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1. Introduction

T.et X be a normed linear space, anð. M a linear subspace of X. The

set-valued mapping v n P*(x), where

P*(x): {lno = Mlllx - rnoll : dist (*' U)}

is called the metric projection of X onto M, anð' each þ*(x)e P¡a@).is
cÎ M. For some .Í e X it is Possible
ve and M closed (itsuffices M teflexi-

"i?,ioïTÌi;'l å'T""T;i"?' " *"

(1.1) llx - þ*(x) I I < I løl I (þ*(x) e P*(x))

(1.2) llx -þ*(x) ll:llxllLot some (a11) þ*(x)=P*(x) iff 0e P*(x)

When X is reflexive and strictl

to be on M (lll, t12l) if lot x e
Pyx:0. Such operatos have bee
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this problem only the points fr é M are interesting, since otherrn¡ise P*x:
: r) . Clearly, rvhen X is reflexive and strictiy convex, and Xti ciosed,
then each P* is a B-operatot on X[.

B-operators (on 1lz1) were first introduced b1' B. ÄTr,ils.rÀlr arrd
F. SUrrLr\/AN in [1] (in connection lvith methods of calculating best approxi-
mations on finite dimensional subspaces ol Lo), but ¿rn extensir.e itudy
of B-operators (B-operators on il[) and their applications were clone by
¡'. sur,LrvAN in [12].

In this paper we enlarge the class of ,B-operators (on some closcd sub-
spaces) rvhen X is an arbitrary nornlcd iincar space) iu such ¿ ¡¡'¿11', that
for each linear subspace M ,= X (not necessarilS- q1e5,,.1), P* belonqs to
this cl¿r.ss. Then we l11ust consider not on15r 5inols-r'aluecl mappings clcfined
on thc whole X, bul set-valued mappings, their donains being subsets of
X, and the set-valued mappings satisfy conditions ,.;inìlar rvith (1.1) and
(1.2). Such set-r¡a1ued mappings will be called -B-set-valneci nrappings (see
Definition 2.1 below), and in an apptopriate r,vay rve define B-set-r'ahted
mappings on AI , M a Tinear subspace (see Ðefinibton 2.2 beiorv), îhe results
of this lraper rnay be regarded. as gereralizations Ior B-sct-r'zr1rrcc1 inappings
of the results of [12] Tor B-operators. The difficultics r'r4rjch appear here
are rnore or less comparable with the ones rvhich appear when the results
oÍr PM rvhen l'lz1 is a Chebyshev subspace of X (i.e., u'hen P*(*) is a singlc-
ton for each ø e X), ar.-e generalized for the case when fuI ts ttn nr'.bitrary
subspâ.ce of X (see e.g., [1i], t4]). We notice that even ivhcn P is a ll-set-
valued mapping on ll[, its domain being X and iVI a Chebyshcv snbspace
of the reflexive and strictly convex space X, we can not expect to apply
the results of l2l for B-operators to the selections þ(x) = P(:c), x e X,
which are clearly B-operators, since these B-operatois are not in gcler-a1
on M (though they be on other subspaces) . Of coursc, rve sha1l usc some
id.eas and techniclues of ll2), and rve let to the rcader to comparc the results
and the proofs given here and the corresponding ones of [12].

Finall¡., rvc mention that another genetalization oI thc set-r,¿rlued
mettic projection, quite different of the above one was considered irr [5].

2. n-SE?'-1/alucd mappings and their assoeiatcd ts-SET-Value¿l rnappings

I,et X be a normed linear space over the real field. Il, and X'F its
dual space. 'Ihroughout this paper the r,vord ,,subspace" stands for ,,1i-
near subspacc". I,et us denote by 2* the collection of all subsets of X, inclu-
ding the empty setØ.T.et P: X ->2x be a set-valued mapping. We denote
by Dom(P): {* =XlP(x) +Ø}, P-'(0) : {x = XlO e P(x)}, and for
x e Dom (P) we generally denote the elements of P(x) bV þ@).

2.1. rE¡'rNrTroN. A set-aalu,ed. maþþírug P: X -"2x is callecl a. B-set-
aølued, maþþing í,f for eack x = Dorr^(P) there ex,ísts c" e IL witløO < c, < lløll
< lløll such thøt:

1) llx - þ(*)ll : c* for all' þ(x) = P(x)'
2) c": llxll if ønd, onl,y if 0 e P(x).
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It is obvious that for a B-set-valued rnapping P, we have P(0) :
:{0} if 0 eDom(P), and by 0 <c, < llølland condition l we have:

(2.1) llþ@)ll <2lløll (ø =Dom(P), þ(*) e P(x))

Let us denote by P(X) : U{P(*) lø e Dom(P)}.
2.2, ¡Er+rNrr'roN. If P(X) ,- XI for some subsþøce M of X then the

B-set-aaluctt nr,øþþ'ing P is said to be ou. M 'if P;wtP)\{O} -- p-t10)':.M.
Tiquivalently, P is on M if P(X) <= ù[ and for x ç M we have 0 e

= P(x) if and only if 0 e. P¡¡(x).
Since P¡'(0) : Pø'(0) where ff is the closure of M it the norm

topology, if P is on ll[ then P is also on ÌrI , so the assumption on P
to be on a closed subspace is not more restrictive than to be on an arbi-
trar1' subspace,

Clearly, if il,1 is ¿'r sllbspace of X, then the set-r¡aiued nrapping P: X -
-'2r deTined by the conditions P(ø) ,- Pnu(x), xe X, and if x e PM|(O)
therr 0 e P(x), is a B-set-valuedmapping on M. The next lour results give
conditicns on a B-set-valued mappiirg P on M for which P(x),= Pnn@)
Ìor x c- Dom(1']).

\Ì'/e reca1l (sce e.g., [3]) that a normed linear space X is called strictly
,conuex iT for all 2(, y e X', x # y, llx ll : llyll:1 ',ve have llx l- yll <
{ 2. I'his is equivalent [10], with the lact t7"Lat each subspace lW of X
is a sernichebyshev súbspace of X, i.e., lor each x e X, Pon(x) is either
ernptl' or a singleton. Another equivalent condition which rvill be used
in Section 4, is that each/ = X"'\{0} attains its nortn at most at one point
x e X, llrll : i.

2.3. Re rn ar k. I1 Pis a B-set-val -redm:Lppingon M,and r e Dorn(P)
suclr that P(x) ) P"(x) # Ø, thon P(x) ,- P*(x). Consequentl)., if X is
strictlr' convex, then lor each B-set-va1uecl mapping P on ll[, and x 4
é rì,f ..{0}, rvc har¡e r . /'-'(0) if and only i¡ P(x): {0}. Indeed, let
m e P(x) ) Pr(x) anð. þ(x) e P(x). We have by condition 1 of Definition
2.1 rJn¿Í llx - þ(x) ll : llx - nr,ll. Since zr¿ e Pno(x) and þ(x) e XI tt
follorvs þ(*) = Pr(x).The other assertion follows since P is on M, which
is norv a semichebyshev subspace of X.

