
(33)
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où o est l'unique ¡acine positive de l'équation

(29) t"t-t - &¡t_ttn - a.il ttr-r - azt - &t: 0.

Si on suppose que pour un s fixé s > 2 nous avons

(30) p,+" ( d'+',
alors de (27), (28) et (29) il résulte immédiatement que

(31) pz*s*1 { flou¡1t"+o , d'ønan+u-t do''"*' d,o'^" :

: ¿on+t^n+u 
+ nr,'"nu + " + az o¡-l-1 * 4, o' : ,.tn*'n'

et par induction i1 résulte que

.(32) pn4d^",n:1,2,...
La solution or de l'équation (29) s'appelle l'ordre de convergence de la
méthode itérative (2-3). On a

MATHEMATICÀ _ REVUE D'ANAI]YSE NUMÞRIQUÞ
ÐT DE THÉORIE DE I]"6.PPROXIMATION

L'AIIA.LYSE NUMÉRIQIJE ET LA TTIÉORIE DE L'A.PPROXIMATION
Tome 12, No 1, 1983, pp. B9-96

ON THE LINEARIZATION TECHNIQUE FOR
QUASIMONOTONIC OPTIMIZATION PROBIÆMS

by

$îEFAN TTGA.N
(Cluj-Napoca)

1. Introduction

We consider the maximizaLion problem of a cluasimonotonic functioq
f:D -R on a closedset D cR". For solvingthisproblem a linearizaLíon
technique consisting in the successively (exactly or approximatively) se_
lution of certain optimization problems with the sagre feasible set D
and with linear objective functions is used.

Tlris linearization technique was employed. by several authors for
solving certain optimization problems with linear constraints atð. a quasi-
monotonic objective function such as: KUcHER B.M. lg], TrcaN s. [13],
[4], nuerr s. K. t3] (in the case of linear constraints), BEcroR c.R.,
Jor,rrr¿ p. L. [l], lrcew s. [14] (for integer linear constraints), lÐcron c.
R., BHATT S.K. [2] (for interval linear constraints).

rn this paper su-fficient conditions for the convergence (finite or in-
finite) of this linearization method for quasimonotonic optimization prob-
lems are given. we will show that this method. can be applied to solve
certain quasimonotonic optimization problems on the graphs, when, for
instance, the set D consists of all the spanning trees or of all the ele-
mentary paths between two fixed vertices. rn particular, when the objec-
tive function is a fractional one the Tinearization technique is equivalent
to some known algorithms for fractional optimization in graphs (see l4],
15l, 17l, i11l).

lx - u,,l 4 d,t'rØ:1r2r,,,,

vp

d'où il résulte que lirn ün: Ì.
on. remarque que l'å?är" d.e co'v^ergence des méthodes (r3) dépend de la
racine positive o de l'équation (29).-

En tenant compte du lemme eî des considérations ci-dessus on obtient
le théorème suivant :

THÉ6RDME. Soit ir, ir, ..., in
et M(ir, ir, . . .,in+t) lø méthod,e

5oo,(-"' <
j : l, 2, . . ., n + l, al.ors dqns les
assure I'ord,re de conuergelcce a møximql
t'iues de lø forrne (13).

.¡.r uli, ,,ù, i, , '

BIBITIOGRAPI:tIE

[1] ostrowski, M. a. sotution of equations and. systems of equations, Academic press,
New-York ancl Lonclon, 1960.

l4 I ä v ä. 1o i u, r., turþotare, Ed. DACIA, t98l.
[3] Pävåloiu, I., þayinlerþ'olationinaerse deþtþeHertrùte, -numericãl 

methocls, ,,nafí,:'ç_Bolyai" t Nr. 4, (tgst), 72_84:
Rccu re s'ur'le't' 

orrr;;y:::#rr:Å:{:;g*r"o
Str. Reþublicii J7
3400 Cluj-Nøþoca



3

for sorne i,' in I{

12.3)

QUASIMONOTONIC OPTIMIZATION

BttL xí' e D, so we have

,f(r'') ( ''
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2. Ilefinition and preliminary results

