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I,et X be a real Fréchet space with a quasinorm induced b)' nrt
irrvariant distance d. i.e. llxll: d.(x, 0) (sec e.g 14, p. l4l) and P: X +
-"X a continuous mapping. 'We shall note by lx', x"; pl and l-1 , x,',
x"' ; Pl the symmetrical divided difference of the first, respectivèly the
second order of the mapping P in the points x', %", x'' = X.-I,.t's
considcr th.e equatíon

(l) P(x):x-@(x):Q.
ff we_have the_secluence (ø,,) in X, then thc sequence (u,,) is tlefinecl by
?": @(rù,- q+q f" .: 1x,,, ,u,,; Pl-r thc inversõ of the Íinear rnapping
1x,,, ,!,tn; P],.if it exists. There exist the rcsults coucer-ning the exis:r"ôncõ
of the solution of the equation (1) in Banach spaces [l], as the limit
of the sequence given by

(2) xt*l: xn-'lnlP(r,,) * P(x,,- l,P(x,))f, n-0, 1,2,
Thc purpose of this paper is to generalize thcse results for the case of the.
Fréchet spaces.

Remarl¿. rn this paper we rlse the quasinorm of the lincar mappings
L having r'iepschitz-property i.e. therc-exists M > 0 so that for-ôveiy

and 
xe x, llt(x)ll a a[llxll

ll¿ll : inf {M s 0: llL(x)ll < Mllxll lor every x e X\.
THEoREM. We suþþose tltqt tløere is a þoi,nt xoe X øu,d the numbers

Bo, dr, K ønd, M so tkat:
(i) there exists lo: lxo, uo; Pl-t an,cl llloll ( Boi
(rl);lll0ll .llP(r.)ll : llroll . llrn - o(ru)ll ( r:o¡lio- u,ll ( do;



(¿ii) stlp{ lllx', x"; Olll: x', x" = 5-} < M and'

sup{ lllx', x", x"';.Pfll" x', x"' 1¡;"'e $} 31(;

('iu) Bol(llP(ø.)ll * IIP(v')ll) < d'(1 + BoKMdo) :'¡o'

zøh,ere yo - ivo loP(xo) ;

(r) ho: B,)l((1+ Y)tl, < -Í '

zahere S : {x e X : ltY- troll < r\, r : rr('n'l,)
In, th,ese cond.ilions thcre exists tlte sequence (x,,) defin'ed by (2) høaing

the fottouing þroþerties :' " úl *' -:,:: x,,, xÅ' e S exists and' xt' is cL sol'ution of equøtion (1) ;

(ii) ttte i:r,plal4, of thc c|rtucrgence of, the sequelxce (x,,) to tke solut'ion

x'' oÍ'lhe (1) is giucn bY

|x,, - f,,ll < ; {+)'(} ,,)'''-'r., n, : r, 2, ' . '

Ur)
tion

Rent,øy/t..,Ihc radins of 5= and ttre numerical cstimation in ineclrality

;;; ,ì"1 optimal but 1ìr"y ãt" .ttot"tt for thc convenie'ce of calctLla-

Prctof . We cotrsiclcr th.e mappiug

þ-'. X n X, F(x) : x - loP(r)'
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that means !s, lt6 e 5- and

(3) llP(y.)ll < /(llyo - *oll ' llyo - Ltoll.

Further we have

!o - xto: loP(uo) : fo[ro, wo', @](xo - uo),

from which using ll*o - uoil * *,.,ve obtain

(4) llYo - woll 4 Md,
From (3) we get

(5) llP(Yo)ll < dß KM.

BV (i) and (2) we can construct the point rr, thns q: @(xt) too. We
checÈ' the conditions (ø)- (u) for the point ø. with analogous numbers
81, dy, K and" M. IJsing (2) bv Ø, Uù and (5) it rezults:

(6) llxr- øoll ( llloP(øo)ll+ llf'P(y')ll <^401r,
which means tl::Lt xt e S. -Considering that x' e s we obtain

(7) llur- uoll: llO(ø') - O("')ll : lllx,, xo; @l(x, - ro)ll (
4 Mll*, - xoll 4 MTo.

According to the definition of thc divided differences we have

P(*r): l%r, !0, woi Pl(lo- wo)loP(yo) f [øt, xo, !o; P](xt-

- xo)@' - !ò.
Using (4), (5), (6) and the ecluality xt: lo - luP(yo) we obtain

(B) llP(x,)|, * uö# (r * M),no: f ,,. ä
From (B) ít rezults

therefore %t e S.
Using the condition (iii), (6) and (7) we may rvrite :

(9) llfo([ø,, øt'o; Pf - lx', u'; P])ll < lo(l%o, xrr; Pl -
- lxr., u,o; P))ll * l]fo([rt, uo] Pl- lxr, ur; Pl)ll <

( BoK(Io + rtoM) : B,K(M * 1)r¡o : ho < l.
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We have

lì(xo) : F(wu) :1,u, lx', x" ; F):1- folx', x"; Pf

ancl

lx', x", x"' ,Iìf - -lolx', x", x"'; P)

therefol e

lxo, ot'o; Fl :1- fulxo' uo; P):0
ancl

lx¡, 'tto, !0, F) - - lo lxo, t'r',, lol Pl,

where 1 is the iclcntity mapping of X. According to the definition of the

divided differences [2] we obtain

lxs, xto, yo; Fl(!o - xo)(!u - ot'o) : -f oPþo)'
'We have thus P(yr): lxo, u'0, yo; P)(!o- xo)(t, - øo) wich by

llyo-øoll:llloP(øo)ll< do( 4e(r, lluo-xoll:¡lP(øs)ll < &< 
BI< 

/'

xo -,th : xo - Q(xt) xo - xt I P(xr) <,1,(r +rra),
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Because

