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In l4l, K. MENGER introduced three types of distinguishability for
pairs of points of a plobabilistic metric space, depending upon the behaviour
of tlre distance distribution function rTear zeto. If (X, F) is a PM' space,
fr, y e X and t"y:inf {a: F*n(") > 0}, then rve say that x and ! are:

(A) certainly-distinguishable if. t,, 2 0;
(B) barely-distiuguishable if t,y :0 anð. Iì,y(O+) :0'
(C) perhaps-indistinguishable if lî,,(0*) > 0,
The above mentior:Led types of clistinguishabilit5' \¡/ere reconsidered

by r, scnrvErzrtR ([5]) who defined two r-ciations on X as follo.,vs:
(l) xpy it| x and y are perhaps-indistinguishable, i.e. iff (C) holds;
(2) x}y iff x and y are not certainll-distinguishable, i.e. iff either

(B) or (C) holds.
In the following we refer only to the relation p. In [5, Th.l]

B. ScrrwErzERR. proof that, if (X, F, T) is a Menger space, where .T
is a l-norm such that : '

(3) T(a, ó) >0 whenever ø>0 and ó>0,
then p is an equivalence relation on X and R. J. EGBERT shows that the
quotient space X : XIQ can be enclowed. with an adequate probabilistic
metric; in sorne cond.itions 'ú and i are perhaps-indistinguishable in X
iff x == y (see [2, Th. 31]).

In 13] we introduce a probabilistic variant of the Császár's syntopo-
genous structures (see tl ]) - the probabilistic syntopogenous structure.
Using these structúres, we define, in a natrral way, the probabilistic unifor-
rnities and the probabilistic proximities; the relations between these struc-
tures and the probabilistic metric structures are analogous with the rela-



20 LIVIU FLORESCU

tions between the uniforn structures, the proximity structures and the
metric structtlres on a set.

I.et I be the closed unit interval and let T: IXI - -I be a l-function
(T(ør,br)4T(ar,br) if at4ezandbr(br) ; for every øeI let Eo

be a non-empty family of topogenous orders on X, such that for every
(r, {z e Eo there is ( e E, with 1t 1z c q. d probabilistic syntopo-
genous structure (pss) on X is a pair (8, î), where E: {S": ø = I},satisfying thc follor,ving conditioøs :

(PSO) 3o: {{o}, where A 1oB fff A : rÞ ot B : X,
(PSl) for every &, b eI with a <b and for every { e8o there

exists {' e E, such that < c <'.
(PS2) fot every { e 871o,¿¡ there exist q;' e oso aud. 1" e E¿ such

Lhat A ( B implies that A <'C <" B for some C c X.
A probabilistic syntopogenous space is a triple (X, 3, T), where

(S, 7-) is a pass on X.
We say tlnat a pss (S, 1) on X, E: {8": ø e I}, is symmetrical,

perfect, or simple if each 8o, ø e 1 is symmetrical, perfect, or consist of a
single topogenous order. 11 (X, F, T) is a Menger space, where l is a left-
continuous t-nortn, then for every cí ) 0, ø e 1, we define 1n,oÇ A$) X
xg(X), letting A 1n,"8 if A x,
every a = (0,, 1], let Eo : {{o, r
pair (8, T), where E : {E,: ø e
.X - the pss induced by the
Th, 6.1.1).

The purpose of this paper is to give an extension of Schweizer's and
Egbert's results as well as a probabilistic variant o1 a Csâszâr's theorem
concerning the simple, symmetrical and perfect syntopogenous structures.

We omit the proof of the following easily established
r,Errna. I¿l (X, F, T) be ø. Menger sþace under a. left-continuous

t-nor.tn T, let p be the reløt,ion (I) ønd, Iet (8, T), 3: {3o: a= 4 be the

þss ind,uced. by the þrobøbi,listic metric of the sþa.ce. Then i1y i,ff there ex'ists
a> 0 such thøt for euery ( e 3o ue høae x 4 X - y.