'l.et X c Rn be a non-void open convex set and let f : X *It be a
differentiable function on X. We denote by

af@')

âxn

Proof , Obviousl-t', since D c co(D)' we have:

(2.1) s ( sr'

on the other hand, si and the set co(D) -tt "9T-
oact, there exists x' e co : sr' I[ x' e D then the

äh"or"* is evid'ently true' S Then there exist the points

x¿ = D, i e {1, 2,...,h) numbers to 20' 'i' e K'

,such that:
þh

Ðr,:1and l:Ð,tixi'
i-1

Sirtce / is quasiconvex, it follows that:

\2.2) s, : /(r') ( max {l@\: i e I{) : f (x'') '

2

Yf(x') : aÍ@')

ôx,

the gradient of f in the point x'.
On the set X the function / is said' to be:

) ( 0 imPlies l@") < f(x'), fot every

cave;
lies /(ø') 4 f (tx' | (l - t)x") (oI,
x') ' (x" - x') > 0) for erzerY x',

(i")
(")' quasiconvex;

i"í) and Pseudoconvex'
enote by co(D) the con-

vex hull of the set D, that is:

co(D) : {.y = Il":fxí e D, ilto >- 0 (¿: l, 2, . '.,h), such that
þh

y : D tnx. anð. fit,i-1 i:r

Itis known (see [12], Theorem 17.2, p.158) thatif .D is a closed boun-
ded set then co(D) is a closed bounded set too,

We consid.ei the following optimization probleur:
P. I'incL

s:max{f(x):x=D},
where / is a differentiable function on the convex set x, and D is a

closed bonrrded. non-void subset of X.
we associate to problem P the following optimization problem with

convex feasible set:
Pl. Find

Sr : Írax {f @): x e co(D)}.

The following theorem, states sufficient conditions that t]ne problems

P and, Pl have the same optimal solutions in D.
ønd' on the

<s.
the equality s : st, between the
Pl. Tire laãt Part of the theorem

P(*').max {V/(ø') x" x = D\'

t)
(¡,

I
Èt/

THÐOREM I.
tonue% set X ønd,
Also, x' e D is øn oþti,n¡.øl' solution
oþti,mal' solution of þroblem Pl.

If the function f is quasico'naex
D is ø closed, bounded, non-aoid'

of þrobt'ern P if
subset X,tkens:Sr.

only if it is øn
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Algoritlnn 2

Steþ 1. Choose x¡ e I) and take 'i : O.

Steþ 2. (i) If there exists x e D such that:
(33) vf(x')'x>vf(xi)'xi,
then go to Step 3.

(ii) rf
(3.4) Vf@') 'x <V.f@i) *', Y x e I),
stop.
Steþ 3. Find øi+ | e D such that:
(3.5) vÍ(*t) ' vi-tt 2 max {s, - to, Yf (xi) ' x¿),

where so is the optimal value of the problem P(øt) (see, (3.1)).Replace i
lry i I 1 and go to SteP 2." Rem ar 1ã B.l. W-e note that the algorithm 1 can be derived from
the algorithm 2 by taking tu:0, for every ,tattral.l.' Also' if D is a

finite íet, i' the aþorithm-2 we can replace the condition (3.5), by

(3.6) vl@') ' vi+r 2 Yf(x¿) ' xi.

4. Convcrgence results

, We wili state a geleral convefgence result (Theorem 6 below) _for the
algorithm 2 anó., by -Remark 3.1, also for the algoril]¡m 1. Af ber that, we

wiit give sufficieni conditions for the finite convefgencg of these algo-
rithms,- 

TFTDOREII{ s. Let f be ø qu tonic d.ifferentiable funct'íon. Tken'

ukeneaer cond.'ítion, (3.5) frotn ø 2 holcls, zue køae:

Í(x,+r) > Í(*o).