2.4. IRelnark. I,etPbea B-set-valuedmapping orM, x eDom(P) -'
\M ancl m e P(x). The following assertions are equivalent:

1) nt. e Pr(r)
ä) t; - //, c Doln(P) and. c* : cx-,'
1il) x"- m =Dom(P) and c" 4 c*-,,

Indeecl, suppose rve have i). l'hen 0 e P¡o@ - în), and P being on M it
follorvs 0r=:P(x-m).So, x-tn eDom(P) and siuce 0 eP(x-uo)
and tn. e P(x) rve have cr,ttt: llx - mll : t,, i.e., we have ii). Since
ii) + iii) is obvious, stlppose we have iii). Bv m e P(x) and iii) we have
c,:llx - lnll { c,-* < llø - mll, and so cx-n: llx - lnll. By condi-
'tion 2 of Definitiot 2.1 it follows 0 e P(x - m), anð. P being on M,
0 e P*(x - nr.) whence ?n e P*(x).

3



28 G. GoDINI 4

2.5. R e m a r k. An imrnediate consequence of Remarks 2.3 and 2'4
is the following : iÎ P is a B-set-valued mappllg on M and for some ø e
e Dom(P)\ 14 we have P(x) ¡ P*(x) + Ø-, then we have c,-p(x) :
: c, foÍ éadn þ(x) e P(x) with ø - þ(x) e Dom(P)'

2.6, rr:Eonnw. Let P be ø B-set-ualued, nr'aþþi'ng on M and x e
e Dom(P)\ M. Tke fotlowing assertions ale equiaølent:

i) P(x) c. P*(x)
ii) 0 e P(x - þ(x)) for ail þ(x) e P(x).
äi) For some þ(x) e P(x) there exists ttt, = P(x - þ(x)) such tlt'øt

-im eP(x-þ(x)-m).
Proof. i) =+ii). Let þ(*) = P(x). By i) we have 0.= P¡a@ - þ(x))

and. since P is'on lvi, itfollows 0 e P(x - 1(x)), tirat is ii)'
ii) =+ iii) is obvious for m :0.
iii) =+ i). The hypothesis iii) and x4d[ imply tlnat.x - þ,(x), x-þ(x) -

- nl, e Dom(P)\¡z. Since -za e P(x - [r(x) - m) we have:

(2.2) c,-þ(,)-n,:llø - þ(x) - nx) - (-m)ll:llx - þ(x)ll Þ c,-pøt

whence by Remark 2.4, m' e P*(x - þ(*)).Ifence 0 e P,*(x - þ(.x) .^\l
and sincá P is ot M, it follows 0 = P(x - þ(x) - m).Ifence, wing (2.2)

%n==x,þr(x,,) = P(x,,),Lim þ(x,,) : y € X impl1' y e. P(x), respectively if the

relations *,=no (Éi,\Í'r.xû:x, þ(x) =P(x) tmply the existence o1þ(x,,) e

e; P(x,,) withJim þ(x^): þ(x). ff everywhere above rve replace lim by

w-\in (i."., for 2,,, z = X we have 7Ð-7im 2,,: z if for' each / = X*,

lim f (2,,) :.f (r)), then P is called ,r,lrrr;ii'*å'ty weøhly uþþer(K)semi-cont'i-
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x e Dom(P) then P is u. (K)s.c. at x whiTe [10] P is l.s.c. at x e Dom(P)
if and only if P is l.(/()s.c. at x.

We recall (see e.g., [3]) that a normed linear space X lnas þroþerty
(H) if the relations x,,,.x = X, u-tim xr: x,7im llø"ll : lløll imply

li,. x,,: %, a,'ð- it is called uni¡or*ìi-ronrr* i1"ü, %,, loe X, llx,ll:
: llt,,,l I : 1, tt,: l, 2, ..., the relation ]:: ll*, t y,,ll: 2 implies

lim llr,, - y,,ll:0. It is known that if X is uniformly convex then it
4+æ
has property (H), and a uniformly convex Banach space is always reflexive.

The metric projection P* is always u.(K)s.c. at each xeDom(P*),
M an arbitrary subspace of X, and in uniformly convex Banach spaces
X, Pu is continuous at each x e X for each closed subspace M c X (see
e.9., [6]). More generally, if X is a strictly convex no¡med linear space
with propefty (H), then P¡a is continuous at every x e X foreach reflexive
subspace iUI C X. These results will be easy consecquerlces of the following
result, if rve use the known f act ( [11]) that for the metric projection Poo

the continuity (semi-continuity) at a17 x = PMI(O) iinplies the continuity
(serri-continuity) at a17 x e Dom(Puo),

2.7. pnoposrrroN. If X 'is a strictly conuex norrned, linectr sþace, th,en
eaclø B-est-aaluecl rnøþþing P on tke closed. subsþaces M c. X is u.(I{)s.c.
at each x = P-1(0)\(ø...{0}).If in a.d.d.ition X ka.s þroþerty (H) øncl M
is reflexiae, then P is botk u.s.c. a.n¡l l..s,c. øt eøch x = P-t(O) \(M\.{0}).

P r o o f. Suppose X strictly convex, P a B-set-va1ued. rnapping on
the closed subspace M attð,Let x= P-1(0)\r(M\{0}). By Remark 2.3 we
have P(x) : Pw@): {0}.

I-ret x,, eDorn(P), fu*n: % aîdþ(x,) = P(*,),fu þ(*") - rn =M.
By condition 1 of Definition 2.1 we havefor a77 n

{2.3) llx,,-þ(x,,)ll < llø,ll
andso llx - mll: lim llø" - þ(x^) ll ç limllx-ll: lløll. Since P*(x):
: {0} and. m = M,"ì.\ollows m: O "oi'lJ P is u.(K)s.c. at x.

Suppose now that X has in addition property (Il) and. l-11 is reflexive,
and 1et x, =Dom(P), ,1T %,: %, and þ(x^) e P (x,). We show that

Ii^ Þ{*,,):0. Bv (2.1), {þ(x,,)}.i:t is a bounded sequerce of the reflexive

space M and so there exists a subsequence {þ(*",)}i:, of {(þx")}i:, such
that u-|im þ(*.u) - m e M. Then w-|im(**r- þØ,0)): x, - tm, and

since (2.3) holds for a71 n, we have

(2.4) llx - m | | ç 1im inrll*,,- þ(*,,)!l ç limsupll*,,-

- þ(*,,)ll ( lim llx",ll- llxll

we have c*-þ(t)-tt : llx - þ(
i m = Pu@) and þ(x) e M
ìPr(x), whence by Remark,

We recall (see e.g., [11
uþþ er (I{) s enr'i- cont'ínuo us
sety,i-continwous (1. ( K ) s.c.

x) - ml I : llx - þ(x) ll and since 1(r) f
, we get 1r@) = P*(x). So, 1t@) = P(x) À
2.3 we have i), which completes the proof.

l) tlnal a set-valued mapping P : X - 2x is called
(u.(K)s.c.) ø.t x e Dom(P), r-espectively lower 'I{
) at x e Dom(P), if the relations r,' e Dom(P), lim

tt+ø

nLtor.t s (a -w.u. ( I{ ) s.c. )
cont'inuows (a -ut.l. ( K ) s
(K)s.c.atx e Dom(P)

e P(x,,), *-,!:T!@,):yimplv y ,= P(x)' P is cal1ed uþþer setni-con-

tinuous (tt,.s.c.) ctt x = Don(P), respectir.ely louer sutti-continu'ous ¡1.s,.9..)

