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An interesting property, called in [4] "hierarchy of convexity”, was
proved, for functions, by A. M. BRUCKNER and E. OSTROW i1 [3]. The main
aim of this paper is to prove that this hicrarchy is also valid in the case
of sequences.

We begin by the definitions of sequence classes which we consider in
what follows. We also prove representation theorems for some of this

classes.
DEFINITION 1. A sequence (a,,)f_O is called comvex if its second order

differences :
(1) A’a, = ayy o — 20511 + 4,
are positive for any n 2 0.
Although we have given in [7] ageneral representation theorem, for
making a minor change in the formulation of the result, we prefer, in

this particular case, to deduce it from the following:
LEMMA 1. If the sequence (a,)r_ is given by:

L

(2) a, =y, (n—k+1)b,
k=0

then !

3) A, = by 4o

The proof follows by a simple computation, hence it is omitted. Be-
cause the relation (2) is equivalent with"

*
-

(2) bo=ag b, =a,— 2, (n—Fk+1)b, for n>1

=0

_r
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any sequence may be represented in this form and from lemma I we deduce :
LEMMA 2. The sequence (@,),_, is comvex if and only if b, >0 fm:
n > 2 in the representation (2). '

DEFINITION 2. A sequence (a,)?_ is called starshaped if it satisfies :

(4) Ty TGy o G G
n—1 n

for any » > 2.

REMARK 1. As it was proved b
] Y N. OZEKI
sequence (a,)” ., with a, = 0, has the property :

(4')

(see [5]), a convex

an—l d,,

_<_
7n—1 n

Although this property may be easily put in connection with the similar

property of functios, the definition of starshaped sequences we have not

found neither in [5] nor elsewh relati i
) o w4 o 0? sewhere. We prefer the relation (4) instead of

LEMMA 3. The sequence (a,)° is starshaped i d it
represented by : .. L Ad At

(5) “":”,;”1%_(”—1)'00

withc, > 0 for b > 2.
Proof. We denote ¢, = a9 and ¢; = a,. From (4), for n — 2, wehave:
az 2 2a) — a, = 2, — ¢,
that is, there exists a number ¢; 2 0 such that:
@y =26, — ¢y + ¢y = 2(c; - C,[2) — ¢,
Suppose that (5) is valid for a natural n. From (4), for # 4- 1, we have

7+ 1 1
an'__a()
n n

Ay 41 =
that is, for some Chyr = 0

n 41
Ap+1= Cyy1 -

o= temsnt s 03

Z;
k=1 &k

n
-1 1 e
( " ",‘;)Co—(n‘f“l)k}::lf_”'co»

So, the lemma is proved by induction.
LEMMA 4. If the sequence (@n)n_ 35 represented by (5), them :

(6) A2aﬂ = Cy42 — i [N
n

+1

—
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DEFINITION 3. The sequence (a,)"_ is called superadditive if it verifies :

(7) Anim+ ao = a, + a,, for any n, m < N.

REMARK 2. As it is done in [2] for functions, we added the term
a, in the first side of the relation (7) to avoid the restriction: a, < 0. As
a matter of fact, this change is unimportant since from (7) follows that the
sequence (a,)°_, given by a, = a, — a,, satisfies the usual relation:

(7') Apim = Gy + .

The following result, deduced from [6], is easily to check up:

LEMMA 5. The sequence (a,)._, is superadditive if it may be respresented
by .

(8) g 39 aﬂ=d0+2[ﬂdh for n > 1
k=1

with d, 2 0 for & > 1, where [x] denotes the integer part of x.
REMARK 3. Any sequence (a,);_, may be represented by (8). It is
superadditive if and only if every d, verifies:

n—1
. n P n—p
i ~|—i=——=}|4
pzll,T.l.-r.l[nm kgzuk] [k] [ k ]) '
but (9) becoines d, = 0 only for prime values of .
DEFINITION 4. The sequence (a,)_, has the property " P" in the mean,
if the sequence (A,)7_, has the property, ”P”, where:

(9) dﬂ z —

(10) A _ Gt ...t an,
[ i n+ 1
LEMMA 6. The sequence (a,)”_, is mean — convex if and only if it

may be wepresemted by :

(11)

with ¢, > 0 for &2 > 2,
Proof. By lemma 2, the sequence (a,)r_ is mean-convex if and only

if the sequence (4,)”_  may be represented under the form :

a,,=:2:0(2n—k+1)-ek

(12) A, =3 (n—k+1) ¢

7
k=0

with ¢, > O for & > 2. From (10) we have:
(13) ay=Ay, a,=m+1) -4, —n - A,_,, for n > 1.
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Combining (12) and (13), by a simple calculation we get (11).
LEMMA 7. If the sequence (a,), . 1s represemted by means of (11), then :

(14) Azan ST ('ﬂ + 3) *Cuy2 — B - Cpqr.