DEFrNrlroN l. Let (S, 
") 

be ø þss on X, where E: {.9,: au I};
ue d,efine a relation p s X x X letti,ng xpy iÍÍ there exists a e-(0, l) suck
tkøt, for euery 1 e Eo, u)e høue x 4 X - y; tahing 'into account the result
,of lem,mct, is nøtural to søy thøt x ønd y øre þerha.þs-i,ndistinguisha.ble íf *py.

Now, we give a generalization of Schweizer's theorern (see [5, Th. 1])
tHrtoRDM I. Let (8, f) be a symmetuicøl þss on X und.er ø t-fwnction

T ukich satisfies tke cond,iti,on p). îken, the retat,ionpis a.n equiualekce relø-
tion on X.

order ( on X and. for every x e X
elation. Because (3, 1) is
lation. Finally, iÎ xpy ând
evely (' e Eo and. (" e

- z, where E : {8, : a .e I} From

3 EQUIVALENCE RELATION 27

(3), c : T(ø, b) > 0; suppose that there exists ( e. 3o such that ø <
1X - e;'then, from (PS2), there exists <' e 3n, {" e S, and C c X
such that x <'C <"X - z. Because y { "X - z, it follows that y=C;
hence C c X - y anð. therefore x <'X- y. Bttt this is a contradiction;
thus p is a t¡ansitive relation.

llecause e\/ery probabilistic proxirnit¡, and every probabilistic unifor-
mity ale induced by an unique simple and symmetrical pss, resp. by a"

symmetrical and. perfect pss (see [3, Th. 4.1, and. 5'1']), this result is
fulfiled. in every probabilistic proximity space as well as in every probabilistic
uniformity space.

I,et (3, 
") 

be a symmetrical and perfect pss on X under a t-function
T which satisfies (3), S : {3 : ø e 1}, let p be the equivalence relation
associated to (8, ?) (see Theorcm 1) and 1et X.: Xlp.be the. cluotient
space ; for every a = I and ( e 5o tve define <' 9(X) x 9(X) letting

À < li iff for "u.ry x = À, y = X - ß th"t" is u e i such that u <
<X-y or there isu =y such thata <X - i'L.t E': {¿: ( = S"}

and. d" : {b" : a = I). The follorving theorem is an extension of the above
mentioued Dgbert's result.

TÉrr.ìor¡Elr 2. ß, T) is ø synr.metr.ical and. þerfect þss on X; in, ctddit'ion,
,if G, f) fulfils the cond'it'iott,:

$) forcuery ï = X thrrc exists q' e (0, 1) suclr' tlt'øt for aaet)) u, u = ï" ønd 1e8,uehøaeufX-u,
tl'ren x and. y are þerhaþs-i'nd'íst'ingui'sltøblc itr' (X, S, f¡ 4 ancl only i,Í.*: i.

p r o o f. It follows directly from the definition of the farnily 
"qo 

that
it is a non-empty family of symmetrical and perfect topogenous orders

ot X, directed by c . (PSO) We suppose that A 1o B and A I <Þ and

b+X; then, there existi=À,i=N-È such that ,l,<ox-y-
for some 'tt e )l , o¡ u ( oX -'* for some u =!.Itfo1lows that X - i' : X
or X-:N:X and this is a contradiction, because j =! and x e:*'.
(PSl) .is obvious. We shall show that the condition (PS2) also is satisied.

let { e 9iys,¿¡ ; by the definition of år,o,r), -( .= ErþJù.and,^hence,
there exist Z'=8o, 1". 

= 
E, such tha| A.( -I3 implies A.<'C <''B

forsome C cX.T.etA<13; forevcryheAandy =X- B lve have:
a). there exists 11 = * such that u 1X -'j,, çr
b). there exists a ='jt such that u 1X - *.

a). u'1 X-y impliesthatthereexistsÇ ={ suchthat u<'C<"f -ir.
LelC:{x:x =C};.for.etery y =.X-C lve þv.e C <=X-.r!_(fo:
every z e C we have à - C, hence z+ 7e, therefore ze w).Th:us u <'X -w
for every ;!., = N - Ö, h"tr." i à'C. On the other hand, for every

* = Ö there exists x = * such that x = C < "X - y, hence x <"X - it
herefore C¿"X-i.