Proof . From ttre condition (3.5), one gets:
VÍ(*o) . yi+t 2Yf(xi) .xi,

whence, by Theorem 4, it follows l@i+l) > f(*t).
Tr{EoRËM a. Let f be øquøsimonot

aeriffying at I'eøst on'e of tke condition
D be ø closed, bound'ed' set. Tken one o

(r) If tke cond,ition (3.4) is fulfil
inisked' øfter ø finite n'amber of it
ov the

(ii) i'tion (3.4) is not realized' for any.i, then-eaerytlimilþoint
*' oÍ-'t (øt) ìs øn oþtimøt solution of 

-tke 
þroblem P ø'nd

(4.1) lØ') : I-,írnf (xt) : lïrax {f@): x e D}.
i+û

4

Proof. By theorem l, !c' e D is an optimal solution for p iff x, is
tn_ optimal solution for Pl. By Theorem 2, x' is an optimal solution forPl iff x' is an optimal solution for the problem: ^

Pl(x'). max{Vf(x,) .*: ø e co(D)}.
'_ And.again,.by_.virtue of theorem l, r' e D is an optimar sorution for
the problem !l(*,'). if and only if x'.is an optimar soiution for the pro-
blem P(x'). By thís sequence of equivalences- the proof is complete.'

The theorem 4 below follows directly from quasiconvexity definition
(see, for instance, 16l, P.27 (ir), pp. 29-30).

THEoREM t. Let f be ø d.ifferentiøble guøsiconuex function on the con-
aex set X ønd, Iet x', t('be in X. If ue køue:

(2.4) vf(x') . x' <yf(x') x,,,

tken f(x') <Í(*").
'We note that some versions of this theorem was used in [10], lg],[l3] to derive a simplex criterion to change a basis for quasimotróto"i.

programrning with linear constraints.

3. Algorithms

The theorerns 3 and 4suggest that maximizitg aquasimonotonic func-
tion on a closed bounded. set ¿ is to maximizing ce¡tain
linear functions on D. The al sage to find. a-sequence
of_ points in D converging (f to a point x' in-D for
which rheorem 3 holds. Th 

'3- e cc'tain 
'umber or

linearized problems.
Algoritm l

Steþ 7. Choose xs e= I) and take i :0.
Steþ 2. Solve the linearized problem :

P(øt). Find

(3.1) s¿ : Írax {VÍ(x,) x: x - D}.

Let x¿+t be an optimal solution of the problem P(x,).
Steþ 3. (i) fi Vf(x¿)*, < tu, then go to Step 2 with i replacecl by i, * l.

(ii) I1 Vf (xt) . xi : s,, stop. By Theorem 3, x¿ ts an optirnal solution
for the problem P.

\Ã/e will give an approximative version of the algorithm 1. For this,
we consider the sequence of real numbers (1,) such that:
(3.2) t¿ >- O, I.imtn: g.
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n,

Proof. (i) The condition (3.4) implies that xi is an optimal solution
for the problerr P(*'), whence by Theorem 3, one gets that xi is an
optimal solution for the problem P.

(ii) Let x':Limsd*, wheLe (øi') is a convergent subsequence of the
È+æ

sequence (øt). The set D being closed, it follows that x' e D. A1so, by
(3.5), for every natural /i, we have:

vf(xtr) ' xiÈ1'l) s¿* - t,^.: mâX {vf(*tr) ' x'. x, = D} - trr,

that is :

(4.2) Vf(*'r). xik.il )YJ(xt,').%-tur, V xeD.
By continuity of the gradient of f and bv þ.2), taking h --,ø¿ in

(4.2), we get:

Vf(x') . x' > VÍ(x') x, Y x e D.

Therefore x' is an optimal solution for the problerr P(x'), whence
according to the theorem 3, it ¡esults that x' is an optimal solution for
the problem P.

To prove (4.1), we renark that, by Theorem 5, the sequellce (f (xt)\
is strictly increasing. A1so, by the first part of the theorem, this sequence
is upper bounded by Í(x').Therefore it is a convergent seqrlence. But,
since it possesses a subsequen"" (/(øt-)) which con\/erges to f(x'), it fol-
lows that (4.1) holds.

