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1. Introduction

After the introduction of the Accelerated Overrelaxation Iterative
Method (ADR), by Hadjidimos, in 1979

(1.1) xu-tlr - (I -rÐ)-rl(l -u)I + (w -r)E +uFlxttt Iw(I -rE)-r6
i:0, l, 2, ...

rrìany irnprovements on the corresponding convergence have appeared.
As, for different values of thc parameters a, r, this rnethod includes other
known methods (Jacobi method for r : 0, u : 1 ; Gauss-Seidel rnethod
for r : 1ø : 7, Successive Overrelaxation method (SOR) Tor r : tpt and
Simultaneous Overrelaxation (JOR) for / :0) it is of large úsc for cotn-
puting the solution of a linear system

(12) Ax : b

Here,,4. - I - E - þ- is a reai n' x n rnatrix, b a rea7, known, ø
column vector anð, x the unknown 2¿ column vector.

Papers t1], l2); l3l give somc results on the convergence of this
iterative method. Such results have been improved for strictly diagonally
dominant matrices in tsl, t6l.

I.ater, we took the idea of generalized diagonal dorninance (see defi-
nition 3 of [4]) and improved the last results for various types of rnatrices
(see [7]), In this paper we generalize tlne theorem 2 of l5l: "If A of

$ - L'analyse numérique et la théorie de I approximation - Tome 12, No. l. 1983.

Baire category in T. Now, from

{x e A(D): L,,(x; .) * x, tL + *c.} C /(D)\ {x e A(D):
sup{llZ"(ø; .) - xll:n e f[]: fco]

and by btain (i).
(ii) M of type (1) checking (2), the set of all func-

tions ø h L,(x; t)-.x(t) (n -+oo) for any t= I)t, is
of first A(Dr).

To prove this, observe that :

{xe A(Dr):L,,(x; t) - x(t), n-.+co for an1' t= D}C
C{x= A(Dr):L,(x; t)-.x(t), n-.+@ for any l€ l}C

C A(D,.) \. x,
rvhcre.{r.is given by theorem 3.4; after that we procced as in (i).

(iii) The sets X, and X, in the theorems 3.3 a'cl 8.4 arè'of seconcJ
R&ire coteogory (they are not of first Baire ca,tegor¡.) ,

fndeed, the complemcnts of X, and X, are ãI first Bai¡c catcgory in
A(D), rcspectively in A(Dr). Sincc i'a Banach :;pacc the compierãent of
a set of first Baire categorf is o1'sccolcl Baire càtegor1., rve obtairr (iii).

I3y the same atgument ',ve have :

(iv) The set U jir the theorcr-n 3.4 is of second lìairc ca-tc:gory.
This rcsult is obtainr:d in l-/l in some oth,::r rva-,'.
trinaliy f thank RÂDu pRÐcup for intcrcsting debatr:s otr thc t-csult:;

prcscnte rl in this articlc:,

[1 ] A 1' p e r Ot¿ tlt angc' iortal þ in tl¿e
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11.2) is a strictly diagonally dominant matrix and u > r > 0, then a suffi-
cient condition for the convergence of the (AOR) method is

THEoREM 2. If A of (1.2) is ø strictly diagonal,l,y d,ominønt matrix,
then tke AOR method. is conaergent, p(L,,,) 17, for :

(ù 0<r<q ønd "f(r)<u1l0 <a < 2

I { max (tr*ft)

With this generalization we improve the results of [5], [6] and [7[.

or

if
o/

(ii) l<w<nt. and w<r<s(z¿)
w <r

2. Converoence's Conditions of the AOR method

THEoREM l. - I.f A of (1.2) is ø strictly d.iøgonal,l,jt domi.nant n X /,
¡natrix and, w 1r, then the AOF- m,ethod. is convergent, f.oy :
'(2.r) (ù 0<r<q ønd, Í(r)<w<r
or

(2.2) (iù llu<m and. a<r{s(zø),
uhere

(iiù 0<r<u an,d 0<a<t
uith

a
t-

| + -..* (e, * Í,)

Proof. This result comes irnmediately from the preceding theorem
and frorn theorem 2 of [5]; and is a generalization of this orie.

