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using the relatioll B,, ) Bo for all n: l, 2, 3, " ' and the formula of

d,,, ít rezaTLs

(14) ilP(r,)ll = å k?,;!,-r.

Thc inequality (14), using (11) and (i2) gives

lirn llP(x,)ll : llP("*)ll :0 thus P(ø't) :0'
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In thi:; paper, wc show that the Ifirschrnan-widder and I,eviatan
()Dcrators 1)iesefve th,:'non-concavity with respect to the I'chebycheff

Srllu:tltn (Il rd,), d, 2 | on the closed. interval [0' 1]'

This property completes the results obtained by D' I'eviatan in [2]'
t3l ;d bv iu"iátto r,upaç in her Dissertation [4]'

I,et us consid.er a ftrnction w e C[0, 1] such that u(x) > 0 for all

a e (0, 1) and l,:t be tl(x) : 
$ 

zø(s) ds.

The functions 1, u lorm oo T"lt"by"heff System on [0' 1]'
Assume that g iá trvice continuousiy clifferentiable on the ope[ inter-

val (0, 1).
If, rnoreovef , Ip) has a coutinuous derivativc on thc open interv_af

(0, 1), wc may defirre the Îol1owil1g opcrators :

e(x) - (D,s)ø) : frs@) ae (0, 1)

e(x) -,(D,e)ø): L# ve (0, L)

g(x) * (E,e)Ø) : (DzDß)(x) a e (0, 1)

LÞMMA r. If (E,g)(ø) I 0 for !!! x = (9, \), Ü:y .g is non-concøue

utit,h resþect to tke Tchlbycheff System__Oi"í" o" ìõ, ji. fnit lËmma js 
1 gartS

cular case of Theoräí.t, ói"pt"r Xfì g Z itt tit" S. Karlin and W' I' Stucl-

den's book [ ].
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I,et us consider a seqtlence (d,^)|,:t of real numbers with thc following
properties :

(1) 0:do<dL<... <
(2) 7ítrrr d^: +oo

B-v this definition AtI r: C t0, 1l * C [0, 1 ]
r,Er[MA 2. Il þ,t, I¿ : 0, l, . . ', n't' rtre the gerterøl"ized þolynomials

d.efined. by the fornou'Ia (4) then, for eaery x = (0, 1l we knue:

(i) l3) þi,,*(*): L ltlrþ,,¡(x) - d.¡¡rþ*,r,+t(x)l l¿:0, 1, ..., rt't - l;

, d* t'l* zf,,,t ,:(*)
-- r" -

k,:0, I,...,ltl -2 m:2,3,...

, r / \ d* t(d,r-t - l)þ u,,,,,_t(fr) + d.(l-drn_l- dh1-t)þn,,rrþr)

| ùt,tù t \" t

þ'i,,,,(x) : ) 0,,(0,,, - l)þ,,,,,(x)

r,rr)NrrrA 3. t"f f = Cl0, 1l is non-concø'ae with resþect to the Tcheby'
cheff Systern, (1,- tt,) d,r 2I orr' i0, 1] th,ett, for euery system of þoints

0 3 t,,,* 1 ttthl-t 1 trr,t,t-z 2 I

defined by the rehttions (5), tlt,e followitog inequality ltol,ds:

fr

1

(3)

(a) þ^o(lr) :

@

D
I
-:+codk

frrtrodnce the functiotts x + þwn(*) bV

(-1)- þd'n+t ... d.1dr, ..., d*; x'l if nt' : 1, 2,

ard h,: 0, 1, . . ., ttt. - |
)td,u if lt. : ttt, ln : 7, 2, . , .

9
111,

þ',,*(x) : ! þ,,,(x)

whcre ior, a". ..,, Gt; x'lis the divided difference of the function I*
* g(t) : xt ot't the points &1, &2, . . ', at. Define thc nodes tnp by :

[l'--*,)l-*) (

d1

if nt,:ll-d,
dfr

. and

, nt'-l
2

(5) t,,k :
h 0 1

1 if /¿:ttt' rn:0, 1,2,

Thc Hirschnian-WicLder Operators H^: C[0, 1) -*C t0, 1] are dcfinecl as:

(6) H^(Í)(x) :i f u,,,h)Þ*n(x)
þ:o

It is u'ell-knou'n that Þ,,r,(x) > 0 for 0 5 /T < t11,, 111,: l, 2, ..., and
0 3 x 3 l. So 11,: C[0, 1] *C[0, 1] is a positive linear opcrator.

Dcnote by

Ç,,n(x):! Þ,,,r,(x) I q,,,n(x) è 0 on [0, 1]
d*-

Lct 
zmh : ttn-t

I¡ the papcr i2], D. I,crriatan has intlod.ucccl the follcu'ing positive
linear operators :

a e (0, 1l MrU)@): Ë .f(2,,n)8,,n(x) h:1,2,
n:h

Since lim Ur(fl@) :.f (0), we may define
' *+O.* 

M,(/)(o) :.f(o)

(7)

pRoposrTrorv 1. f f u C l-0, 1] is non.concaue with resþect to the

Tclr,ebycheff System (1, *o'), dt 2 l, o/t, [0, 1], th,en' for ln: l, 2, ...
H,"(f) is also non-cotl,caae on [0, 1] uith resþect to this system..'"'Proof. 

