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A I{TBRARCHY OF' CONVTIXTfY FoR SBQUENCBS
by

GH. TOADÞR
(Cluj-Napoca)

An irtetesting property, called in [4] "hierarchy of .conr¡exity", was
provecl, for ftnctiõnô, by a. rnr. BRUcr(NER and Þ' osrRow in f3,l'. The main
äim of this paper is to prove that this hicrarchy is also valid in the case

of sequences.
\ùe begi¡ by the definitions of sequence classes which we consider in

what foÍo#s. Wê also pfove representation theorems fol some of this
classes.

llÞFrNrTrON l. A sequence (a,,)'-.o is called conaex if its second order

clifferences :

(1) Lzct,,: &r*2 - 2an-¡r ! ø,

øre þositiue for øny n > 0.
Although we have given in [7 ] a general representation theorern, for

making a ñinor changã in the formulation of the result, r¡r'e prefer, in
this pãrticular case, to ded.uce it froru. the following:

LEMMA l. If the sequence (o,)i,:o 'is g'iuen by :

(2) cr,:f@-h+r)br
&-0

then :

(3) Laa., : 6n*".

The proof follows by a simple computation, hence it is omitted. Be-
cause the relation (2) is equivalent with:

n-l
(2') bs: ctrs, b, : an -D @ -,h' + r)bk for n )- |
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any ted in this form and from lenma I we deduce :

T > '(;lT:' 
is conuex if ønd' on'tv 'f ;';ï r";

ce (ø,)'_o is cølled. størslløþed. if it søtisfies ;

(4) o'-.a' -.oo ( ou - oo for any n > 2.n-l ø.

nErrrenr< 1. As it was Þroved by x. ozïKr (see [SJ), a collvexsequence (o,)i:', with ao : 0,^ has the property :

(4') oo-'_ . !,t .

n-t = ,'
tI -1"^Þg. easily- put in connection rvith the similar
;i:"ï:iilï:lTiJi"l:[1';f 

"':.Iïiå.rö","itij.;:l
T,EMMA 3. The sequence (o,)ï:o is størshøþert if and. only if it may bereþresented. by :

(s) dn:nÉ+- @_ t).co
n:-1 ¡

uíthc,àjforh>2.
Proof, We denote co: ûo and. cr: ør. From (4), for 1 :2, wehavc:

ar ) 2ør - e¡: Zcr - co

that is, there exists a number cz Þ 0 such that :

&2 : 2c, - co * cz: 2(4 | crl2) _ co.

suppose that (5) is valid for a naturaT n. Frotn (4), for n + r, we have;

ar+tÞUo,,-'oo

that is, for some cn+t )- 0 | 
n n

Øn+t: cn+t I Uo, - ! øo: cf+lt (n j- l) É a -'t n n:lh

-ln' - | + 1ì. - (u -r- r',, S r*
l; -;J"o:\r'-f ') *L-;-n co'

So, the lemma is proved. by induction.
TTEMMA 4. If the sequence (o,)i:ois reþresented. by (S), then;

(6) A2ø,: cn*2 - Lc,+t.,t+l
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DEFTNTTT6N 3. Tke sequence (o,)i:o is cølled suþerødditiue if itaerifies:

(7) ûn+nt* &o 2 an * a.-, for a,ny n, m = N.

REMARK 2. As ít is done in l2l for functions, we added the term
ao in th.e first side of thc relation (7) to avoid the restriction: øo ( 0. As
a matter of fact, this change is unimportaut since fuom (7) follows that the
sequence ("L)i:o given by aL : a, - ø0, satisfies the usual relation :

(7') ø|+* 7 aL * ø',,,.

The following result, deduced from [6], is easily to check up :

T.EMMA 5. The sequence (o,)i_ois suþeradditiue if it may be resþresented.

by:

(B) ao: ds, &n : do+ å lî1r,, lor n > 1

wiLh dr Þ 0 for þ > l, where [ø] denotes the integer paft of. x.
REMARK 3. Any sequence (o")i:o may be represented by (B). It is

superadditive if and only íf every d" verifies :

(e) d. > - o:fin¡^ntp,tL;l -t+l-lïl)r,
but (9) becoincs d^ > 0 only for prime values of ø.

DEFTNTTTSN 4. The sequence (o")i:o kc¿s th,e þroþerty " P" in the meøn,
iJ' th,e sequcnce (A")::" høs the þroþerty, "P", løhnre:

(10) o, : oo *;'¡' 
,* 

"" .

I,EMMA 6. The sequence (o,)i:o is meqn - conaex if ønd. onty if it
møy be reþresented by :

3
.,

t,

(1i) o,:pu?n - h, I t) . e,

wtt}ner )0for h>2.
Proof , By lemma 2, the sequence (o,)i:o is mean-convex if and only

if the seqüence (A")i:o may be represented under the form :

(i2) A,:t,@-htD.er
/¡:0

witJr e" ) A f.or h, > 2. From (10) we have:

(13) øs: A¡, øn: (n + 1) . A,-n Au-t, Lor n ) l.
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Combining (12) and, (13), by a simple calculation we get (11).

