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1. In this paper \^¡e present some results referring to the divetgence
of l,agrange interpolaticn methods in a domain of complex plane as an
addition at the results obtained by S. Y. a'LpER tl] D. rr. BrìRNraN
L2l, A. rr. cERi\(aN l4l and p. vÉRTEST l7l and as an extension
of the theorerls for T,agrange interpola.tion on a real interval, that are
already knorvrr froil the rvorks of r' MUNTEAN and S. COBZ,I.S t3], [6].

2. In the complex plane C we consider a bounded domain D with simple
connected corr.plement. and rectificable bountlary. Denote by A(D) the
space of all coritinuous {uiictio ns x '. D - t, r,vhiôh are analyticai ón D ;
endowecl lvith thc unifornr norm

lløll : max{lx(t)l:t e l)}, % = A(D)

A(D) Is a Banach space. Wc use the notations D, : {t e C: jll q 1} and
f :{l=C:jll :1}.

I.et M be an infinite triangu.lar matrix:

(l) M : {t,: (t:,, t?,, ..., t) = t". ø c N}

where t", = D, i:7, 2, ..., %, fr e N and ti, + t!, for i *i. W" associate
with any line 1,, of this matrix the Lagrønge'interþol,ating oþerator, Ln:
A(D) * A(D) d<'fined by

L,(x; t): É xV:,)
È:1

for x=A(D),teI).
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As in the real case, we can study the uniform or pointwise convergence
of the sequence (L"(x; .)),=n to xe A(D).

s. Y. AL'PER [1] proved. that. if the nodes of the rnatrix M satisfy:

(2) lt'"| :t, i:1,2, ..., n an.d neN,
then there exists xoe A(D) such that the sequence (L,(xo, i .)),=n does
not converge uniformly to xo. An extension of this resnlt is the follorving
theorern obtained by o. ¡, rBnvreN [2] ;

THEoREM 2.7. For eaery matrix of tyþe (l), there exists xo= A(D)
such, that

1;1'*llt,,l*o; .) -xoll : +oo

A. r{. GrlRnrÀN [4] studies the pointwisc convergerrcc of the sequence
(L^(r; .))*=r to x e A(Dr) when the nodes of M satisfy Q) and ploves
that for a special class of such matrices there exists xo= A(Dr) suci-r that

lirn ll"(xo; l)l : *oo a.e. on ll,.

Ihis result is completed by r. vÉR1'F)sr 17) as Tollows :

rrlEoREM 2.2. For eaery tnatrix of tyþe (l) which sc,ttisfies (2), there
ex'ísts xo= A(Dt) suck thøt

l1t*lL,(ro; 
t)l : f oo a.e. on l.

3. In the following we determinc the topological structure of tire set
of all functions x = A(D) for which the sequence (L,(x; .)),-o does not
converge uniformly or prointwise to ø.

To this end we need some preliminary results. We recall that asubset
of a topological space X is said to be suþcrdense if it is noncountable, dense
and of G¡-type (see [3], [5]) and it is said to be o/ first Baire catcgory
if it can be written as the union of a countable family of nowhere dense
sets in X.

From [5, Th. 2.41 we deduce:
I,EMM.A. 3I. IÍ X is a nonzelo Bønack sþace and ú'is ø famil'y of conti-

nuous maþþ'íngs A: X n X satisfying the follow'ing contlit'ioros :
a) llA(x + y)ll < ljzl(*)ll + llt(y)ll and llA(*)ll: llA(- x)ll for eack

Ae& ønd, x,leX;
b) there exists xoe X suclø thøt sap{llA(x')ll: A e A.}: lcn, then

the set

Xr: {x e X: sup {lll(x)ll: A = úI} : **}
is suþerdense 'in X.

From [5, Th. 2.3] we have:
LEMMA 3.2. Let X be a nonzevo Banøch sþace, 7' ø contþlete, seþarable,
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nonuoid. tnetr'ic sþace, uithout isoløted, þoints and,l'et 8" be a fam'ily oJ n'øþþin'gs
A: X x T *C sati'sfying the fol,l'owing cond'í'tions:

a) A(.; t):X-.C is continuous, lA(x*-y; t)l ì< lA(x; ùl+
+ll(y; i)l onA @@; t)1:lA(-x', t)l for eøch Ae q, te T and x,!e
e Xi

b) there exists ø dense subset To of T ønd fioe X such that
sup {1,4 (xo; t)l: A .: O'} : {æ for c(tcl?' t e To'

Then th'ere exísts ct suþerde+ose subset X, ol X such that thc sct

{t e T : sap {lA(x ; t)l : Ae d,} : foo}
'is suþerdense in T for eaerY x e Xz.