_ We Bjve a geometric intepretation of th. 2 of l5l (fig. 1) and the
theorem 2 $ig.2) . We can see that thc area of conveigence'given by
$ig. 2) is larger than that rvhich is given by fig. 1.

LJ

. l+et_Í.O:']],1r.
7 AÚ'

o o-
!t1, : ]J;l-in

t l-erlf,

///////
utkere en ønd f,'are resþectiuely the i-rou sums of the mod,uli of the entries of
E ønd, F, resþectiael,y

Proof. Bearing in mind Theo. 1 of [5] and considering rÐ <r, we
can d.efine the function :

s(À) : (r - ),)e,+ M + lL - ìrl I re,

If 0 < À < 1, g(À) is a decreasing function and g(0) - 2re,+ 1 > 1 with
g(À) < 1 if À> ;. A. À < 1 we see tinat #11,{ lorequi-

valently r 4t I t' - f' .
- o^tvl

For l;> 1, we haveg(l) :(r-\)t,* M+ ¡. -llre,. Now, g(),)

is an increasing function and. g(À) < | if. r < I 
-ê¡ 2et

Asr >- À>1, we must have 1- ¿>1orÀ( 2-2et 
.

with this conditions we conclud. J'rn^, th."'Å.)R method t, å;"';¿J;.
Lor a anð. r given by (2.1) and (2.2).

t

6

Fig. I
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It is evidente that this result is an improvement on th' 6 of

""o 
* tto* tn" tg. 4. for the theorem 3 aãd from fig. 3 for the th

69
68 4

(ù

1
i

[5], as we
6 of [5].
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f (r) g (r)
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t el
I

Irq e

o t r
Fig. 2 Fig. 3.

With Theorem 1 we can generalize th. 6 of [5], which becomes.
THEoREM 3. If A of (1.2) is strictl,y d'iagonal'l'y domínønt, i.e., p(I'',,) <

41, for :

(i) O<r.--l and'0<u {max(g(r,t)

(r)

'or

'o/

'ov

E(r)."
s (')(iù | <r 1t and. r <w <t

,1

l

I

I

I

(iiù l111q and.Í(r)<w<I
f(rt,

l<u1mqnd.u1r<s(zø)
L

1

u 1r

1 r
I tq.6',

Fig. 4

e.
1
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. ,The Tlieorem,6 of [5] as improved. by theorem 5 of [6], which can be

stated now; 'in a generalized form.."----oeo"nw +. Ïi Ã i¡ 1ti¡ is strictty diøgonatly d.ominant,then p(L,,,) 1
<1, if

(ù

or

(ii)

0 <r 1t ønd 0 <w < max (e?)' t)
s ('"r)

t 1r 1q and Í(r) < u 1l g(r fkl-''-
o/

ir
| 1u 1m ønd u 1r < s(tø) t

Let us
and of the

u <r.
give now the geometric interpretation of th. 5 of [6] (fig' 5)

theorem a (fig. 6).

o t q

¿
o "i

Fig. 6.

g(r)
From corollary l of [7] we know that the AOR method for A : D *

+ d onlY if it is convergent tur î: ñ + fr +
+ obtained fuorl A by a scaling by. tow: 3:col ,""",Ëiîî^îËt:Jl"rîT;J":3'"Jtl"'+ ï1u"Í;

""*rîit"inrvr 5. If tke matrix .î: r.+É.+F,^obtøin,ed. from A is a

strictty d,iagona¡.y d;*i"';;:; 
'*olr¡*, thin-thi ÃOv methoí is conaerge'nt

¡or Ã., i¡:
(2.3) (i) 0 < r <i ønd' 0 <a ( max (i sØ)

t

d or

(2.4) (iù

or

(2.5)

Nd

t <r <q. ønd. i?) <u <r

l<w1ñ'a'nd'w1r<i(')
Fig. 5,
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if
u {/,

uhere
tl

I

ii: "-.= a,i:^int]-e¡:'ft i:1,2,...,n
I f rnax (et I Í,) i 2e;

?, z7r, l,, ,,:_2-u(l-7r+7¡J(r): max--:j-:--_ , s(w) : min ----l:-'l-I ,
i lIe¡-f¿ ' 

2en

uherc i,, i,, are, resþectiaely th,e i-t,ou sums of the mod.uli of the entries of
E ønd, F.

rt is evident that the last theorem is a generalization of corollary
2 of l7l.