øt x e D'oni(P), if for each cLosed subset C ,= X the relations ø,, e-Dom(P) ,

7intx,,: x, P(x,,)ÀC +Ø imply P(x)ÀC +Ø' respectivelyif for each
tr+û
ãpã" subset D ,- X, the relations ø" { Don(O), lli xo: K, P(*) )
aD+Ø imply P(*,)lD+Ø lor m2no.clearly,if P is u.s.c. at

rcspectivcll, scqr,tcntiallit weak.ly lo'u'er ( I{ ) stryi-
.c.)- at ø e Dom(P). P is called (nonn-weølt)u',
if 

'the 
relatiolrs r,, e Dom(P), lint x,, - tc, þ(x,.) e

I
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We have P*(x): {0}, whence by Q.! we get nx:0. IIence, usingagain
(2.4) it follòws ,1Tllt,,- þ(*,,,)ll: llxll. Since X has propertv (H).,

l.* (t"o - þ?"0)) : n arld so lim þ(x,,0) : 0. Therefore each weakly con-

vergent strbsequence of {þ(x,,)},f:1 converges in norm to zeÍo, whence
lim-þ(x,) : 0. lt is now õbvióus that P is u.s'c. at x and l(K)s.c. at ø

itJ""" l.s.c. at ø).' For x = X rve denote bv lxl the linear space spanned by r;. When

G is a subset of X rve shall denote sp G, resp. sp C, ttre iinear space spanneó
by G, resp. the closed linear space spanned by G.- 

To eãch set-valued mapping P : X -r 2x we associate anoLhet set-
valued nrapping P". X -"2x with )om(P') c Dom(,P) in the following
way:if * =-p-i(O) U (Xt Dom(P)) thenP'(x): P(x)',i1 x e Donr(P)\.
\P-'(0), let us put

(2.5) a,:inf{dist(x, Lþ@l)lþ(x) e= P(x)}

If there exists þ(x) = P(x) such that a,: disf (t:, lþ(x))) then P'(x) :
: U{Pe,1,¡1@)lþ@) e P(x), clist (r, lþ@)l): !,); if not, then P'(x):@.

iet"irå'obsèr:ve tlnat it can happen tltat f.or solne r e Dorn(P') with
P(x) a singleton, to have not Pt(x) a singlel.on. If X is strictll' corlvex,
then for ø e Don(P') we have P¡p1"¡1@)a singleton for cach þ(x) = P(x)
buL P'(x) c¿rn be not a singleton and in this ca,se surely ,D(ø) is not a sing-
leton.

2.8. DÞr¡rNrTro-r\. ,4 set-ttaluecl m'øþþitr'g P i,s called' ortltogonøl ,f
P':P

2.9. R e 1rr a r k. For each set-r'a1ued mapping P, the setvalued napp-
ing P' is orthogonal, and P' rvil1 be ca11ec1 its c¿ssoc'iatcd ortlt'ctgortøl sct-aølued
m.a.þþing.

2.10. Relnark, If P .ìs a set-valued mapping and ø eDoru(P)
witlr P(ø) compact, tlter- x e Dotn(P') a,nd P'(x) is also corupact. Indeed,
by the definitiõn of .P' rve nlust show the aborre statements o:nly fot x 4
g P-t(0). I,et þ,,(x) ,= P(x) and À,, e R bc such that llx - ì',,þ,,(4)l:-
: dist(x', lþ,,(i)'l)(< lløll), lim dtsl (x, lþ,,("))) r= 4,, \\rltere arts clcfined
by (2.5). Sinie Þ\t:¡ is compact we can suppose linþ,,(x):1rØ) e P(x),

þ(x) + 0. 'Ihen {À,,},i:r is a bounded seclucnce ancl u'e car súppose litn 1,, :
: À. We have

ø" ( dist (x, lþ@)l) < llx - tþ(x) ¡l :lirn llx - )',,þ,,(x)ll: q,

and so a,: dist(x, lþ@)l) : I lx - ì.þ(x) ll, i."., ),þ(x) = P'(x) and.x .=
e Dom(Þ'). The proôf lhat P'(x) is ðompact is similar an¿ 

've 
omit it.

2.11. Reruark. If P is a B-set-valued mapping, thcn (P')-t(O) :
: P- t(0) . Indeed, by the definition of P' we must show only the inclusion c .

I,et i 'e P(')-t(O)\ P 1(0). Since 0 e P'(x) and 0 ø P(x), there
exists þ(*) éP(x), þ(x) t0 with a,:dist(x, lþ@)): llxi l< llø-

- þ(x) ll, rvhere ø" is defined by (2.5) Since 1(ø) e P(x) and P is a B-set-
valiedmapping,we have c,: llx-þ(x) ll < Iføll' So, c*: lløllwhence
by conditiõiZ of Definition 2.7,lt follows 0 e P(x), a contradiction.

If P is a B-set-valued mapping, by Remark 2.ll it follows that for
x eDom(P') and each þ'(x) = P'(x) we have þ'(x): 

^þ(x), 
þ(x) = P(x),

). e R with ll, - 1r'@) ll : llx - ),þ(x) ll : dist (x, Lþ@)l).
In the sequel we want to see what properties of P are inhercted by

P'. Since there are very few in the ge-neral case-(see I'emma 2.12 below)
most of the results rvi1l requ.ire sone conclitions on X as well as some additio-
nal assurnptions on P.

2.72. I, e nr m a. If P is ø l3-set-aølued rnøþþing, thetø P' is also a.

B-set-aalued rnøþþin'g. I'Ioreoaer if P'is on À[, theto P'is otø M.
Proof . For r eDorn(P') let c',.:c, lor x =P-'(0) and c',:q.,

otherwise, where ø, is defined by (2'5). 'lh.en clearly 0 < c; < lløll aná
condition 1 of Definilion 2.1 is obviously satisfaiedby P', while condition
2 is satislied by Remark. 2.11 and the lact that P is a B-set-va-1ued
mapping. If P us on lli[, then P'(X) c. M and' the last statement follo.,vs
using again Remark 2.11.

f'he next result, r,vhích will be useful in the sequel, is a slight generali-
zatiot of ]21, Section 4, I'cmua 1, the implication a) > b).

2.13. L emm a. Let X be ct. u,n'ifornr,l'y conaex normed lineør sþøce

and let {M,}itbe ø sequen'ce of subsþaces of X. Let {x,}i:t <: X and, m,,, e
= À[,,, to: l,2, ..., such tlt,at:

(26) lirn llø,,ll :lim llx, - m,,ll:lirn díst (x,, M^)

Then 7im n1,.,:0.
P r o o f. If lim l lø,,1 I : 0, then by (2.6)

lim llx,,l I > 0,then rve can suppose that for all

- nx^l | > 0. I,et us ptt Lor all n
I I l.

*^ - 'l*sl -r 
lV, * ,""11

Then by (2.6) we have liin u,,:21a", where ct : lim I lø" I I > 0. \4/e have
t]nat lor all n

2>ll | +-!'--!rn-ll :"ll*- I 
-*,ll)cr,dist(x,,ttt,,)-,2- - ll¡^,,1 t llx,, - tttnt.l ll - 

*'ll -' u,,tlxn- nt.,,ll ll

Ilence, since X is uniformly conve

fi,,, ll -1- - -xlr - .t¿n 
II : o

ll ll,"ll ll.v" - rr,,tl ll

whence by (2.6), 7im m,,: Q.

'l'he next tr,vo results give conditions on X and the B-est-valued
nrapping P on M for which P' has sotre semi-continuity properties. -'lhe

we have lin
n, llx"ll > o

frx,
and

:0. If
I x*-
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assumptions on X anð. M being not weaker thel t4ose given in Proposition
Zi, lå, view of this propositión and l,emma 2.12, we need not consider
x e (P')-L(O).

