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In this paper, we show that the Hirschman-Widder and Leviatan
Opcrators pieserve the non-concavity with respect to the Tchebycheif
System (1, x%), d, = 1 on the closed interval [0, 1].

This property completes the results obtained by D. ILeviatan in [2],
[3] and by Luciana Lupas in her Dissertation [4].

Let us consider a function w < C[0, 1] such that w(x) > 0 for all

x

x= (0, 1) and let be u(x) = S wl(s) ds.

0
The functions 1, # form a Tchebycheff System on [0, 1].
Assume that g is twice continuously differentiable on the open inter-
val (0, 1).
If, moreover, w has a continuous derivative on the open interval
(6, 1), we may define the following opcrators: -

go) » Dag)(®) = Zglx) %<0, 1)
gl - (D) (1) = £ &% k= (0, )

g(x) — (Eag)(x) = (D,D&)(x) %< (0, 1)

LEMMA 1. If (Exg)(x) 2 0 for amy x < (0, 1), then g is mon-concave
with respect to the Tchebycheff System (1, u) on (0, 1). This lemma is a parti-
cular case of Theorem 2.1, chapter XTI, § 2 in the 8. Karlin and W. 1. Stud-
den’s book [1].



12 A. TIDJANE DIALLO 2

Let us consider a sequence (d,)m=1 of real numbers with the following
properties :

(1 0=dy<d, < ... <d,<<...
2) lim d,, = 400

201
(3) 3o =

Ic:ld"

Introduce the functions x — p,x(x) by:
(=) kdyyy oo dyldy, oo dy; 1 m=1,2 ...
(4) (k) = and k=0, 1, ..., m —1
xim i kR=m m=1,2 ...

where [a,;, ay. ..., a,; '] is the divided difference of the function #—
—g(!) = x' on the points @y, ay, ..., @, Define the nodes ;e by:
X
' a d a " .
[(1——‘)(1—— 1)( ——‘)] ifm=1,2, ... and
(5)  tu = dyiq @y po a,
- =0,1, ..., m—

1L it k=m m=20,1,2, ...
The Hirschman-Widder Operators H,: C[0, 1] -—C[0, 1] are defined as:

© HAN) = 2 fltw)pua()

It is well-known that pu(x) 2 0for 0 £k = m, m=1, 2, ..., and
0<x=<1 So H,:C[0, 1]—C[0, 1] is a positive linear opecrator.
Denote by
d !
ka(x) =3 L’i—kpmk(x) b %nk(x) g 0 on [O: 1]
Let

Zmk == bw—1

In the paper [2], D. Leviatan has introducced the following positive '

linear operators:

ke 0,11 MW =X fomamx k=12 ..

m=k

Since im M,(f)(x) = f(0), we may define

i x—>0+
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By this definition M,: C[0, 1] —C[0, 1]
LEMMA 2. If p k=0, 1, ..., m are the generalized polynomials
defined by the formula (4) thew for every x = (0, 1] we have :

(1) [3] j):uk (%) = [‘Zx]b;uk(x) e dk+1pm,k+1(x)] k : O, 1, e, M — 1,

— }le—l

m=1, 2, ...
: 1
jbmm(x) = ; jbmm(x)

d;\-(dk L l)ibmk(’v) + df:—l—l(l T dl.r o d,n)P1;;,k+l(x)

d) P (x) = = -+
ORRENPY SR C))
42
k=01, ..., m —2 m=2 3, ...
d, _(d, _{— 1)[)‘“‘“,_1(x) + zim(l—dm_1 _dk+1)1bm,m(”)

j)::t,m~ 1 (X) &

x?

:/%jmlv(x) = ,1% dm(dm . 1)pmm(x)

1EMMA 3. If f.e C[0, 17 is non-comcave with respect to the Tcheby-
cheff System (1, x%) dy = 1 on [0, 1] then for every system of points