The geometric interpretation of corollary 2 of l7l will be similar to
fig. 5 with t rcplacing l.

The area of convergence for theoiem 5 will be similar to fig. 6 with
i, i, ñ,,7t*1, itl replacing respectively t, Ç, ffi, s(u), f(r).

1'HEORENI
then the .6OF.

6 IJ 4 of (1.2) is irreducibl,e ueørkly di,agonally d.ominønt,
ntetltod is conuergent, for:

0<r <7 ønd.0<zz < 1

ó

(ù
lr

or Fig. 7

(¡

(iù 1<z < q ønd"f(r) <u <l
ot

l<a{nt.øndre</<s(tø)
.- s (r¡)

ùJ

' r9 <r.
, lroof. This result comes from th. :1 and Corollary I of [G] and from
last th. 1, applied to this type of matrices.

If we consider the geometrical neaning of the Corollary of [G] (F,ig. Z)
we sec that its arca of convergence is larger than rhat which ii given by
theo. 6 (Fig. B).

THEoRDM- 7..IÍ A of (1.2) is q.n irred,uc'ible aeøhly d.iøgonøl,l,y d.ominønt
møtrix, then the AOF' method. is conuergent for u ønd.-r giaãn by-(2.8), (2.4)
and. (2.5).

Proof . This result is obtaineå from the theorem 6 and. from the consr-
derations of walter [10] about irr ,ducible weakly diagonally dominant
matrices.

f (r\.'

q \ -n
/l

I

,a

/

\\ \ \ \ \

-- ío I f
e.t

êh

Fig. L
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THEoREM B. If A-I-E-F is a. M-matrix,then p(L,,,){r fçr:
(ù 0 < z 1n and 0 <u ( max (S(r), t)

11

(iù n <r<i ønd.îfrl<w1r
s (r)

E(r),t I

I

{

I

I

)
-a
-t i

7 <a {ñ. and. w 1r <7@)
I
I

I

I

t(r) -.

ulr øndi2n
uhere

.,

1 * p(Zo,t)

L

I t l,
I I'
I il, )',ì- ì |

I jr
I ll
lrl
ll¡

Proof. This result is obtained from theorern 5 and from th. 5 of [7].If we consider the geometrical interpretation for this theorem (Fig. 10)
and. for theorem 5 of [7] (Fig. 9) it is easy to see that the area of conver- I

(¡

a i-'
I tnq e t

I'ig' l0'

vement on that which is shewn in

is a'n H-møtr'ix, tken th'e AOR- me-

(2.3), (2'4) ønd' (2'5)'
d #ó"ì túe Theb' 5 and from the

I
8(r

,l
l
l
1

;l

I
it

l

I
I
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SOME RESUI,TS F'OR CONVEX SBQUENCES OF ORDER A

by

GRÄDI1IIR V. MILOVANOVIÓ and IGOR Z. MII,OVANOVIÓ
(Nis)

Let Sf be the sct of all real sequences a' : {ø^)o.rt which are convex

of order lt,, i.e.

rr : 
{" 

| Ä* øn : p, t- ," lh)ea 
¡t-n, = 

o}

In the set SË , a subset ,Sr

can be clefi'ecl. 
s* : {ø | ø e si A øt : 0}'

In this paper rve shail prove some resúlts for seqúences from the set

Sr. First we sliall give an auxiliary resült'
TTEIVIMA L For ó 

=, 
t h 1 n the'idenLity

r- 1ì,1Þ-1ì/ /t-\ _' ', t J (n)r,(r) Ðl]il@-,{ru)n-r'ì,ou,r, 

*,,r,, (Ð,z'i,îr''* rl . te.' -"'l
Þroof. Wã1'shali'd.educã the'-prooT by mathematical induction. For

r :0, l"we can directly check thãt (1) holds. suppose that (1) holds for
some fixed. r. Then.

/+1 t l.

t (-1)'l '' \t* - r + rn - 1)u-, : (- 1)'t( h. 
.\(n)o-, +Ho' ' \* ) \r *1)

+
(-'),(o;')

(n - r)u-,: (- t)'.'(i ; i)
(n)r

nlh-r-2 nlh-r-2
which completes the proof


