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l' In this paper, we shall extend. some results of [4] to the monotone
sequences of operator-valued. functions.

fn what follows, we shall d.enote by X a real Banach space X end.o-
wed. with a cone K and with the ord.er relation defined by this cone.

We d.enote by L(X) the Banach algebra of linear continuous operators
U:X-rX.

I,et T: la., b) -- L(X) be an operator-valued function and x e X.
In [1] the following notions have been introduced:
DEFTNTTToN l.l. Tke exþression ltr, tr, .. ., tntr; T(.)xl d'efined' by

I,ke rel,ations

Itr; T(')x): T(tr)x

t! ! t .rt \^.1 ltr, t", "'t¡+t) T('lxl - Ur, tz, " "1"; T(')xl
Lúr, Lz, .,.r tn|t, tl')*J 

t"+r_h

is called, the generøl'ized. d,iaided' d.ifference of order n, øssociated' to tke þoint
x, of. tlae oþerøtor-aal'uedfunct'ionT, fortked,istinctþointstp t2, ..., tn¡1€
e lø, bl.

DEFTNTTToN 1.2. We sa.y tha.t øn oþerøtor-aalued' function T: la, bf ----

- L(X) kas ø bound.ed. d,iuided. d,ifference of order n om fø, bl aitk resþect
to a subset M C X, if for øny x e M, ae ha.ue

sup llltt, tr, ..., tn+r; TI.)xl Il < foo
lt,lø,..,,

distinct e
"n+L
lq, b')

DEFrNrrroN L.3. An oþerator-ualwed,functi'on T: fø, b)---> L(X) is cal'l'ed'

non-concaae of ord.er n', on tke interuøl' lø, bf, i'f for any system of n { 2
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d.istinct þoints of fa, bf, the fol,loaing cond.ition is fulfi,l,l,ed,:

Yu = K + lt1, tr, ..., tn+zl T(.)ul e K

!"t Tr: lø, bl-+ L(X) ar,d Tr: lø, bl--- L(X) be two operator-valued.
functions. Denote by K a genèrating cone in X.

DEFrNrrroN 7.4. We søy_tkat Tr 3 T, if for øny t = lø, bl ønd. for
øny ø e K the folloaing condition is satisfied,:

Trlt)u-T|(t)u eK
This is an order relation in the real linear space .F([ø, b], L(X)) of. all

operator-valued functions defined. on fø, bl.
2. Consider a monotone sequence (T-)7":, of operator-valued. functions

T-: fa, bl--*L(X), strong continuous on fa, b):
Tr3T, <... S T_ST*+r3...

T,EMMA 2.1. Assume that the cone K C X is generating ønd. normø\.
If there_is øn oþerator-ualued, function T: fø,bl--, L(X), strong continuous
on fø,blsuch thøt the sequtence (Tr)i,:, connerges to T ,in tke stiong oþerølor
toþol,ogy, then tke sequence (T,)i,:, conaelges to T in tke strong oþerøtor
toþology, uní,formly uitk resþect tst e La, bl,

Proof:Let ueK; limllT(t)u-T(t)ul l:0. Consider a point

to e lø, á]. For any e> Ol'Ìfr"t" exists a natrral number r(lo) such that,
for every m I r(to), we have

llT (t)u - T(to)ull <:'
Since I 

^nd 
T,ru, are strong continuous on lø, ó], there exists 8(lo)

such that for any t e la, b), lor which lt - tol < 8(lo), we have ll T(t)u, -
-T(to)ull <| ana

ll T,rr,r(t)u - T,r,"r(t ò*ll < ¿'

Ifence llT(t)u - T,,,",(t)ull < u.

Set Z(lJ : þ - 8(r0), r0 + à(lr)) f.or t¡ e (a, b) anð, V(a.) : lø, ø |
* t(ø)), V(b): (ó - ô(ó), ó1. For any t eV(ts) we have llT(t)u-
- T,r,"rlt)w | | < e. Since lø, bl is compact there exist tt tr, . . ., tt e

e lø, bl such that lø, bl : Ú rfr¡.Denote by ro: max r(t). For t e
i+t 1< d<i

e V(t,), ot' e K and. rn 2 zo, we have:

0 s T(t)u - T,,(t)u so T(t)u - T,"!t)u f rþ)u - T,r,,(t)u.
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Since the cone K is normal, there exists a constant d > 0 such that:
ll T(t)u - T^(t)ull 

= 
a I rQu - T,"(t)ull S d,ll T(t)u - T,,,,,(t)ull < dru

Since the cone 1{ is generating, from the preceding inequalities we
obtain:

Yx e X, lím llT,,(t)x - T(t)x ll :0 uniformly with respect to t e
tr+@

e fa, bf
I'et

_- L(X)
n2l.

