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In [4], x. MENGER introduced three types of distinguishability for
pairs of points of a probabilistic metric space, depending upon the behaviour
of the distance distribution function near zero. If (X, F) is a PM space,
%, ¥y e X and ¢, =inf {«: F,, («) > 0}, then we say that x and y are:
" (A) certainly-distinguishable if ¢,, > O;

(B)
(

B) barely-distinguishable if ¢, =0 and F,,(0*) =0;
C) perhaps-indistinguishable if F7,, (0+) > 0.

The above mentioned types of distinguishability were reconsidered
by B. scHEWEIZER {[5]) who defined two relations on X as follows:

(1) xpy iff x and y are perhaps-indistinguishable, i.e. iff (C) holds;

(2) %8y iff x and y are not certainly-distinguishable, i.e. iff either

(B) or (C) holds.

In the following we refer only to the relation . In [5, Th.1]

B. SCHWEIZERR. proof that, if (X, F, T) is a Menger space, where T
is a t-norm such that: i

(3) T(a, b) >0 whenever a >0 and 4> 0,
then p is an equivalence relation on X and r. J. EGBERT shows that the
quotient space X = X/p can be endowed with an adequate probabilistic
metric; in some conditions # and y are perhaps-indistinguishable in X
iff % =9 (see [2, Th. 31]).

In [3] we introduce a probabilistic variant of the Csdszar’s syntopo-
genous structures (see [1]) — the probabilistic syntopogenous structure.
Using these structures, we define, in a natural way, the probabilistic unifor-
mities and the probabilistic proximities; the relations between these struc-
tures and the probabilistic metric structures are analogous with the rela-
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tions between the uniform structures, the proximity structures and the
metric structures on a set.

Let I be the closed unit interval and let T': IXI — I be a {-function
(T(a,, b)) < T(ay by if a; < ayand b, < by); for every a <1 let §,
be a non-empty family of topogenous orders on X, such that for every
<y, <y =8, thereis << 8, with <, <, € <. A probabilistic syntopo-
genous structure (pss) on X is a pair (8, T), where § = {8,: a I},
satisfying the following conditions :

(PSO) 8y = {< ¢}, where 4 < B iff 4 = ® or B = X,

(PSl) for every a, b « 1 with a < b and for every < < §, there
exists <’ < &, such th'Lt < < <.

(PS2) for every < = STab) there emst <' 8, and <" < §, such
that 4 < B implies that 4 <'C <* B for some C < X.

A probabilistic syntopogenous space is a triple (X, 8, T), where
(8, T) is a pass on X.

We say that a pss (3, 1) on X, 8 ={§,:a I}, is symmetrical,
perfect, or simple if each §,, @ « I is symmetrical, perfect, or consist of a
single topogenous order. If (X, F, T) is a Menger space, where T is a left-
continuous t-norm, then for every o > 0, a<= I, we define <, ,< 2(X) X
X &X), letting 4 <, .B if 4 x4(X — B) € {(», ¥): Fay(a) < a}. For
every a (0, 1], let 8, = {<qys : @ >0, b < 4} and 8, = {<y} ; then the
pair (8, T), where 8 = {8,: a < I}, is a perfect and symmetrical pss on
X — the pss induced by the probabilistic metric of the space (see [3,
Th. 6.1.]).

The purpose of this paper is to give an extension of Schweizer’s and
Egbert's results as well as a probabilistic variant of a Csdszar’s theorem
concerning the simple, symmetrical and perfect syntopogenous structures.

We omit the proof of the following easily established

LEMMA. . Let (X, F, T) be a Menger space under a left-continuous
t-morm T, let o be the relation (1) and let (8, T), 8 = {8,: ac I} be the
pss induced by the probabilistic metvic of the s;’mce. Then xpy iff there exists
a > 0 such that for every < =8, we have x < X — ¥.

DEFINITION 1. Let (8, T) be a pss on X, where § = {8,: ;
we define a relation o = X X X letting xpy iff there exists a < (0, 1] “such
that, for every < e 8,, we have x £ X — y; taking into accownt the result
of lemma, is natural to say that x and vy are perhaps-indistinguishable if xpy.

Now, we give a generalization of Schweizer’s theorem (see [5, Th. 1])

THEOREM 1. Let (8, T') be a symmetrical pss on X under a t-function
T which satisfies the condition (3). Then, the relation pis an equivalence rela-
tion on X.

Proof. For every topogenous order < on X and for every x = X
we have x </ X — x; hence p is a reflexive relation. Because (8, T) is
symmetrical it follows that pis a symmetrical relation. Fmally, if xpy and

ypz then there exist a4, b = (0, 1] such that for every <’ e 8, and <"’ <
58 we have x < ’X—-y, y&£ "X —z where 8 ={8,:a I} From

<
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(3), ¢ = T(a, b) > 0; suppose that there exists << e §, such that x <
< X — z; then, from (PS2), there exists <’ «§,, <" 8, and C € X

such that x < 'C < "X — z Because y < "X — z, it follows that ye C;
hence C < X — y and therefore x < 'X— 3. But this is a contradiction;

thus p is a transitive relation.

Because every probabilistic proximity and every probabilistic unifor-
mity are induced by an unique simple and symmetrical pss, resp. by a
symmetrical and perfect pss (see [3, Th. 4.1, and 5.1.]), this result is
fulfiled in every probabilistic proximity space as well as in every probabilistic
uniformity space.

Tet (5, T) be a symmetrical and perfect pss on X under a t-function
T which satisfies (3), 8§ = {8 :a < I}, let p be the equivalence relation

associated to (8, T) (see Theorem 1) and let X = X/e be the quotient
space ; for every a e [ and < = 3, we define < < @(X) X ?L(X) letting
A < B iff for every x e A, Y = X — D there is # « x such that u <
< X — y or there is v ej}Suchthatv<X—fc. Let 8, = {<: < e 8.t
and §, = {Sa :a < I}. The following theorem is an extension of the above
mentioned Egbert’s result.