2
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b). Similary, rve proof that there exists C - X such that * 1.'C'<'".X-i'
Therefore, for every ; =À and, ) =X- É th"r" exists C,, Ç -ã? such

rhat ; ¿'C-, < "k _ y. I'et C : V. .] .C'u; because i'and' Q" 
^texeA YeX'B

biperfect, it follows t:nat À <'C < "É. Ilence (b, f) is a symmetrical

and. perfect pss on -\i.

Now, rve suppose t:ilaL * anð. y are perhaps-indistinguishable in the

space (f;, e, f¡ with the conclition (4) and. * I y. Fro:o¡' the definition 1

ond frorr-r the clelinition of s, there exists a' e (0, 1] such that for every

X - *. Because < is a sYmmetrical
it follows that there exist x. '= *,

Y4X-x<.
eY and' ( e S

Y imPlies that
there exist (

c c x such that x <'c <"x - y. It follows that therc exists 1:,?i/
srr"tr ttrnt x <'X - y<t,llence C-qX - iqt, F9 2.'eC' B:ut this is a
contradiction becausé )t<,, I e y implies i.' 4"X - y'

We s¿ry that (!3, 1) is the ciuotient pss on )i and we note É : 3/p

In [1, 14.1], A. Császár shorvs that if Y: t
and pcrfect syntopogenotls structurc on X and
is an'ecprirralcncc rcl¿ition and the cluotient order
c. 'Ihc folloiving thcorem is a probabilistic vat

,lrrEor{L1}r 3. Let ( , T) be a s,irnþle, symtnetricø\, and. þerfect þ.ss on x
unrley ø t-fr.tnct,ion T ahiclt, søtisfies tke cond.ition (3) a'nd' I'et (8, T) be

lhe qu,oLient þss or, * : Xlp, tahere p is.the þerhaþs-ind'istinguishøbility
velation, or, X; t1'ten á: {$,: ø e I} uhere 3n: {-c} for every ø e (0, 1]'

Proof . I,ct 3 : {51*'. cL = 1}, where E, : {(,}, and 1*is a symmetrical

and perfect topogenous order on X for e\¡ery a' e L Then E, : 1i.) for

eveïy a <- I; the condition i, c Çisol¡i'ious. Now, if A ç iS then, for

eveïy tt, r= :i = À and a = ! = X - B, w. have that u and- u are not

perhairs-indistinguishabie (* ) y): O) ; hence, for every a e (0, 1]

'u {o X - u. Bccau5s (o is symmetrical and perfect we have * <' X - i"
hencc À<"8. 'fhetefore a 

= 2,, so that <.: çfor every ø e(0, I)'
R e rn a r k 1. If (S,T) is a simple, symmetrical and perfect pss on

X then :t arld. y are perhaps-indistinguishable in X iti * - !: Ind'eed" *
,and' y .r" 1r"rú"ps-inåistinguishable |ff th"t" exists a'e (0, 1l such that

; ¿,X -y where .d":{<J and 6:{3,:a=4 is the quotient pss;

t¡ecause 1o: Ç we krave h:!.
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Let (S, î), (s", 1) be two simple' symmetric-al -ancl
perf ïit"[' s/ :'{sí tþ' = t¡, -s" 

: {SJ. : a e ]) and 8á :
: { 

'i;;';";'v ;L l, uo-d'l"t e,-1ìã p' be îhe perhaps-

indi i"tãtiá"t'associated to (3';-T) and (s"' 1) ; then

orl oll X, we define a relation ( S
every xeA,YeX-B (x,Y)é

rical and. perfect sYntoPogenous
satisfies the condition :

for every ø e (0, 1], is the uniclue
X for r.vhich p is the PerhaPs-
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