TFTEonEM t. Suþþose that the øssumþtions on the funct,ion f in Th,eorem
6 ltol,d. Asswme also th,ere exists ø finite set l)' c f), such thøt:

rnax {f (x): x e D} : max {Í(*) t x e- D'}.

If xi e D', whetaeaer conditiotl (î1.5) hold,s, theø Al,o,ori,tnt. 2 ,is fin.iskecl øfter
a finite nwtnber of ,iterøt,ions.

Proof. Since, by llheorem 5, the seqtlence (f(*')) is strictly increasing,
ít foiloivs that in tb.e sequence (xi) do not exist two identica-l elements.
Elence, the set l)'beingfinite, one arrives after a. fjnite luilber of iterations
tha-t condition (3.4) is fulfiled. Thr-rs by'Lheorern6, the algoritLrrn is finished
after a finite number of iterations.

Remark. 4.1. The assurnption of the theorem 7 is evidently veri-
fied when the set D is finite. It happens so, for instance, r¡'hen the feasible
set D is d.efinecl by a system of linear constraints with integer varie"bles

[1], [4], or in some optimization problems in graphs (see section 5 below)
when feasible set D is a finite set of subgraphs, When D is defined by
a system of linear constraints (with continuously variables [2], [3], [9],
U3]), it has, in general, an infinite number of elements, but there exists
a finite subset D' containing all extremal points of D, which verifies the
a-ssumption of Theorem 7.

R e m a r k 4.2. We note that ypotheses. of Theorem T' a
.r"r.ioo-oi Àtgoritt.* 2 'Lñe condition- (3.5). bv..(3.6)

io St"p 3, conîerges fini in some simplex algorithms

ior thè quasimonãtonic l'

5. Applications to optirnization problerns in graphs

Ph with lV I : ø vertices and lU | :
xv'

ubgraphs of thc graPh .G' Such
tance,- thc set of spatrtting trecs
paths betrveen two fixed verti-

ces.
GivenasubgraphAínEwe.denotebyU(A)thesetofitsarcsand

*" ut-"iute to Ã tire vector X(A) '= Il", having the components:

x,(A) :{T, ij '*',==lr*r7(A)' ¿ : r, 2, . . ., ril'

Also, we define the set:

C(E):{x(A):AeE)'
Drlrr to be. þseud'oconcøue. (res-

þecti,uety cluasi,rnonotl"!: ::,lj::::.)
tr" n í¡ quasiconuex,qua,s,t,concq.ae,

þseudoco co(C(E)) *R" such that:

Í(A):76('Ð),YAe=8.
Wc call the functio o I un extension of the function /'
We note that the fractional e considered' in some

fractióriai optímizatiüproblems (on l [11]' on.the span-

ffi;';;¿;;é[ l+]', ji1 ã"a oy tÈ9 c both p'seudoconcave

ä"¿' q"."ui.or.rrå*'tirrrctions in the nition 5'1'

Supp"s" nor¡v that for each 7rc at, =-U are given two nonnegative weiight

oo uid'4. ttt"o the function f : E -" It, defined by

lØ):,uÐ,o,.,+{ f )-.1 o,\'I D b,*c,YA=E,c2o,
\n¡= u(rt) J ili€ u(A)

is quasimonotonic because the extention /:co(C(E)) ''It of / where

l@r, *r, '

*l
, )r,n) :i)ørx, )- V ¡ibp, + ,,

i:1

is quasimonotonic on the set co(C(E))'
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Let E be a set of t"tåå,Jåå"ff1ritÎå*t"1;

ph G:

f (A') : max{f (A): A e= E}'

ff /is an extension of f, then the problem PG can be restatecl in the

following
PG"

mannef :

Finð. A' e E, such that:

76Ø')): max{/(x) x e c(E)\

The problem
1 to the problem
Iem PG can be
ooLimiztlion problems on the set of s
in sortte part^icular cases, .there exi

[7], when E is the sPanning trees
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