Since I1-(/) = C[0, 1'1, we need only show that H,,(f) is non- -
concavc on (0, 1) with rcspect to (1, xd').

I,et u(x): d,rx,'t'-,t, then u e C[0, 1]n C1(0, 1), u(x)> 0 for any

x = (0, 1). I,et t', : [ ø(s) t1s.J"
Observe that H (,f) = C'(0, t).
According to l,emrna 1, 

.rve 
must show that (ErV^(f))(x) à 0 for any

a e (0, 1).

(E,H^(f))(x) : Hi,,U) @) w(x) - H',,(fl (x) w' (r)

)f{,,,,,0,,, - (t + q'!t}*- #")tu,,,,¿+r) 
* ff"rr,,,,,r=,

,d,
do .o

(B)
u'(x)
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Therefore

sgn(E,H -(f) ) (') : sgn'lili,(f) (x)* (*) - Hl"(f ) (x)w' (x) l'

For øe (0, 1)

'ru''y',:::';;,;,;,;:'illi,'i;lir:l'i'i,-"t:

Hi,(f)(x)x'z- nkfl)(*)*(d'- 1) : D ld'r@r - \þ.n(x) *
å:0

* dr+r(l - dr - dn+)þ-¡+lx¡ i ,lo*rdo-t."þ,,,n+r(x)U(t,,0) I
i ld,,-íd,,-1 - l)þ,n,,n-t(*) + d'^(l - dn,-t t- d,,)þ,,,,,,(x)lf (t,,,- ,) i

+ d.(d^-l)þ,,,,,(x)f(t,,,,,) -T (d,r-l)clrþ,,,n(x)-(d,r- l)d,¡,¡rþr,,n+t(ùlÍu,à -¡i:0

- (d, - l)d.,^þ,,,,,(x)f (t,u,,) :f ,,,0þ,0(*).
k:0

Conrpute the coefficient C,,þ¡z of þ,,,nt-z(x), h : 0, 1, . ' ,, nt, - 2

cu,h*2: du+r(do+, - l)f(t,¡nt-z) I do+r(\ - dor, - dn.ùf (t,,,1,r t) *
' I dn-t-rdntrf(t,,n) - (dt - l)d'e¡zf 1t,,,,¡,tù I (dt - l)dr,¡zf \tu,,¡,+r) :

: dî,t,|(t - #)ru,,,.-,, - (t +T"_- þ, \Í,' ,,,,, ,) -r-

+ lt f(t,,ù||.dn.t-z J

Thereforc

(e) d:(t - Í-)Í{,,,,,,*,, -(r *T,-*")tu,,,,,,,) * ffI{'.,,).
Conpaling the rclaiions (7) with (9) we can conclud<: that :

Cu,,nrz Z 0 lr:0, i, ... , tn - 2

On the other hand, because do: 0, rve have C,uo : 0.

cn¡: dr(d, - r)Í(t,u) I dr(l - dr)f (t-o) -- (d, - 1)dr(t,,,1) +
I (d, - \)d1f U,,,0) :0.

Therefore

(10) C,nn 2 0 /¿:0, i, , m and Yx = (0, 1), (E,H^(:f))(r) 
= 

O

proved.
]-and [3] it has been shown that the following lemma

T,EMMA 4. (ø) For 0 < x 3 | Mr$)@) : I k' > 0
(iù IÍ i 'is continuort,s ott, [0, 1], tnen ]yg MrU)(*):Í(x) uniformly

on 10, l).(iii) For 0<x3l and.0 Sh3rn:|,2, ...,the follouing rela-
tions' híM, :

frø*u{*) ,: x-r ld^q,na(x) L d,,-tQ,,-t,n(x)] , 
',

d 
Ç''a(x) : x-7 rJ^lQ"'n(x) - Q'"r'¡t(x)l

tlt '

Ç,,n(x) :0 fo, tn 1 lt'.

(ia) If f is bounded' on 10, 71, tloen for 0 1 x 3 | ønd' for a'ny h 2 0

the fotto'aing eqotølity is satisfied' :

* *rttløl: å fiÇ,,,01*)-f{',,,0)'

In the same !vay, the following lemma may be established.

r,EMrvrA 5.For O<xS1 and. O <h<m:1,2, tloefoll'owing
relations qre' tvue :

(i) qi,*(t) : a-Zldr@r - Ðq^u(x) + drl - dr - da+ì4,,,n+t(x) *
¡ d.rd.¡¡r q,n,n+z(x) ]

(ii) q'i,¡'(t) :

8'l,e-t(x): v-Zld*ltr - l)qn,n-r(xu-t) I d(l - do-, - d,)qu-r,o-t(*)l

Þ: I, 2, ...
qi,n(x): x-21d,,(d,,,- \)q-o(x) i d,,-r(l - d,,-t - d,,)q,,,-t,n(x) i

'! d^,n-1d,,,,2Qn,-z,n(x)l @-o(x) -0 h> *).