O é tmk < tm,k—{—l < tm,lc-l—z g 1
defined by the relations (5), the following inequality holds :
(7) @—

dy dy

d d
)f(tm,kw) - (1 + il‘ - _'_)f(tm,k+1) + :iﬂ‘l (tmk) 2 0

dk-}-2 dk+2 k+2

k42

proPOSITION 1. If fe C[0, 1] is mon-concave with vespect to the
Tchebycheff System (1, x%), dy 21, on [0, 1], then for m=1, 2, ...
H,(f) is also non-concave on [0, 1] with vespect to this system.
Proof. Since H,(f) € C[0, 1], we neced only show that H,(f) is non-
concave on (0, 1) with respect to (1, x%).
Let w(x) = dyxv~!, then w < C[0, 1] CY(0, 1), w(x) > 0 for any
13
x < (0, 1). Let x4 = Sw(s) ds.
0
Observe that H (f) € C¥(0, 1).
According to Lemma 1, we must show that (E,H,(f))(x) = O for any

x< (0, 1).
Hy (f)(x)w(x) — Hp () w'(#)
w?(#)

(8) (EoH,,(/))(x) =




A. TIDJANE DIALLO
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— H,(f)(x)w' (%) ]-

Therefore
sgn(E,H, () (%) = sgn[Hi(f) (¥)w(%)
For x = (0, 1)
— H,(f)(x)dy(dy — 1)ah2] =

sgn [Hy(f) (x)dy 2!
= sgn [H;(f)#*

Hy(f)(x)x? — Ho(f)(x)x(dy— 1)
+ diis(1 — dy — i) puasa () + dk+1dk»|-2]‘>mk+2 ) 1f () +
‘I‘ [dm—l(dm—l n 1)Pm,m—l(x) “I‘ dm(l - dm—] s N Pmm( )]f( mm— 1

dy— 1) dypour(%) — (dy— 1) i 1Pmpr1(%) 1/ (ur)

11”71« : ;

k=0

— H,(f)(x)x(dy — 1)]
2 [d i)mk( )

+ d (d _'1)pmm
2 kapmk

(d . l)dmpmm mm
Lomo— 2

Compute the coefficient Chpra of Pupie(x), & =0, 1,

it = dusaldnrs = Dfibaren) + durall — dirs — dusa)flnss) +

+ dk-l-ldk*lfzf(tmk) e (dl E l)dk+2f m, k+2 + (dl e 1)d"+2f(""’k+l) e
hil & '—ﬁ‘ \}f(!'m,,’-:*ifl) _'_

= 2,1 — 2% fnaday = (1
b (1 = 2 tmnna) — (14522 = ]

k+2
o+ St (mk)J~
Byg
Therefore

Cm 3 d 2 dy
(o) % ara (1 3 —1-) Fltpra) — (1 et )f( wiir) 2 ).

dy +2 dk+2 ko.-Z dk*!"—’- k+2-
Comparing the relations (7) with (9) we can conclude that

Cm,kr,L’l _Z 0 k = 0; 1; . M= 2
we have C,o = 0.

On the other hand, because d, =0,

le =d (d - 1)f( ml) + d (1 —d )f( mO)
+ (d1 e '1)d1f( mO/ =0.

(dl iq ! l)dl(tml) ‘I“

0

1\%

Therefore

(1) Co 20 k=0, moand Vx e (0, 1), (E,H,(1)(x)

J
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Proposition 1 is proved.
In the papers [2] and [3] it has been shown that the following lemma

1 2=20

holds.
x) = f(x) uniformly

LEMMA 4. (2) For 0 < x £ 1
(13) If i is comtinuous on [0, 1], then lim M, (f)(x
k=00

M,(1)(x) =

skhssm=1,2, ..., the following rel_c;;

on [0, 1].
(236) For 0 <x £ 1 and 0 =

tions hold :
dm;l Q¢ll—‘1{k‘(x)] :

L gun(®) = 27 [dugua(%) —

[/
=l ka,(x) — xvl dm [qu(x) n q"t,k+1 (x)]

gur(x) =0 for m <k
(i) If f is bounded on [0, 1], then for 0 < x < 1 and for any k 2 0
the following equality is satisfied :

£ M) = 357 g () )

In the same way, the following lemma may be established
... the following

LEMMA 5. For 0 <x 21 and O Sk sm=1,2
= dk —-— dk+1)qm,k+1(x) -+

relations arve' true :
(1) gma(t) = 2 2[d(d — Dgua(x) + (1

+ dydi 1 Gmpr2(%)]
(t) - Eﬁ;‘[_‘{ﬁ- — Dgpe(2)

(1) g -
&

g pe1(x) = ¥ 2[d(d, — Vup-1(Fa—1) + d(1 — dre1 — d)ga—1,0—1(%)]
— A )qm-14(%) +
k> m).