{fo[ør, tt,r; P]]-t: {1 - lo([ro, uoi Pl - f_xr, qi P])]-L
from (9) it rczults thc cxisterrce of the mapping

{fo[rr, uri Pl]-l,
and. the inequality

{lo[rr, ur;P)]-' <-+'
l-lto

Using further the equality

{fu[ør, q; P)]-rlo: lr
we obtain

(ro) llf,lt < :": Bt,

whiclr mcalls that ('i) is satisfied for the points x, and u, with the number
Br. By (B) and (10) we have

llf,ll ' ll P(x,.|l < - 
i1- ro: dt.

l-k¡

1'htrs the hypothcsis (ii) 'iot x, is verificd with the number dr. From the
existence of thc mapping l, : [rr, uL; Pf-r it rezults that we can cons-
truct xr. I1 y,: x, - lrP(x,), then -1 = 5=, because

lly,- øoll ( lly. - x,ll|_llx,- øoll ( lll,P(r,)ll *r¡u (
.(3"*t) ,,*frro."'

I\{aking the sarnc rcasoning we used for obtainin1 P(yo) we get

llf,ll . llP(y,)ll < BJï I{M,
whence using (8) it results

llx,- ø'll ( B,(llP(x,)ll + llP(y,)ll) < d'(1 + BLdtKM) :'rr,
wlrich lne¿rns that (ia) is satisfied for the points ø, with the numbets Br,
dr, K, AI a¡d the follor,ving relations are true:

^n':: 
,u¡, 

+ ¡L_ ,,t)r. * * (i)' ,tïo ( ro.

We have

llxr- øoll ( llx"- xrllJ.ll*'- øoll ( rn*no1r,
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and

h: B|I((M -F 1)r¡, : : urqM + t) dLl + BJJTM) <

* 
{ff)' 

ko t ho. 
å

so tlre n'r'bers Br. dr, K and. M vefiy the co'ditions (l)-(r). Ily i'duc-tlon wc can provc the following relations :

D Bn-t
Dn--

| - hn-,

, hI _a ._ _\u_r,
| - h,-,

\, : d,(l 1- B"d,t{M);

h,: Bn_tK(M + 1)I,_,
and

xt, ,uu, Jn € s

for all pozitive integers. F'iorn the former inequalities we obtair,

(11) ' '2st5t
'' 

* ;, [,5 
")'"and
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(12) L
25

I
I )'(

Sr¡-II,< ho ïo

Using the inequality llx,*, - x,,ll ( q,,, and the relation (12) wc obtain

(13) llx,t-¡-.t,,ll ( yln*I,+r+.,.r¡ ' -15\ fsl " ì3"-rI Tutþ-t. I nJ llun,)'40.
'l'lrc space x being complete it reztTts thc existence of thc lirnit of the
scçltlci1cc (x,), and litr x,, : 7,x = $. For 1 1> oo, the incc¡ra1it5' \13)
gives the rapidity oí*ti" convcrgence of the sequence (ø").

Wc.shal provc that tlie point :rx is thc solntiou of the equation (1).
By the incquality

llp(x,)ll E &,
lln
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using the relatioll B,, ) Bo for all n: l, 2, 3, " ' and the formula of

d,,, ít rezaTLs

(14) ilP(r,)ll = å k?,;!,-r.

Thc inequality (14), using (11) and (i2) gives

lirn llP(x,)ll : llP("*)ll :0 thus P(ø't) :0'
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In thi:; paper, wc show that the Ifirschrnan-widder and I,eviatan
()Dcrators 1)iesefve th,:'non-concavity with respect to the I'chebycheff

Srllu:tltn (Il rd,), d, 2 | on the closed. interval [0' 1]'

This property completes the results obtained by D' I'eviatan in [2]'
t3l ;d bv iu"iátto r,upaç in her Dissertation [4]'

I,et us consid.er a ftrnction w e C[0, 1] such that u(x) > 0 for all

a e (0, 1) and l,:t be tl(x) : 
$ 

zø(s) ds.

The functions 1, u lorm oo T"lt"by"heff System on [0' 1]'
Assume that g iá trvice continuousiy clifferentiable on the ope[ inter-

val (0, 1).
If, rnoreovef , Ip) has a coutinuous derivativc on thc open interv_af

(0, 1), wc may defirre the Îol1owil1g opcrators :

e(x) - (D,s)ø) : frs@) ae (0, 1)

e(x) -,(D,e)ø): L# ve (0, L)

g(x) * (E,e)Ø) : (DzDß)(x) a e (0, 1)

LÞMMA r. If (E,g)(ø) I 0 for !!! x = (9, \), Ü:y .g is non-concøue

utit,h resþect to tke Tchlbycheff System__Oi"í" o" ìõ, ji. fnit lËmma js 
1 gartS

cular case of Theoräí.t, ói"pt"r Xfì g Z itt tit" S. Karlin and W' I' Stucl-

den's book [ ].