2.14. rttnoI(Ê]Ii^. Let X be ct uníforml,y cTnoex normed' linear sþace,

P ø B-set-aølued' maþþing on the closed' subsþøcc M, and

x eDom(P')\((P')-'(0) U M)'
ù IÍ P is both u.(K)s.c. ønd. t.(K)s.c. at x, then P' is u'(K)s'c' at x'

f.i) If P is u.(K)s.c. øt x ønd P(x) i's a singleton, then P' is u'(K)s'c'
at x.

ä1) If IVI is reftexive, P(x) comþact, and P is both u.s.c. ancl l.s.c. at x,

tken P' is u.s.c. øt x.
iv) If M 'is reflexiue, P(x) 'is a singleton a'nd' P is t't''s'c' at x, then P'

is tt,.s.c. øt x.
P r o of . I,et ø e Dom(P')\((P')-t(0)UM)' ø, e Dom(P') such that

litn x,,: x, and. þ'(x,,) = P'(i*).' We have þ'(x,,): \,,þ(I,) for some

þ(x,,)''= P(ø") and-ì" ä n.ff P is u.(I()s.c. aL sx, therr for all ø

(2.7) llþØ^)ll >p>o
rndeed', illírn þ(x-,): 0, then 0 e P(x)' : P'(x)' contradicting x + (P')-1(0

i) = M' We show that m e P'(x)' BY (2'7)

anð'(2.abounded.sequence,arrdsolvecansuppose
(passin ecessary), that lim Àn : À' If I :0' then

by(2.|andfora]1|ntjnefollowingrelationshold:
(2.8) llx. - þ'(x^)ll: dist (*,, lþ@.)l) < ll x" - þ(x") ll < ll r"ll

IIence

(2.g) lin ll x,,¡¡ : lim dist (ø,,, lþ(x,)l) : lin ll x' - þ(x")ll

llx^-x,þ(x.) I I < ll x,- ltTn,ll

and so

a,{ llx - xþ(x) ll : lírn llx,,-t,þ(xn) | | < lim llx"- ltm,ll:ll x-vmoll : a"

Thus, ø,: llx - M(x) ll, whence )'þ(x) e P'(x), which completes the

proof of i).
ii) using the notation of i), the- proof of ii) is similar, since if P,(x).:

: titø1, ltÏ"n lim i(*) : pd)' "naihe above argument holds replacing

rno'by þ(x) and m,, bY þ(x,)'
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iii) Let C be a closed subset of X such flnat. P'(x,,),) C+Ø, and let
þ'(x,,) = P'(*,,) fl C, where as above þ'(x,,): )t,,þ(x,,) for some 1r@,,) =
= P(x,) and l, e R, n:1,2, .... We clairn that {þ,]*)|.,:t has a corr-
vergent subsequence. ff not, the set Ct: {þ(x,)ln:1,2, . .} it closecl
and P(x,,) lCr* Øf.or all n, so by the asstr.rnption on P to he u.s.c. at
ø, it follows P(x) l, Ct# Ø. 1^hus, there is r,,, r'vith þ(x,,) = P(x) ) Cr.
I,et Cr: {þ(x,)ln 1n}. Then ()' is closed arrd P(-i,,) ñ Cr* Ø I'or: all
lL ) trt, and so P(x) ) C, + Ø, sa5', þ(x,,") e P(x) lor sorìrc rt^ > Ìtt.
By repeating the above argurnent, rve find a srrbsecluence {þ(x,)}* , ç
C {þ(x,,)}i:, with {þ(x",)\i:rC P(x). 'lhis contradicts the compactness
of P(;v), since {þ(x,,')}L, tto. no convergent subsecluence. 'l'hereforc tÌrere

exists a convergent subsecluence of þ(x,,)Ìi:r, aud withottt loss of generalìty
we can suppose limþ(x,,): il/t/ e M. Ily ('2..7), we have ru, * 0, f'he'
iÀJ,L, is a bounded secluence and v e may assrlÌne lirn À,, : À, Iferrce,
li¡m þ'(r,,) : )'m e C. By i) above, P'is u.(1()s.c' at x and so ì.'ttt' e P'(*).
Theieiore P'(*) À C + Ø, r,vhich shows that P'is tt.s.c. at :r.

iv) 1'he proof is sirnilar with iii), using ii) instead of i). This conrpletes
the proof of the theorern,

2.15. runo:ntllr^. Let X be a. str'íctly conr)ex nort¿ecl I'it't,eør sþøcc tui,th

þroþery VI), P ø B-set-aalued møþþ'ing on' tloe reflex'iuc su,bsþace Ì'l att.d
x,,eT)om(P')'...((P')-'(0) U M). II P is botlt l.(I{)s.c. cuotl (norrn-weølt,)u.
(I{)s.c, at x, then P' is u.s.c. øt x. If in a.d'dit'íon P'(x) is ø sin,gleÍ,ort., tltul
P' is l.(I()s.c. a.t x.

P r o o f . I,et x e Dam(P')..((P')-t(0) U trt[), x,, e l)oru(P'), linr :r,, :
: x, aud C a closed subset of X such that P'(x,,)aC + Ø Íot all n,. I,et
þ'(*,) e P'(xn) fl C. Then þ'(x,,): \þ(x") rvhcre þ(x,) = P(r,,) aucl À,, e
e 11. By (2.1), {þ(x")}i4 is a bounded sequcnce oI the reflcxive space
,1f, thns we may ¿rssnlne tbat w-limlr@,) :þ(x), u,here þ(x) = P(ø) sincc
Pis (norrn-weak)u.(K)s.c. at r. We have þ(x) 10, other-wise P(r) : P'(x)
: i0) in contradiction with x É (P')-r(O). Since llþ@) I I ( 1in inl l! þ(x,,) ll ,

it follou's thal (2.7) holds for n ) rro and so may we ass11rr.e that lim À,, :
: tr. Jlecause P is 1.(1{)s.c. at x, lhere are nr,,, = P(x,,)wití Tin.' no,,- þ(x).
We have ll xn-'þ(x,,)ll : ll x, - nx,ll for all n, andso lim ll x,,-- þ(tv,,) ll --: ll x - þ(x)ll. Since we have also w-|im(x,,- þ(*,,)) : x - þ(x) ancl.
X has propcrty (H), il follows lirn þ(x") : þ(*), 'uvhence lin þ'(*,,) -: 

^þ(x) = C. The proof to show that ),þ(x) e P'(.r:) is thc sarrc rvith tlre
last part of the proof of Theoren.r 2,14 i) and we onrit it.

The above proof shows tl-Lat iÎ P'(x) is a singleton, sa¡', P'(:v) .:
: {þ'(x)}, and þ'(x*) e P'(x), then each weakli. couvergerrt subsequcuce
of the bounded seçLuence {þ'(x,,)}i:, converges in the norm topologl' to

þ'(x), whence 1im þ'(x"): þ'(x), which pro\¡es thaL P' is l.(1()s.c. at x
when P'(ø) is a singleton. This completes the proof o[ thc tlreor-cur.