(iii) IÍ Í is bownded on 10, ll, then for 0 1 x 3 | ønd' for any Þ > 0
the following equality holds :

#,*rtnø: å ff 8,,o{*)f{',,,0)

1S

12

Proposition 1

In the papers
ho1ds.



@,n[r(fl)(x):
Mí(f) (x)u(x) - twL(h@)*'(x)

w2(ø)

Therefore

sgn (E,Mr(fl)(*) : sgn (M'í,(fl(x)u(x) - u'r(Í)(x)u'(x)) :
: sgn (X['i,(f)(x)x'z - (d, - l)M'e(fl@)x)

x'zMi(fl(x) - (d, - t)xML(fl@) : dr(dr - l)qnn@)f@no) i
I do+r(du r, - \)qn+t,a(x)f (z¡*','¡ + dr\ - dr - don)f þot t'u) -

- (d, - r)d'rqe¡(x)f (zù + þ^x'tt'i'¡',e(x)f(z''rz't') -
æ

+ D {1d,,+z(c1,,+z - l)q,,+z,n(x) | d',,,¡{l - d,,tt - d'"¡z)Q'u+t,o@) i
m:þ

:--d,dn,+tQ,,r,(x)lfþ,*.r,0)-(dr- l)(d,,+rQ,,rt,a(x)-d,,q*h(x))Í(zu'+t,ù\:

: Ë C,nnq,on(x)
,fr:þ

Compute the coefficients C,,¡ m' : k', h + l' ' . .

con: aZl(t - d'\r(r,o\ - (t -L +%:\¡@nv,,u) +9P¡ø-*'.¿l-&& "t\ dr)tvnr, \^ dr'. dr¡",'.'""' do". -"1

co+,,*: d.l+,[(t - #,)rr, r,r) - (, - ç,+ff)tø,+,u) i

+%il f@o*r,o)fdn+t J

c,n+2.þ: d.?**rllt - 4-\f(r,,rr.u) -(, - 
d' +1IlJì f@-çr,u) I

L\ du+z) \' dn' rz d'o rz)'

+or:l: Í@.*n,u)] rn : h, h -l 1, . . .

dnt+z" ' " 
J

.F'roml,emma6, itfollowsthat C,,t,20m:h, I¿+ 1,. "' Si-nggg'r.(1) ]
> O roi arly x¿ t0; i1, *" ttavó'tot everv x= (0, 1), (ErMrU))(1) > Ç'
Tiereforc tWrç¡¡ ir-tíor,.-äo'""rr" orr [0, l] rvith respcct to the Tchebychett
System (1, *ã,), dr 2 l,
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rrÐlvlr(A 6. If Í - C[0, 1] i'; ct 't't'0rl-concaae ^function' 'on l0' ll tttith

,rrpäî ø-'(t,-'*ii,"¿, i T,'mh for eaery system of"three distinct þoints 0 S

3 zilt+z,h à z,n+t,'n 1zr,þ 3 7 ue høae 
"

/{,,,,0) (r - Ð- r@,,+tn) lt * 
^ 

- t)t rþ,,,,,,ù! >a

pRopo I.f f = c[0, ll is non-conca'ae 0n t0, l]- uitk resþect

to the Tch si"i* 11,'-io'¡' d, Z l, then for h': r' 2' "' MrU)

is r.tlso ttotø on ¡0, l'l with resþect to tkis systenr"

Proof. Since Mrrf e C[0, 1], we..need' o1ly shorv that M'(/) is non-

"o.r"ârrÀ 
ärt (0, t¡ wiilr t"ìp"tC to (1, xd'), dr z l'

According to l,emrna 1, we must establish that (ErM (f))(x) >{l
for any 5 e (0, 1).

- (d, - D D *qi, rt,n(x)f (2,,*r,u¡'
| il:þ

The exprcsrlon f xzq'i,,¡2;.t (x)f(zu,'t z,n) - @r-_1)

æ

D *q',,, r r,n(x)f (2,,,nr,,,¡ :

: Ë {ld'^¡2(du,¡z - l)q,,+z,t(x) + d*+ll - il¡t+t - d"n¡z)Q*tt'n(x) ¡

I il^d',n¡rQ.n(x)ll@-+r,o) - @, - l)(d',*aQ*+''o)(x) - d^q*'(x))f (z*+t'o)j

Therefore

x'M'[(f)(x) - (d, - t)xMi(J)@) :
: ldr(db - 1)Í(roo) - @, - \)d'rf (zee) I dr\ - dr - dt'+òf @e+tn)l

I üoo(x) I d'n+ldn+t - \)f (zn+tn)8n+''n(x) ¡


