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Tet Spbe the sct of all real sequences a = {a,}nen which are convex
of order %, i.e.

St — {a[A"a,‘= S (— 1)*(2)%_”_,,, go}.

m=0

In the set S}, a subset S,

S,={alas St A a, =0},
can be defined.
In this paper we shall prove some results for sequences from the set
S,. First we shall give an auxiliary result. ‘
LEMMA 1. For 0 <7 < k < n the identity
1k—1
% (= 1y t )
)

v

k
(1) ,;)(m)(% 7 + 7n)k_1 = m?_—l (% k)
holds, wheve (p), = plp+1) ... (p+s—1). -

Proof. We' shall deduce the proof by mathematical induction. For
» =0, 1 we can directly check that (1) holds. Suppose that (1) holds for
some fixed #. Then. :

f(—l)m(’e)(nér+m—1)k_1=(—1)v+1( " )(n)H+
m=0 m ! 7_[_1
E—1
(_1),( | k—1 ()
n+k—7—2(n—l)k_1:(_ 1)'+1(7+11)m.

which completes the proof.
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b Define the sequence b = {b},ex (# is a fixed positive integer)
y

) 0 (n = 1),
" __ !
(2) Pre ?;_—“1)—_—1 m=2 3 ...).
rarorEM 1. For all k< {2, 8, ...} implication holds,
as S, =>b0e S,
Proof. According to (1) we have
w1 (—1)r:[k X 1)

7
— 0 7 u), Gpypr 20
y~_—0’n+k—1’—l()k ntk—r = Y

ie.

) —1 1y kk —7— 1) Ayihs

0 n4+k—r—1

e
1\

0,

~
i

wherefrom, éccording to (2),

pol E—1
2 (—1)'( , )bffih-, 2 0,

r=0
i.e.
k—1 2
AP = 0.

This completees the proof.

On the basis of the preceeding conclusions the following result can be
derived.

THEOREM 2. If the sequence a < S, (k = 2) is monotonicaly tncreasing,
thewn the sequence b® ‘is also increasing.

Proof. Since the sequence « is convex of order k(= 2), it follows from
Theorem 1 that the sequence b & S,_;. Iterating this statement, we
conclude that pi—1) e S,. Applying the result from [3] (also, see[l]), we
obtain the statement of Theorem 2.

Theorem 2 facilitates generalization of the Chebychev'’s inequality
for convex sequences of order k(= 2). ‘

THEOREM 3. Let p = (py, ..., D.) be a sequence of positive numbers.
If the sequences x,= (0, %aj, ..., %y), 23>0 (=2, ..., n; j=1 .. 7)
are convex of order k(= 2), then

[ on 7—1 # " "
(4) (;P.) (§?¢ Xl .. xir) g Nr,k ;?ﬁ( Xi1 - - ;1]5; Xir
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wheve

™M =

r—1 1
. qyrle—1)
; P(] ('Elf’t (=1 )

Proof. If we substitute g, = p,(¢ — 1)¥1, ay = (2 — 1)E-00-2 | g;9 ==
= (1 — 1)r=8 x; . %y, in inequality (see [1])

1 r—1 H % i3
(5) (; 94) (; g it .- ﬂir) 2 ’EQt Ty - 294 iy

for » = 2, we obtain

N,k—_z(" Sl

)

17 " i
: . - . Y Ko oeo Xir
)2 p (6 — 1 T pewi - iy 2 2 b (= D M e )
By the new substitutions ¢, = p,(¢ — )r-1, gy =
the inequality (5) becomes -

=1 n

(7) (2 poli— 1) Db 2

7 "
1pt Xil o v s EP, Xip
1= i=1

Combining inequalities (6) and (7) we obtain (4). Let us note that
the previously stated substitutions. provide the conditions for which the
inequality (5) holds (see Theorems 1 and 2).

Let us show that the constant N, for fixed #, increases as the
parameter k increases, i.e. inequality (4) becomes sharper as k increases.
Namely, if in the inequality (see [2]) :

n 1r " /s

3 i 4 2t

= =t | rzs rs#0 7 lsI< +00),
n

X b 2 bb;

v

we put s=1, a, = (i — 1)¥71, b = (1 — V-2 (g=1,..., 1), we obtain
that N, = N3 It should be noted that the given substitutions satisfy
conditions stated for Theorem 2 in [2]. :

From Theorem 3 the following results can be derived:

COROLIARY 1. For k=2 and v = 2 the inequality (4) can be reduced
to

2 " .

(B0 6 =) Dot 2 2006 = U 2pp s b 5o

~
’
i=1
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This inequality has been proved in [3].
COROLLARY 2. For k=2 and p, =14 =1, ..., n) inequality (4)
becomes

(8) i;x“ o Xy gM(?’)i%ﬂ ...ixi,,

1=1 1=1 i=1

where M(r) = 7 E 7.
n (n —
The inequality (8) 1s d1rect1y analog to the B. J. Andersson’s inequality
[4] (also, see [5]). Let us note that
M@)=2. 21 |
3 nx-—1 nim— 1)

Since lim #w-1M(r) =
H—-+ 00 [ 4
B. J. Andersson’s inequality.
If we apply the method used in [6] on (4) we obtain the following result :
THEOREM 4. Let positive sequence of real numbers (x%y; ...; %),
(Vars oo Vigm1), (Po oo D) Sor i=1, ..., n be given. Then the
tnequality

i o the inequality (8) can be reduced to the

. #"
; = 'ZIP‘ oo .le’ fir
n .- Fir = e
©) P rps S N ; |
i i tr—1 _Zl PiVir oo 'Zl b Yig—1
f= -

J

holds when the sequences

ii—1  YVij—1

Yir o+ Vi Fig
are comvex of the order k(= 2).
The equalu‘y in (9) holds if xy; = Ci(s — 1)1 for =1, ..., v and
Yy =C, for j =1, ..., 7.
The 1nequal1ty (9) is a generalization of the inequality proved in Theo-
rem 2 in [6] for convex sequences of the order k2( = 2). At the end, let
us note that from the inequality (9), using the method demonstrated in

[6], we can obtain generalizations for a number of well known inequalities,
for the case of convex sequences of the order £(= 2).
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