Generalizing the definition of P dorninates P rvhen l', Itn arc single-
valuecl mappings (see [12]) we give:
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2.16. onrrxrTroN, If P is aB-set-aaLued. møþþing om M,then p d.omi-
mates P*(uritten PÞ P*) if for eaery bounded. sequence {*"}i:, C Dom(P)
uith, dist (x^, m, the existence of a se

b(x.,\ e P(x, irnþlies the existence of
tlìøt' {x"\n > tke existence of solne

@ >- noÍ uit
2.1.7. pnoposrTroN. Let Xbe a normed,línear sþøce ønd, P ø B-set-vølued,

maþþing on the subsþace M, uith Dom(P) : X, a'nd' suck tltat P Ð Pu.
tf I' is 1.(I{)s.c. at eacJø x = PlolM, tken P* is 1.(I{)s.c. at each x e
e Dom(P,)'

Proo{. Since Prisl.(K)s.c. a.each xe M,7et x = Dom(Pr)\¡4,
ø, e Dom(P¿) such that lim %n: x, and let þ*(x) = P*(x)' 'Ihen ø -
- þ*(x) e P;'10) / {0J and P being on M we havc x - þ*(x) e
eÞ:Lp)/'M. Sinie lim (x^-þ*(x)): x, - þr(x) and 0 e P(x - þ*(x)),
there èxist þ(*,- þ*x)) = P(x,, - þ*(x)) such that lirn þ(x, - þ*(x)):0
(since Pis l.(/()s.c.atx-þ*(x)). ByPÞ Pr, there exist øoanð.þ*(x,-
-þ*(x)) e P,*(x,, - þ*(x)) for n Þ øo such that lim þ*(x, - þ*(x)) : 0,
and so limþ*(x,,): þa@), which proves that Pr¿ is l.(K)s.c. at ø.

2.18. pnoposrlroN. If X isø uniformly conaex normeil linear sþace
a.nd. P a. B-set aølued. møþþing on' tke subsþace M suck that P \ P*, then
P' Þ P¡t.

Proof . Suppose {x,,}i:r(Dom(P') is a bounded sequence with
dist(ø,,, M)>-u > 0for aTln,anð.there are þ'(x,) - P'(x,) withlim þ'(x,):0.
Then þ'(x,,): \,,þ(x,) for some 1(ø") e P(x,) and. À, e R. We may

assurne that { ll x"ll}i; is convergent. Then for all n (2.8) holds and since
limþ'(x,,):0, we get (2.9). By Lemma 2.13, we have lim þ(x,,):0 and
since P Ð Pu the result follows.

Generalizing for set-valued. mapping the notion of a demi-compact
operator ([2], see also [12]) we give:

2.19. ¡nrrNrrroN. A set-uølued' møþþing P is cølled, dem'i-comþact if
for eaery bounded seqilence {x,,}i:r ¡ Dom(P), the ex'ístence of some þ(x,,)=
e P(x,,) with {þ(x,,)\l:t conuergent, 'imþlies the existence of ø conaergenl

subsequence of {x"}i:r.
2.20. pnoposrTroN. If X is ø uniformly conaex normed linear sþace

a.nd. P a d.emi-comþact B-set-aal,ued. maþþirug, then P' ís ølso demi-comþact"

P r o o f. Let {x,)i:t ( Dom(P') be a bounded sequence and þ'(x,) e
e P'(x,) with lim þ'(x,) : a. Then þ'(*,) : ìr"þ(x,,) for some þ(x,) e P(x")
and Àn e R. We claim that {þ(x")}it has a convergent subseçluence, whence

since P is demi-compact, {x,}i:r has a convergent stbsequexce and so

P' is demi-compact. Suppose now that þ(x,)jit has no convergent sub-
sequence, and we may assume tha! {| ø,ll}i-r is convergent. Then b¡'

t\2.1), {þ(!,)}i:l is bounded and since lim \rþ(x,): zu.we must have lim t,,:
_:0, and r1liT þ'(x,)-:.0._.W" hav.. (2.8) foi all ø, whence (2.9) holds"
By I,emma 2.13 we obtain limþ(x,):0, a contradiction. Thij completes
the proof.

11 A GENERALIZÂTION

3. Convergence theorerns

OR

I.et P : X -r 2x be a set-r'alued mapping- and for x e= Dom(p) let
us define the following seqrlence of subsets ót X ty:
(3.1) Y o: {x}, Yntt : l){y,, - P(y,) ly,,= y' O Dom(p)},

tr tn:o,7,2,...
Clearly, if Dom(P) : X then Y,,+ Ø for all ø. Otherwise rve sh.all rnake
the assumption:
(3.2)3 'if Y,, + Ø þo: t,2, ,.,)
Note^that .iÎ (3.2) holrt.s,.lnqr þv (3.1) we have y,, f^) Dom(p) * Ø rot all,t,t,:0, 7, 2, ..., and if p is a Blset-valued mäpping,'tlien lly, ll _i< llr ll for all 3,,, -Y,,, Y, + Ø.

when (3.2) is fulfilled, we shall be concerned with sequences {s,}i:.,s, e Yn .n¡ith the following property.

(3.3) lls,,+,ll ( lls" - 1(s,,) ll for a1l .á(r,,) = p(s,), n: 0, I, 2, ...
When P is a B-set valued mapping, then we have lls,, - 1(s,) ll < Ils,,ll,
hence a sequence {r,,}åo satisfying (B,S), satisfies also the condition:
(3.4) 1im lls,, il : lim lls, - 1(s,,) ll < ll ø ll

since {ll sll}f:o is a decreasing sequence, hence convergent.
Let P be a B-set-valued mapping with Dom(p): X. îhen sequence

s,,),10, sn e Y", satisfying (3.3) always exist. fndeed, for x = i tuk* '

(3.5) . s0: #, S¿*r : s, - f (s,), þ(t^) = p(s,), n: 0, l, 2, ...
The same conclusion holds under the weaker assumption that for all r, ee Dom(P)

(3.6) @- P(x)))Dom(p) *Ø.
t take in _(3.5), þ(s,) = P(s") with s" -y'(s,) e Dom(p)"
obtain such sequences which, as we sLail'sèé'in Sxampíe
be different of the ones obtained by tg.l)l is given in ihe
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Then clearly P is a B-set-valued
e mtlst only check that if O e P*(x)
(x), x ¿ M, since P is on M we
(l¡ tor a71 n:_0, 1,2, ..., atrd
0.Hencc0eP(x).

3.5. rr¡r,)on-Iixr. Let X be a' tmi'formly co'nue^x normed lineav -sþace 
ønd

e øri ortiigi,nqt, n-s¿-aalued, møl>þiír,g ori tkc rcflexiae stt'bsþace X'[. Let x e
e Dom(pf ',,,M ønd. suþþosc tkat tke scquetlce {Y,},i:o d.eJinecl by (3.7) satis'

fies P.2). Let s,, c Y,, ñDom(P) such th(lt {s"},i:o satisfies. (3'4)' lVe h'aae:
' ll U P>P*thac liurs,,:x-þ*(x) uhe're P*(x):{þ*(x)};

ii) If P is d'emi-comþact anrl w'(I{)s'c'- at nery, x 
=Dom-(P) 

and

oo"iiÞf';t closecl tien l!rr- sn: x - þ*(i) where P*(x) : {þ*(*)}'
ìù' ry Dom(P) is secluentia.l.ly zueahltt closed' ønd P 'is a-zu'u'-(I{)s'c'

ot ,iliy-í= nãt"1Þ),- ti'r,e'n w-liír s,, : i - þ*(*) zuhere P*(x) : {þ't(*)}'
proof . The assumptions on X andM imply P,r(z):{þ*(z)\ lor

all z e X. I,et us first note that. since {s,,},i-o satisfies (3'4) and P is ortho-

gona1, by Lenina 2.13 we have

(3.9) lirn 1(s") : Q

i) Wc havc s, -ió¡r(s") : ry- 1,*@), hence--d5t 
-(s', Y) 

=, 
ll,: .