THROREM 2. (8, T) is a symmetrical and perfect pss on X ; in addition,
of (8, T) fulfils the condition :

(4) for every ¥ < X there exists a = (0, 1] such that for every u, v = x

and < < 8, we have u <t X — v,
then x and y are perhaps-indistinguishable in (X, & T)if and only if x=}
P roofi. It follows directly from the deflmtlon of the family & that
it is a non-empty family of symmetrical and perfect topogenous orders
on X, directed by <. (PSO) We suppose that A<,Band 4 # @ and

B # X; then, there exist x e 4, yeX——B such that # <, X —
for some # = %, or v < (X — % for some v e 9. It follows that X — 9 = X
or X —& = — X and thls is a contradiction, because y ey and % e 4.
(PS1) is obvious. We shall show that the condition (PS2) also is satisfed.

Tet < e S[(,,,, : by the definition of ST(,,b) < < 81 and, hence,
there exist <<’ < &, <” e 8, such that 4 < B 1mpl1es A << 'C < v R

for some C < X. Tet A < B;foreverys e A and 9 = X — B we have:
a). there exists # < % such that v <X — 3, or

b). there exists v 9 such that v <X — %.
a). # < X — ¥ implies that there exists C < X such that < 'C <"X—3j.

Let C = {#:x < C}; for every w e X —C we have C < X — w (for
every 2 « C we have z e C, hence 7 # w, therefore z = w) Thus 4 <'X —w
for every w e X —C, hence x <'C. On the other hand, for every
% < C there exists ¥ = # such that x € C < "X — 9, hence x <"X — ¥

herefore C < "X — y.
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b). Similary, we proof that there exists C < Xsuchthat £ < 'C < "X —79.

Therefore, for every ¥ « 4 and y = X — B there exists C‘zy < X such

that % < 'C,, < "X —9. Let C = W w7y .C;y; because <’ and <’ are
zed yeX-B

biperfect, it follows that A <'C & "B. Hence (8, T) is a Symmetrical

and perfect pss on X.

Now, we suppose that % and y are perhaps-indistinguishable in the
space (X, §$, T) with the condition (4) and % # y. From the definition 1
and from the delinition of §, there exists ¢ < (0, 1] such that for every
< 8, wehave x <L X — yand y <4 X — #%. Because < isa symmetrical

and perfect topogenous order on X, it follows that there exist x. < %,
v ey such that % 4 X —y. and y < X — x.. From (4) there exits
b < (0, 1] such that for every v, w =y and < & 5, we have v < X—w.
Tet ¢ = T(a, b) > 0 (from (3)); % # ¥ implies that there exists < = 8,
such that ¥ < X — 9. From (PS2) there exist <' &8, <" 8§, and
C < X such that x <’ C < "X — y. It follows that therc exists y<r <y
such that ¥ < 'X — yor. Hence C L X — yor, 80 Yor & C. But this is a
contradiction because Vs, ¥ « ¥ implies Yy« Z"X —y.

We say that (3, T) is the quotient pss on X and we note & = 8/p

In [1, 14.1], A. Csdszar shows that if & = {<} is a simple, symmetrical
and perfect syntopogenous structure on X and xpy iff x</ X — y then p
is an equivalence relation and the quotient order </ on X [pis the inclusion
<. The following theorem is a probabilistic variant of this result.

rasoriM 3. Let (1, T) be a simple, symmetrical and perfect pss on X
under a i-function T which satisfies the condition (3) and let (8, T) be
the quotient pss on X = X/, where o 1s the perhaps-indistinguishability
velation on X ; then § = {8,: a = I} where 8, = {E} for every a = 0, 11.

Proof. Tet 8 = {3,: @ < I}, where §, = {<,}, and <,isa symmetrical
and perfect topogenous order on X for every a e I. Then §, = {<a} for
every a < I ; the condition '<u < Cisobvious. Now, if A € B then, for
every n = i e 4 and v €y < X — B, we have that u and v are not
perhaps-indistinguishable (£ y) = ®); hence, for every a = (0, 1]
w <, X — v. Because <, is symmetrical and perfect we have ¥ <<, X — ¥,
hence 4 <, B. Therefore € < <'a, so that <, = Cfor everya < (0, 1].

Remark 1. If (§,7) is a simple, symmetrical and perfect pss on

X then # and ¢ are perhaps-indistinguishable in X iff # = 9. Indeed, %
and y are perhaps-indistinguishable iff there exists a = (0, 1] such that

£ <,X —y where §, = {<a} and § = {Sa cae I} is the quotient pss;
because <, = © we have ¥ =9.

Pyl
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Remark 2. Let (5, T), (8, T) be two simple, symmetrical f'md
perfect pss on X, where & = (Siia eI}, 8 ={s,:a I} and 3 =
= {&i}, §! = {<;} for every a e I, and let p; and p, beﬁ tlhe perhaps-
indistinguishability relations associated to (8, T) and (3", T); then
8§ = 8" iff py = pa

Now, if.P{: is gjl equivalence relation on X, we define a relation < &
c g(X) X 2(X) letting 4 < B iff for every ¥ =4,y « X — B (%, ¥ &
=p. Then 8, ={<} isa simple, symmetrical and perfect syntopogenous
structure on X ; if T is a t-function which satisfies the condition:

(39 T(a,b)--—-Oiffa=0mb:=0, ' ‘
then (5, T), 8 = {8,:ae I} where 8§,=38, for every a = (0, 1], is the unique
simple, symmetrical and perfect pss on X for which o 1s the perhaps-
indistinguishability relation.
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