T.EMMA 7. If the se(luence (o")i:ois reþresented' by nteans of (ll), tken':

(14) L'&n-(nI3).ën!2-% a¡+t.

LEMMA B. The sequ,ence (o,)i:o'is n't'ean - størskaþed' if and' on'ly i'f
it møy be reþresented. by :

(is) ø, : (n + r)1, + 2nÐ,* - tt*- 1) .,fo

uhere f, >- 0 for k > 2.
The proof is based, like that of lemma 6, on the relation (13), and

uses for A" tlne representation (5).
In what follows we denote by Sr, Sr, Sr, Sn, Su and Su the sets of

convex, mean - convex, starshaped, superadditive, mean - starshaped,
respectively mean - superadditive sequences. The main result, similar
to that of [3], is given by the following:

THEoRÞM. T-he foltoaí'ng inclusíons :

(16) STCSTCSTCSnçSuçSo
hold,, eack of tkem , being stri,ctly.

Proof. (i) T.et us stlppose that the sequence (o")Ï:ois represerrted as

in (2) and also as in (11). Thcn, from (3) and (14) we deduce:

(I7) bn+z: (n * 3) at*2 - n an+t

that is :

bz: 3' e, and. (" * 3)' anrz : bn+z * tt' ê¡tr.

So, if b,>01or n>2,tlnene,,Þ0for n)-2. Bylemmas 2 and 6, if
the sequènce (a,)- .ois convex, it is mcan - convex, i.e' S, q Sr. The
inclusion is strictly becausc we have, for exemple, ba : 4r" - a2, â'rtd so

a2:l and e":0 give us ór: -1 (0.
(í'i') I'et us tepre-sent the sequence (a,)i-ounder the forms (11) and (5).

From (14) and (6) wc have:

(18)

that is

(n -l 3) €nts - vL
nên+t: Cni2--------

n+ r
Cn+l

what may be proved by incluction. So, e, Þ 0 I,or tt',2 2 im-plies c, > 9
lor n 2 í, r.". ity lemmas 3 and 6, S, C Sr. On the other-hand, for cr:3
a.oð, c": b, *" h^r. r": -1/S < 0, thãt is the above ínclusion is strictly.

(U¡ net us suppóse that the sequence (o,)i:ois in Sr' Then, on the

basis of the representation given by the lemma 3:

n . Lqo ûo-&*:rr"f' ?+*'f' + routt+'tt | ' o-n\t h h-7nt+t h

tlrat is (o,)i=o is in Sn. The inclusion S, g Sn is strictly because the sequence

with the general lerm an : lnl2l is, by lemma 5, in Sn but :

T-!t-!,t:--å .o
so that it is not in S..

(ia) I.et the sequence (ø,)i-o be in Sn' Then :

ø, * (to )- ar I øn-¡,, lor k,: l, ..., Yt - |
that is :

n-1
(n-I)(a,+eo) >2D.o,

ñ-l2n4,Þ---Lqr-ao.
n- th,:l

4 5

or

So
1t

l, a"- na,
A, - Ao 

- 
o-or*r "*o 

-
" "?r+l) "

It+-' n- | 2 a*-(øll)ao
þ:r

n(n I t)

fr-l

,t-1
2 ør-@-l)øo

n(n - t)

î.e. (a,)i nis in Su. 'Ihe inclusion Sn ç Su is, in his turn, strictly because

if @")i:o is represcnted through (5) we have:

ØE * &o - a.s - 4t: ict - ! cs I c, 10

fctt ca - c2 :0, c, : 1.

(u) The inclusion Su C Su follows from (iii,). His strictness also follows
by taking A" : fnl2l, that is :

a.: (n+ t)[;l - "lr;.1
which gives a seç[1ence in Sr but uot in Su.

Ar-t - Ao

n-l

cr: 3e2, cz : 4' es * ll2' e,

and.

t'5,. .:
c, -: (n + l)e,l- - ^ . ))U, - l) . er

n-Lk_2
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REM.{.RK 4. As follows from [5], w. ozF:<r has proved, by other means,
the inclusion S, C Sr, and, in the case ao:0, St C Sr.

REMARK 5. If we set the sequence (o,)i:o in the form (15), we have :

&,+^ I ao - &o - Ø,n : n(fnt-,, - -f,,) + nr,(f,+n, - -f,,) +

i .f,+^* Í,+ f.+ *"r:Ð.rt; + r*'u;_-if*"+

Taking into account the inclusion So C Su, this neans that in order to
get a Juperadditive sequence (o")i:oit is necessary to use in (15) a sequence

(Í,)i:o with f ) 0 for n 2 2, and it is sufficiently that the scquence (f")i:,
be increasing. In spite oI this result and that givcn in the remark 3, we
have unfortãnately no satisfactory formula for the respresentation of
superadditive sequences.

REMARK 6. the theorem may be used to simplify some of the proofs
from [3].
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