- píø¡ll > 0 tor ätt t; :'ö', r, 2, .. 
", 

ài""" x É.tu!' BX P > P'' -lls,,ll <

" 
ii'îLf ior all n,--and' (3'Ó) we'obtain lirnpt(s') :0' whence litn s":

: x - þ*(*).
Lhere exists a convergent subsequence

and- so s : x - ø¿. Now we have
an fuI it follows x - nt, e P;t(O) an

- þ*(x), Since {s,,,}io was an'ärblttary convergent subsequence' the sequence

{s"},io col1\/erges to x-þ*(x).
iii) We have (3.8) {rn,\i:o is

stlbsequence, say, lø-tit;rr ilxn,

e Dom(P). IIence by (3.9) and si
follows 0 eP(x-m). Hence 0e
and, w-lim tn, - þ*(x)' Since

convergerrt subsequence o1 {m,}, lt
completes the proof.

'W'e remark that under the hypotheses of Theorem 3'5 i),or ii)*,|!"
B-set-valued mapping, P defined aboïe, equals P* at each x e (Dom1r)¡:"

\ (M\ {0})

4. Exan'rples and npplications

ff P1, P, are two B-set-valued mappings, r,ve sha1l denote ty ,l) ,

i:1,2 the corresponding c" given by Definition 2.1 for them. We shall
define another B-set-va1ued. mapping P for rvhich the notalion c, is rnain-
tained.

We recall (see e.g., [3]) that a normed. linear space X is called sn't'ooth

if for each x = X\{0} there exists a unique f = X*, ll/ll :1 such
that f (x) : ll ,ll .

4.1. pnoposrTroN. Let X be a' novrned, lineør sþøce ønd let Pt, P, be

B-set-v ølued. maþþings with Dom(P r) : X and, swch that for ea'cln x e Doin({t)

"(2) 
.,..,:b, the set-ua'lued' møþþing P uitk

i5ã!,iii'pl J {þ,(r) I P,(x -'¡,øÐ1þ, @) =
Z prtù\ fo u-ed, tnaþþíng. If P'and" P, 

-are
* U'r'otia t/t, tken P 'is oto,ll'[: Mt * M*

Proof. For x eDom(P) 7el cn:b*' Thenfor þt(x) = Pt(x) we have

(4.1) 0 < c, : cL2!p,@)< llr -þr(x)ll <lløll

Êor þ(x) e P(x), there are .þ.r(x) e .P1(r t:.d !tV- þ'(x)) ,= P,1x -
- prii)' snch lhat þ(*): þr(x) + trr@ --þr(*))'we have:

llx - þ(x) ll : ll x - þ'.(x) - þ,(x))11: 'f\-e,,¡(%i =''" b*: cn

since p(z) e P(x) was arbitrary, conditlor1 ,J) of Ðefinition 2.7 holds.
Suppoie' rrow cr'- ll rll. Then by (a'1) it follows )1.* - þ'(x)ll : ll*ll

"nãio 0 = Pr(x).IIence Pr(x) C P(x) and-we have rf) :-' bn: 9, : .ll'tll-,
whence 0 = 

p;(;) CP(x), ànd condition 2 of l)efinition 2.1 is satisfied.
Note that il c): lløll, then 0 e P'(x) ) Pr(x).

Suppose now X smooth and Po on M¿, i : 1, 2. Let x É À[ anð'

x e P¡t(0). Then x 4 Mo, atd. x = PÃ4t;(0), i: 1,2, whence since Po.

are on Mt ít follows 0 e Pr(x) I Pr(x), and_by the definition of P, 0'e
= P(x). conversely, if 0 = e6¡ r.or x 4 IVI,then as we have remarked

above 0 e Pr(x)ÀPr(x), hence x e PMI,P) n P,14',(0) - P,r,' (0) since X
is smooth (see e.g., [6]).

Êor x eX and r70 we denote B(x,r):{y =Xllly-xll <r}
and. S(ø, r) : U = Xl llY - xll : r\.

4.2. tn]vlrv¡a. Let X be ø strí,ctly conuex normeil linea.r sþace ønd' ì,eR,
0 < À 11. Let V : X -2x be a set-aalued maþþing suclt that

(4.2) v(*) c (î tt-, , ,ì)n B(0, ll ø ll ) @ e x)



40 G. GoDlNr 16

uhcre ru, > 0. Thcn, I'(x): 
^(x -'V(*)), x = X, is q B-sct-uølued' maþþing

uitlt, Don(P) : Dom(Iz), øncl we haue:

(4.3) P-'(0) : {x e Dom(Z) lv(x) : {x}}
Proof . I,et :v eDom(P) and þ(x) eP(x). Then þ(x):^(x-

- a(x)) for soure a(x) e= V(x). By (4.2), Lhere exists z e S(-x, r.,) with
a(x) =- L-l , We haye ;

(4.4) lx - þ(x) ll : ll(1 -- r,)r )- )'u(x) ll : (1'- r) ll x 1- zll:
: (1 - À)/.

and

(r. s)

4.4 r,Emu,q. I-et X bc ø stri'ctly conuex normed' l'ineør sþøce ønd V'. Xn
*2x øset-aalued. møþþircg such,tltatV(*)C B(0, ll xll) for all xe Doni(Z).
Then zae høae:

(4.7) P,n'(O) f (x".Don'(vD U {ø e Dom(v)lv(x) : {*}}
zahet'e M 'is defined by $.6).

P r o o f. f,et Vr: X -* 2x be clefined by Vr(x) : V(x) lor x ,= Dorir(T/)
,,tr.1 l,zr(:v) : {t} othervise. 'I'hen l'o¡ lV1 defined by (4.6) ¡n'e h¿rvc j}y':
: spþ -- l¡r(x) jy = Xj. B), the ..issumption on V' and thc d<-linition
of I",. rve noticc that Z1(0) : {0}, ancl we zrhvays havc 0 = P;t(O). So,

let x c-. P;'(0) ...{0}. 'l}ren b¡' i1Û1, Cha.ptcr I,'lheorcm l.l, thcre exists

Í n ML,ll/ll :1 such that .f(x): llrll :1 such that Í(*):- tl*ll'
Let ur(x) ,= Vr(x).'I'hcrr/(ø - u'(x)) -.0 ¿'Lnc1 so ll rll: f(x):/(ur(r;)) ç
< ll¿,,(r) ll < il ,v jl .

flerrcc .f a|.LaJtts íls notln al. * ¿rirct u.(ø), aiid. sincc X is s;hictl-r, colrv(tx
¡n'e lt¿Lt,c x == ulx). Sirrr:c ur(r) e= V.(x) w¿rs ¿rrbitrrLry, it loljorvs )''t(,:t) :
- {^'} ¿urJ so P;i(C) ç;;. {x ,:.: Xll',(x) =- {*\}, whcncc (4.7). Io1loi,rs

,:i 5. -rì. 
c ltl ¿ì I l.:. L.tlir.Jc¡ i1,t: ill;llnirl;tic-,ll:; of f'cl¡tu¿r- '1.4 arirl iiL r-'cl-

c1i1-ioi-i Dcrn(l;) .-- X aird l-iz is rcl:le¡rive, then Àl =- :x iÎ

lx n: X ji,'(r;) .,- {"}} ==- {Oi.