LEMMA 8. The sequence (a,)._, 4s mean — starshaped if and only if
it may be vepresemted by :

(15) b=t D+ 2R — 1),

where f, > 0 for k > 2.

The proof is based, like that of lemma 6, on the relation (13), and
uses for A, the representation (5).

In what follows we denote by S;, S,, Ss S; Sz and Sg the sets of
convex, mean — convex, starshaped, superadditive, mean — starshaped,
respectively mean — superadditive sequences. The main result, similar
to that of [3], is given by the following:

THEOREM. 1he following inclusions :
(16) S1CSCTSHCSiCS:CSe

hold, each of them . being strictly.
Proof. (i) Let us suppose that the sequence (a,)°_;is represented as
in (2) and also as in (11). Then, from (3) and (14) we deduce:

(17) , buyz = (n 4 3) - tyyz — 1 - taa
that is:
b,=38 ¢ and (# 4 3) « tuja = bpys + # - €411
So, if b, 2 0 for n > 2, then ¢, > 0 for » > 2. By lemmas 2 and 6, if

the sequence (@,)”_,is convex, it is mean; — convex, ie. S; C S,. The

=0 [ 1 2
inclusion is strictly because we have, for exemple, by = 4¢3 — ¢,, and so
;=1 and ¢; =0 give us by = —1<O0.

(i4) Let us represent the sequence (a,)?_, under the forms (11) and (5).
From (14) and (6) we have:
n
n4+1

(18) (n+3) - eurs — B+ o1 = Cpy2 — * Cnt

that is:
Co =36y, ¢y =4 - 54 1/2 - ¢,

and :

Sn—1

ey = (n Doy +-—=00 (E—1) -
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what may be proved by induction. So, ¢, = 0 for # > 2 implies ¢, = 0

for # > 2, i.e. by lemmas 3 and 6, S, (C S;. On the other hapd, _for Gy = 3

and ¢, = 0, we have ¢, = —1/8 < 0, that is the above_incluswn is strictly.
(1) Let us suppose that the sequence (a,),_ois in Sg. Then, on the

basis of the representation given by the lemma 3:

fni+m m4 .
N H
ail+1!t+ Ag — A,— A, = 1 2_/ = 4+ m Z o 0
k=ni1 k E=m+1 &

that is (a,)7_, is in S,. The inclusion Ss C S, is strictly because the sequence
with the general term a, = [#/2] is, by lemma 5, in S, but:

aa—ao_aﬂ—a.,:__1><0
3 2

so that it is not in S,
(iv) Let the sequence (a,);_, be in S, T}}en:

(l"+6£0 >ak—i"an—k, for k:l’ o 9w — 1
that is:
n—1
(n — 1)(a, + a)) 22 4,
k=1
OoT .
n—1
2
a, =2 a, — dg.
n—13=1
S0 | |
i1t a—1
A= Ao ’E’ak_n% S (l+n—l)k§1ak_(”+l)ao e
n n(n 4 1) = n(n + 1)
—1
—n—1
& kl,_‘,l a,— (n— 1)a, g
nn — 1) n— 1

ie. (a,)?_,is in S, The inclusion S, C Sy is, in his turn, strictly because
if (a,)°_, is represented through (5) we have:

n=0

4
a4+a0—a3—a1=504——§03—{—02<0

for ¢, = ¢, =0, ¢ = 1.
(v) The inclusion S; (C S; follows from (#47). His strictness also follows
by taking A, = [#/2], that is:

n—1

a, = (n+ 1) [%] —n [»_

2

which gives a sequence in S, but not in S;.
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REMARK 4. As follows from [5], N. ozgKI has proved, by other meauns,
the inclusion S, C S,, and, in the case 4, =0, 5; C S,.
REMARK 5. If we set the sequence (g,)”  in the form (15), we have:

Anim + o — A — Ay = W(foim — fu) + 1{fotn =H1fi)

ntm—1 mtn—1
+ frswt fot fut 20 3 Lqoom 35 L
k=n+1 R k=m+1 &

Taking into account the inclusion S, ( S;, this means that in order to
get a superadditive sequence (a,)7_, it is necessary to use in (15) a sequence

@

(f)2_, with f,> 0 for n > 2, and it is sufficiently that the sequence ( ooy
be increasing. In spite ol this result and that given in the remark 3, we
have unfortunately no satisfactory formula for the respresentation of
superadditive sequences.

REMARK 6. The theorem may be used to simplify some of the proofs

from [3].
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