S and the numerical estimation in inequality
(jf) arc not optimal but they are chosen for the convenience of calcula-
tion:

Proof. We consider the mapping

F: X —X, F(x) = x — T,P(x).

We have
F (@ W= Floe) ==y i lvly 126t 10 Y=l i— T [l 4 P
and
[x) %7 &7 F] = LT,[x, ', 2'"; P}
therefore
[xy, #o; F]=1—Ty[x, uy; P =10
and

(%o, %oy Vo; Il = — To[%, %o, Yo AL

where I is the identity mapping of X. According to the definition of the
divided differences [2] we obtain

(%o, %o Yo Fl(yo — %) (yo — %o) = —LoP(y,)
We have thus Ply,) = [%o 20 Yo; Plyo— xo)(y, — o) Wich by

y : d,
lyo—xoll =IITaP(xa)l] < do < no<, 18— %ol =IIP(x)ll < F2< 22 <7
_ Al
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that means y,, %, < S and

(3) < NPyl < Kllys — xoll - llyy — 2]l
Further we have

Yo — o = [oPug) = Dolxo, ug; @Y (xg — u,),

from which using ||x, — %] < %ﬂ we obtain
- 0

4) [lvo — uoll < Md,.
From (3) we get
©) I1P(yo)ll < d§ KM.

By (i) and (2) we can construct the point x,, thus u; = ®(x,) too. We
check the co11d1t10ns.(z)—(v) for the point w, with analogous numbers
B,, d,, K and M. Using (2) by (7), (i) and (5) it rezults:

(6) |2, — %ol] < [IToP(x0)l] + T P(yo)|l < Mo <7,

which means that x; € S.
Considering that x, € S we obtain

@) g — woll = [ D(w1) — P(xo)l] = [[[21, %5 P2 — #0)|| <
< MHxl — xo” < M'I]O.

According to the definition of the divided differences we have

P(x1) = [%0, Yo %o P](yo = WO)FOP( 0) -+ [Xl, Xor» Yo P](xl =

— %o){#1 — o).

Using (4), (5), (6) and the equality x, =y, — I';P(y,) we obtain
: B K* X
8 g =2—- AV} Mo
®) 1PCalll < B2 (1 g e, = B gy < 2

From (8) it rezults s

0

|20 — ]| = ||% — @(x)|| = ||%s — % + P(x))]| < 7]0(1 + L) )

therefore u, € S.
Using the condition (iii), (6) and (7) we may write :

9) NTo([%0 #o; Pl — [%1, #1; P < Ty([x9, #e; P —
— [%y, wo; PO 4 ITo(lxy, o5 P — [x1, #; PJ)|| <
< BoK(no + neM) = BJK(M + 1)q, = by < L.
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Because
{Tolxy, #y; PIt = {I — Do([xy, #o; P]— [xy, w5 PP}
from (9) it rezults the existence of the mapping
{Toly, uy; P,
and the inequality

1
1 — kg

{Lolxy, uy; P <

Using further the equality
{Fo (%, #; P]}_IFO =1
we obtain

By
1 — hy

(10) ISV = By,

which means that (¢) is satisfied for the points x, and #; with the number
B,. By (8) and (10) we have

R

IR 11 Pl < T2

No = dy.

Thus the hypothesis (¢2) for x, is verified with the number d4,. From the
existence of the mapping I’y = [x,, #,; P] ! it rezults that we can cons-
truct x,. If vy, = %y — I'; P(x,), then y, € S, because

Hyr — #%oll < Ny — 2l + 1% — 2xol] < HTLP(x)] + Mo <

h2 61
< 0 1 <h—= 7.
(1—h0+ )7]0 45'f]0<

Making the same reasoning we used for obtaining P(y,) we get
I POl < Bydi KM,
whence using (8) it results
|l — 2l < By(llP(#)]] + [1Py)l) < dofl + BidiKM) =

which means that (i) is satisfied for the points x; with the numbers B,
d,, K, M and the following relations are true:

il h2 1 (17\2
e
M1 7 —ho( + 1 — he Mo 513 0 Mo Mo

We have
[l _‘x0|| < 2y — %] A+ N2 — Xl < m+ Mo <7,
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and
BO

b= BuK(M A 1)y = —=— K(M + 1) dy(1 + By, KM) <

]

So the numbers By, d;, K and M verify the conditions (#)—(v). By induc-~
tion we can prove the following relations :

B — B
l—hn—l ’

h2
d i k= ' &
1— h,,_l YJn 1>

0, = d,(1 + B,d,KM);
hn e Bn—lK(M + l)nn—l

and

xn’ 7't’ll’ .‘yﬂ = S

for all pozitive integers. From the former inequalities we obtain

11 ho< 25 (51, )31,
( ) 111 51 l25 hO
and

5 n 51 ‘,ﬂ_l
(12) .Y]n < (5) (2_5 h’O)i 7)0'

Using the inequality ||x,,; — #,|| < %,, and the relation (12) we obtain

] 51\" (51 n—1 -
(13) ”xﬂ’l'l'? - xn” < Y)n + 7]?;4»1 + . .l . ’+‘ y)n-{—p—l < (3) (2_5 h())? 7]0‘

The space X being complete it rezults the existence of the limit of the
scquence  (x,), and lim %, = x* < §. For p —»oo, the inequality 13)

#—00

gives the rapidity of the convergence of the sequence (x,).
We shal prove that the point x* is the solution of the equation (1).
By the incquality

dy

»
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6
using the relation B, > B, for all w =1, 2,3, ... and the formula of
d,, it rezults .

. , 9: 9.
4 P € — Ny n-—1-
(14 1P < e B s
The inequality (14), using (11) and (12) gives
Hm || P(x )| = || P(x*)]| = O thus P(x*) = 0.

REFERENCES

1] Baldzs, M., On a Method of Thivd Ovder, Studia Univ. Babeg-Bolyai, Mathematica,
XXV, 1, 1980, 54—59.
2] Balazs, M., Goldner, G., Diferente divizate in spatis Bamach si wnele aplicafii ale
lor, Studii g¢i Cercet. Mat., 7, 21, 1969, 985 —996.
[3] Bosarge, M. E. and Falb, P. Y., A Multipoini Method of Thivd Order, Houston
Scientific Center IBM Publication, No. 320.2350, Octobre, 1968.
[4] Rolewicz, S., Meic Lineav Spaces, PWN, Warszava, 1972,
Received 12.X.1982, y
Universitatea Babes-Bolyai
Facultatea de maiewmaticd
Str. Kogdlniceanun 1
3400 Cluj-Napoca