4.6. r.rÌi'rlL,l . Lct ":i l¡c ø sri¡itr.¡l,h trcrntcri' I'i¡tertr s'f;act, nnd V : )Y. '-''/x ø

sct'ur,.Lr'ttd'ma!>þt'ng, +ts al.ontq'í'io, Ðorn(y'), bei,rt,g ct l'ittcar v[tsþacc oj X,
atttl su,clr lJl,tLi l'(x) C.. B(0, ll xil) Jor ul| x q= Doru(lz-), a.ncl fct cacl-r ';'t 1:
c- J )oriLl Z) øn¿i, caah, ,t,o(111 u., !/ (j) l.itct'c cx,isls ø litt,e a.v sele.cl,it¡n, fr'r V 

I

Doirr(1,'), scr.y, u(:t:) e= V(r)(r c: Don(V)) zoitlo u(y) : uu!). Tl'tlr".

(4.8) {ø - Dorn(r/)lv(x) -= {r"}} C-- P;r(O)

ul,tere ÌtI ti,s d.efinetl by $.6).
.Prool. Since l/P):- {0} arrcl 0 c.-=P¡;t(O) ,1e1'. x eD_onr(l/) : x/-0

suclr tlr¿Lt V(*) : {e}. ChocisL y n Dorn(Z) ancl' ao@) e V(y\'- let i¡9.1v

,(z) <= V(z), z'- noirí12¡ srLc'li tÍrat a is a linear selection lot V lDorn(Z),
*ìrrtr ,11,) :,,u00).We li¿rvc uQr) == ø. Sj¡ce X is srnooth, let;'" e ,f t' be-

thc tniclue no1'ln-o11e linear flLnc:tiorr
e (Dorr-r(tr/))* by ç(z) : f"(a(z)), z

and ll c ll -= 1 sincc lq(r) I == 1,",(
:. .f "(a(x)) -.f .(x) : ll r: ll . L,e\: f b
to X, 

"iince 
ll/ll :1,f(x): ll øll a

MIe harrtc

l,(t' - uoþ)) == î,(v - a(v)) ='= Í,b') -- f"(u(t')) : Í"(l') - Í(t') :0
Sirrcc: y e Dorn(l') alÌd. yoþ) = V(y) rverc arbiti aty, iT foltrorvs f,- ;ltt ,

wlrr:ncc irgain b1, [10], Ciiapter I, 'I'h,:orem 1.l, tt e PM'(O).

T7 A GENERALIZATION 4I

(i ).)r :, ll (1 - ),)x * ru(ø) ll < (1 - r,) lløll+
-l- r' llu(ø) ll < ll ø ll

So, j.or t:, =... (1 - .r,);', r'r'e [r:n'e 0 ( c, ( l] ø ll, and by (4.4), P satisfies
r-:i-,rrcii'ricrr.'l oi' lleiirriliol 2.1 .Il c.,: ll ø ll , then by (a,5) u'e obtain ll r ll :
== li.( ii =.,= il (1 - i,)ø 1--tt:(x) il, lierce since X is strictly convex \,ve

14cl'. x u(x:¡ aucl r,o 0 e -Ìr(,rr) , 'lhercfote P is a B-set-r'a1ued r-napping.
ì,í x ,,- f)- 1(0), then cr;.=- ll øll, alil ¿Ìs we havc scctt above u(x) : 5

fo¡ r:ircilt'(x) ,.. l''(x) , l'iricb frolrrs lhr: ìtrclrts-ion (- in (4.3) , Sincc the other
ir-rc'iusic,it¡; irr obr'ío¡s, this cornpletes the prooî'

4.3. 't'ltlitltl ,tt:,tr. Lct X bc rt trniJou;t'1'¡' ca'nuax' r¿'ormecl litt'ectr sþøcc l' <= IL,
0 -.- i < 1, ot'trl I,/, P as 'iti' Lernmo. 4.2,. Sc/tþosc Dcrn(V) - -\-, I - Tl
,is cicnii-at,ultacl , u,licre I is íhe 'ì,dett/'i|.y o'þeral,or on X, ønd, r/ i.s r.t.(I{)s.c'
sl c'ue:')) .ry c= X. Lcl I e Ðonr(P') untí stt'þþose Y,, --/ {ò, tt : L, 2,

tultcre Y, cLre tlcft'nctl tty (3,1) wlt'cra tttc rcþlace P by P" If t,, V.\1 ,,, tr'_:

--0, 1,2, ...,saltl,sJy Jinr lls,, | :lirn lls,,-y''(s,,) ll ,|t'þ,) eP'(s,,),tlt'en
tl¿c,,e eyisís cr corruelgcttl srtbse crtutte {r,,r},P-_o C {s,}i:o w'ith. 7in s,,, : s e
e J?-1(A), 'i.t:., l,/(s) : {s}.

Ir r o o f. Sjnce P'(s,,) * O Îor all n:0, 1,2, ..., let þ'(s,) n P'(t,,),

1r'þ,,) - ly'(s,,), 71(s,,) e P(s,,), À,, e lì. Ì3y f,emma 4.2, P is a B-set-
-vàíuecl rnapping, aud so wc hat'c fol all r1, ]ì s,, - -á'(t") ll ( ]l s,, -
- Í'(t,,) il < lls,,ll . llcrrcc lr¡'t]rc assuttption on {s,};:0, we get Jirn ]1s,, il :
:' lir-¡ lls, - 1(s,,) :1in dis;t (s,, [2(s,,)]), whence by Lenrna 2'13,
it. follor",s litr 75(s ) 0. i{or'v P is dmi-òorirpact (sincc so is I-V), hcnce

{u,,}.,i--o bein¡1 L.,onnc1ec1, there exists a convclgcnt subscquence of {s,,}i:0,
sa1,, lirl .e,,. : s. Rccausc l/ is u. (I() s.c. ât s, P is aiso u. (K) s.c. at
s;, ircnc:t: s c+ -l:r'-t(0). B-" (1.3) it fo11ou,s V(t): {s}, which cotnpletes the
pr oof.

]r'or a set-r'¿rhLcd nrapping V: X *2x, 7et us put:
(4.6) lt'I : sp{)t - V(y) ly e Dom (V)}

We clcnotc b5r ltJL:= {f e X*lfþn):0for a7Irn¿ M\ andlt¡'VlDon(V),
thc lcslrictírrn oÍ I' to Ðoln(tz).
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4.7. R e m a r k. Under the assumption of Lemma 4.6,if {x e Dom(V) |

V(x):{*}} + {0} then M +X.
4.8. Ðx a m p I e. I,et {Tn\,-.tbe a family of linear operators 7'o: X *

*X with ll 1"ll ( 1 and define lor x e X, V(x): {7"(x) lø e,4}. 'Ihen
V : X -" 2x satisfies all the assumption of I'ernma 4.6.

4.9. conor,r,ARrr. Let X be a. strictl'y clllaex and smootlt' nortned, linea''v
sþace ønd, V: X n2x ø set-ualued nr.øþþ'ing zaith Dom(Z) : X, satisfying
all, the assumþtions of Lemmø 4.6. The

(4.9) P*'(0) : {x = XIV(X): {r}}
where M'is definedby (a.Q. Mo'leouer,if M i.s Chebysheu,then Prris linear.

P r o o f , Ry I,ernmas 4.4 atð. 4.6 u'e obtain (4.9). Suppose 1l,{ is
Chebyshev. We show thal {x = XIV(x): {*}} is a linear subspace of
X, whence by (4.9) and [10], P* is linear. I.et xr, x2 = X such that
V(*r):{*r}, i:1,2,, l¿ eR, i:1,2 and.ao(l.rxr*\rxz) =V(}¡xt!
)- \rxr). I,el a(x) eV(x) (x e X) be a linear selection rn'ith u(Àrrr f
* l,rxr) : uo(^1\ i \rxr). Then uo (\r.*, + \zxz) : ì.tu(xt) | ì.ru(xr)
: \txtt \zxz and so V(),,rxr* \rxr): {Àrr, * },zx"J, which completes
the proof.