e Lo
Goi(%) = x2[d,(d, —

C A A1l o m—24(%) ]
(515) If f is bounded on [0, 11, then for 0 < x < 1 and for any k

1)q"xk(x) + dm~1(1 ™ dm—l
(qu(%) == O

the following equalily holds .
d2 2 P2 B
Mk(f) (x) = 2 . Qnﬂi( )f(zmk)

dx? m—k dx?
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reMMA 6. If f= C[0, 1] is a non-concave Sfunction on [0, 1] with
vespect to (1, xh), dy = 1, then for every system of three distinct points 0 <
é zm+2,k < Zm+1,k < Zmk é 1 we ha'l)ff g

d
m ™m

d. a, .
f(zmk)( —=3 %) _f(zm+1,k) (1 _I_ ptl ;'_1') _I_f(z:w.L2,I¢) 114 d g 0

m

proposrrion 2. If f= C[0, 1] us non-concave on [0, 1] with respect
to the Tchebycheff System (1, x%), d; 2 1, then for k=1, 2, ... M)
is also nom-comcave on [0, 1] with respect to this system.

Proof. Since M,f<= C[0, 1], we need only show that M(f) is non-
concave on (0, 1) with respect to (I, xh), dy = 1.

According to Lemma 1, we must establish that (E,M (f))(x) = 0
for any x = (0, 1).

(EM(f)) (%) =

M(f)(#)w(x) — Mr(f) (9w (#)
w?(x)

Therefore

sgn (E,M,(f))(x) = sgn (MA(f){x)w(x) — Mi(f)(x)w'(x)) =

= sgn (Mi(f){x)x* — (dy — )Mi(f)(%)%)

M) (%) — (dy — DaMi(f)(x) = di(dy — Dgm(20)f(zu) +

+ dyr(diers — Daerp(®)f@rars) + Al — d — A 0)f @rr1) —

— (dy — V) dugua(%) f(zia) + 20 gz (X (Zmran) —

m=Fk
— (@, — 1) 'f)__;k A1, 4 (%) (Zmr1,8)-

!

o0 00

The GXPI‘CSSiOH 2 xzq,',',Jrz;_k(x)f(z,,H Q,k)—(dl—’l) Z: xq:nJr1,I¢(x)f(zm+1,k) s

m=k m=k
T mzzk{ [dm+2(dm+2 — 1)qfﬂ+2,k(x) + dm+1(1 - dm+1 5 dm+2)‘1m+'1,k(x) +
+ d, A 1Gma(%) ]f(zm+z,k) — (d; — 1) (@ms1gm+10) (%) — A, Gt (%))f (41,40}
Therefore
M) (%) — (dy — DaMi(f)(x) =
= [dk(dk - 1)f(2’kk) e (d1 = 1)dkf(zkk) + dk(l —dy — dk+l)f(zk+1.k)]
ign(®) + (B — 1f (2e+1,6)gn+16(%) +
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+ mgk{[dm;l-z(dm—{ﬂ -y 1)qm-|-2,k(x) + dm-l—l(l bl d,,,,H —— dﬂl+2)qvl+1,h(x) +
+d 1 @on(%) 1f (Zma2p) — (A1 — 1)(dip g 1@mt1,6(%) — d @i () Emarp)} =

= Zk kaka ( x)

Compute the coefficients C,y m =k, & + 1, ...

2 1 1 £ :
Cwe = dy [(1 . —Zk—)f(zkk) = (1 = :iz_h_ iy —fi:_r_l)f(zkﬁ,k) i J;—:‘l (2k+2,k)]

Crons = B [(1 =525 o1 = (1 =2 22 erand)

E+1 doyr i

d
Contop = dfn%[(l . )f(2m+z,k) = (1 - L+3)f(zm-‘-s,k) +

m+2 dm«l—z m+2

d
s m+43 f(z’”+4’k)] wm = k, k -+ 1’ I

m+2

From Lemma 6, it follows that C, = 0 m =k, k4 1, ... Since (%) =
> 0 for any x < [0, 1], we have for every x = (0, 1), (E2M{f))(x) = 0.
Therefore M,(f) is non-concave on [0, 1] with respect to the Tchebycheff
System (1, #4), d, = 1.
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