The following result is a completion to the theorem 2'1 :

lrrEoREM 3.3. For euat'y matr'íx M of tyþe (l) the set

Xr: {x = A(D):sup{llL,,(*; .)-xll: ø = N}: *co}

is suþerdense in A(D).
* A(D)

xe l with

-I ngonA
theo

X, : {x = A(D): sup {ll(A, - t)(*)ll: ø e N} : }oo} :
: {x e A(D) :sup{llL,(x: .) - xll: ø = N} : +oo}

is superdense in ,4(D).'
Concerning the theoren 2.2 we obtain:
TrrEoREM 3,4. I.f tlrc nocles of matrix M of tyþe

ex'ists ø suþerdense subset X, oÍ A(Dr) suclø tkøt tloe

hy A",(x)(t) : L,(x; t),
x : A(D). s.: {4, -
(D) and øo is found by

(I) satisfy (2) then th'ere

set

U: {t e l:sup {lL,(*; t)l:rc e $}: -þoo}

ìs suþerdense in I for eaerY x e Xz'
Proof. We apply lernma 3,2'raking X: A(Dr), T : I with the to1'ro'

logy induced by the metric

P(tr, tr) : lh - tzl

{ot tr, lzu- | and 4 : {L,,(. ; .): ø c N}. Then wc apply thc thcorcnr
Z,.Z;i't fällows that thcrd "ïirts á supcrdense subset X, ol X such that U
is a strperd,ense set in I for every x e Xz.

4. Rentørhs. (i) For every matrix M ol tvpg (1)-th-g set of all functions
x e A(D) for rvhich L,(x; .) -Þ x(11, -" +co) is of first Baire category
h A(D).

Indeed, if I is a topological space and S is a subset of T with- S q
C ?\S' *h"t" S'q T^is oT Cu-typ" and dense in 7., then S is of first
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1. Introduction

After the introduction of the Accelerated Overrelaxation Iterative
Method (ADR), by Hadjidimos, in 1979

(1.1) xu-tlr - (I -rÐ)-rl(l -u)I + (w -r)E +uFlxttt Iw(I -rE)-r6
i:0, l, 2, ...

rrìany irnprovements on the corresponding convergence have appeared.
As, for different values of thc parameters a, r, this rnethod includes other
known methods (Jacobi method for r : 0, u : 1 ; Gauss-Seidel rnethod
for r : 1ø : 7, Successive Overrelaxation method (SOR) Tor r : tpt and
Simultaneous Overrelaxation (JOR) for / :0) it is of large úsc for cotn-
puting the solution of a linear system

(12) Ax : b

Here,,4. - I - E - þ- is a reai n' x n rnatrix, b a rea7, known, ø
column vector anð, x the unknown 2¿ column vector.

Papers t1], l2); l3l give somc results on the convergence of this
iterative method. Such results have been improved for strictly diagonally
dominant matrices in tsl, t6l.

I.ater, we took the idea of generalized diagonal dorninance (see defi-
nition 3 of [4]) and improved the last results for various types of rnatrices
(see [7]), In this paper we generalize tlne theorem 2 of l5l: "If A of
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Baire category in T. Now, from

{x e A(D): L,,(x; .) * x, tL + *c.} C /(D)\ {x e A(D):
sup{llZ"(ø; .) - xll:n e f[]: fco]

and by btain (i).
(ii) M of type (1) checking (2), the set of all func-

tions ø h L,(x; t)-.x(t) (n -+oo) for any t= I)t, is
of first A(Dr).

To prove this, observe that :

{xe A(Dr):L,,(x; t) - x(t), n-.+co for an1' t= D}C
C{x= A(Dr):L,(x; t)-.x(t), n-.+@ for any l€ l}C

C A(D,.) \. x,
rvhcre.{r.is given by theorem 3.4; after that we procced as in (i).

(iii) The sets X, and X, in the theorems 3.3 a'cl 8.4 arè'of seconcJ
R&ire coteogory (they are not of first Baire ca,tegor¡.) ,

fndeed, the complemcnts of X, and X, are ãI first Bai¡c catcgory in
A(D), rcspectively in A(Dr). Sincc i'a Banach :;pacc the compierãent of
a set of first Baire categorf is o1'sccolcl Baire càtegor1., rve obtairr (iii).

I3y the same atgument ',ve have :

(iv) The set U jir the theorcr-n 3.4 is of second lìairc ca-tc:gory.
This rcsult is obtainr:d in l-/l in some oth,::r rva-,'.
trinaliy f thank RÂDu pRÐcup for intcrcsting debatr:s otr thc t-csult:;
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