I'et us note that in [12], Section 4, Lern:nta 4, the assumption on
X to be reflexive is superfluous.

4.10. rnÐonElr Let X be a str'ictly conueiv and. smootlt, novmed, li'near
sþace and. ì.eR,0<I<1. Let V:X*"2x be aset-ualued,nt,aþþ'ing
zaløich satisfies (4.2) ønd all, tke assurnþtions of Lerntna 4.6. Tlteru P(x) :
: \(x - V(*)), x e X, is a B-set-aal'øt'ecl møþþíng 0n IiI, where i.vi 'is
defined. by (a.Q. P is al.uays l.(/l)s.c. ancl to - a.1,.(I{)s.c, at eaery x e X.
Moreouer P i,s u.(I{)s.c., resþect'íaely u.s.c., resþectiuely a - w.u.(I{)s.c. øt
x e X, if and, onl,y if V has tke corresþonding senti-continu'ity þroþerty
ctt x.

P r o o f; By Lemma 4.2, P is a B-set-valued mapping. Now P(X)CïI
and P is on M by l,enma 4.2 and. Corollary 4.9.

We show now that P is l.(K)s.c. and <o - w.l.(K)s.c. at every x e X.
Iret %n e X, lim %n: fi, respectively u-lirn xo - x, and þ(x) = P(x).
Then þ(x): ),(x - uoØ)) for some uo@) e V(x)' r'et a(z) e V(z), z e X,
be a linear selection witl. u(x) : ao(x).

If lim %n: x, then lla(x") -a(x) ll : ll u(x.- x)ll ( ll ø,, - xll
and. so lín a(x,) : u(x) : ao(x), IIence lor þ(x,) : 

^(x, - 
tt (x)) = P(x,)

we have LLm þ(x,) : þ(x).
T1. w-|im K,: x and. w-Lim a(x) +u(x), thet there is /0 e X* a'd

a subsequence {o(x"n)}i, Cþ@^)}f' such that

4.10) lÍo(u(x",) - u(x))l ) a> 0 for all i.

0 : lim lf?" - f).1 - linlJo(u(x,).-.u(x))l contradicting (4.10),,Iherefore
1t1-lim .r(!^) : .a(x) and so for þ(*,) : \(x, - u(x,)) e-Pix,) we have u-lim þ(x,,) :.þ(x).

The last statements of the theorem a¡e obvious.
4.11. ReûÌarli. The above proof shows that in a normed linear

space x, any se-t-valuec mapping v: x *?* satisfying the assumptionsof Lemrra 4.6, is always l. (K)s. c. and. <¡ - rv. l.lK)s. c. at everyx =Dom(V).
. Th_e, fo_lowing example shows that there exist x and. set-vaiued. map-

ping_s v,: x-*2x satisfvilg .a11 .the. assumptions of rheorem a.l0 (iãr
single-valued mappings this is clear).

.4.12. tr)xample. Let X be a Hilbert space and T:X -X a nor_mal operator, ll 7-ll : 1. Let 0 {
x e X.It is casy to show tfrat ll- I

ll r _ ì
Z satisfies (4.2) [.or r.:ll ]- f *
rcquirecl in rheorem 4.1oll 

t - ^

4.13. 1'1¡eposrlroN. under tha øssurnþtions of Theorem 4.r0, i,f M i,s
reflexiue ønd. V a - u.u.(K)s.c. at euery x e X, X is ø
bound,ed, sequcncc ønd. for all n tløeyc exists Þ(ry,) = dcfined,
øs in Tlteorem 4.10, sucl¿, thot Iín þ(x,) : Ot, thet , íahereP*(t;,,): {þrr@,,)}. In. þarticulør, ,if ai-m lW <

P¡oof. Since {x,}i.t is bounded, {þ*(x,)}i:1 is bounded., and werlay assrllne zu-7in::. þy\!") 
= ry e f[. We háve .þ(*^) : \(x,, - a(x,,)),

where.u(ø,,) e V(x,,), and iim þ(x,) :0 by hypothesis.-Si1'ce x,'-' p*(i^)"'L
= PMl (0), by Corollary ,tr.9 we have

(4.11) V(r, - þ*(x,,)) : {xn - þ*(x^)}, n,:1, Z, ....

Iret .u,tt %.: l, 2, . . ., be linear selections u,,(z) e V(z)
) :a(x,). I{ence, by (a,11) we get

(z e X), with
ur( xn

T,et f e X* be clefined bv ÍØ:fo(a(z)), z e X. We have for all n llrat
Í(*, - x) :fr(a(x, - x)) :Ío(a(r,) - a(x)).Since zø-lim xn : x it follows

(4.12) þ*(x,) - %, - a(x^) -F a,(þuþ,)) y7, : t, 2, . . .

where .y,(Þa^@,)) 
= 

v(p (*, _
- u(x")) :0, and sinc u-tim
u^(þr,(x,)) : rn. By tlte ln we
have m e V(m) (hence ollows
iln e PMt(0). Ìlut /11, e M, and so we have m:0. Since each weakly
convergent subsequence of. {þ*(x.)}f_¡ converges weakly to 0, we have
u-lim þ*(x^): 0. The last statement follows now immecliately by the
definition of. P2 Prr.
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ON COÌUIVION IIIXEÐ POINT IN UNI¡'ORMIZABI,Iì SPACES
lry

OLGA I{ADZIÓ
(Novì Sad)

lrr this paper wcr sh¿1l1 prove a generalizal-ion o1 a corÌ1lnol1 fixecl point
tlrcoicm l2l in L11liforlr1izablc spaces and ol a fi,çed point theorcln froÌn
t9] t\:; ¿rn application \,ve sha11 obtain a colnûron fixed point theorem in
pritbirbilistic 1oca11y (ìonvcx space (S, {S'}r=r, ruin) and a genelalization
of lir¿rsnoscljski's fi,rccl point t-.heorem..

I,ct Xbc ¿Lnarbitrary set. Alr1¿rppil1g (l: Xx X*-IÈi: [0, oo) is
calicc'i a l.;scwclonelrtr: il Tor cvery x, y, z c X:

i. tl(:v, y) > 0, tl(x, :v) : A.

2. d(x, y) : d(y, x).
3 d.(x, .y) < d(x, z) ! rl(2, y).

r\ pirir. (X, {cl,}¡=¡), \4/here cl, is a pselldomctric for- cvcry i e i', is called
a lirlilorlnizablc space. 'l'hc corìvergcncc oI the sequences h (X, {clr};.r)is clcliriccl b¡';

r,-r (x,,, x €X), il io+-cÐ *,1,lllcl,(:u,- x):Q,,ie ¡

2rrtd the notions of Cauchy sccluence and completness is introduced in the
rrsllal !vay. We say that (X, {cl,)ær) is }fausdorft if and only if :

d,(*, y):0, for cverl-i e I + x: y,

ìrlorv, we shall porre a cotrllrlolr fixqd point theorern in uniformizable space.
lHDoRDrvr l. Let (X, {d,}i=ò be ø cornþlete Hûor,sdorff uni.formizabl,e

sþacc, f : I *1, S qnd. T be cont.inuous from X into X, A:X *
*SX O TX be contin,wous so that A co tk S and T øncl the fotto-
taing cond.itíons are søtisfied, :