(T^)7":, be a sequence of operator-valued functions 1, : lø, b)n
with bounded difference of order n on la, ó] with reipect to X,
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T,EMMA 2.2. Assurne that:

(ù Yx e X, 1C" > 0: Ym eN, sup ll ltr, tr, . . ., t,+t;T^(.)x) ll S C,

J;fi;;= i;l¡
(ii) there wed, function T : lø such

lkøt tke seque t to T in tke strong ology,
tken T h,øs abo e oÍ ord.er n on fa, bl to -X.

Denote by H-r,u: {7'lT: fø, b)*L(X) non-negative and non-con-
cave of order n on la, blj n : 0, l, 2, . . .

Consider two operator-valued functions Tr: la, bl*L(X) and. Tr:
La, b)-" L(X),

DEFrNrrroN 2.1. It is søid. tkot TrrSr,T" is tke fol,l.ouing cond.itíons øre

fu(itled:
a) Yu e K, Yt e fø, bl > Tr(t)u < Trlt)w

b)
T

vu e K, vtr, t2,

,(.)ul S ltþ tz,

^..,tn*2 d,i,st.inct in lø, bl + ftr, tr, ..., tr+zi
, tn+zi Tr(.)u7,

Consider a sequence (T*)i,:r of operator-valued functions, strong
continuous on la, b).

TFrEoRDivr 2.1. Assume tkat the cone K ç X i,s generating ønd. regular.
If thq follouing cond,itions ed.:-
(i) the sequtence (T,)fl:1 i.s aith resþect to tke cone H-¡*lnZU),
?sthøl

(í,ù th,ere exists an. oþerøtor-aal,ued. function T: la, bl* L(X), strong
cont'inuous on lø, b), suck thøt

T- S T rn:\,2,...
H _ r,n

(iii.) vxe X, 1C" ¡ 0; Vøø e N, sup ll ltr, tr, . . ., tn*2;T.(.)xlll<C"
t t+z
[ø, bl

rl -1,r, H 
-r,r,

tut"'...'
distinct e
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tken tkere exists øn oþerøtor-uølued' function S'. la., b)-, L(X), strong con-
tinuous oø lø, bl, swck that (7,,,)i,:1 con'uel{es to S, in the strong oþerøtor
toþology, uni,formly u'ith resþect to t e lø, bl'.- 

Proof . I.et t e fa, bl anð. u e K. From (i) and (ii) ít follows that:

Tr(t)u < Tr{t)u < .. .
I{KKKKK

Since the cone K is regular, there exists an element it,itu) e X such
that

,1åT ll 
T,i!t)u - y,Iw) ll : o

Define a mapping S(l) :K* X by

S(t)u : Y,!u).

Since the operators 7,,(t) are linear, S(l) is a positively homogeneous
mapping of K into X. S(l) is also additive on I(.^-Sittã" the cone K iè'generating, S(l) can be extend.ed to the whole
space X accord.ing to a well-knowá mèthod [3], by setting for x e X

tç :'/tt - U, 1,e, U e K

S(r)ø: S(t)u-S(t)a
S(l) is independent of the choice o1 u, u e K such that x:7't' - 1).
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Observe that S(l) : X-¡ X is a linear opera
From the definition of S(r) it follows that

lim ll T,,,!t)x - S(t)x ll :0.
tor.
for any x e X, we have

"*- A""ord.ing to the Banach-steinhaus Theorem, the operator S(l) : X*
* X is continuous. Ilence S(l) e L(X)'

From the conditions fzj) and øi\ lt follows that for u e K and for
any system of. n + 2 distintá pointi t'1, tz, ..., tn+2=.1q, b), the sequence
(lti, ir, ..., tn+Z; T*i|)ul)?,:fconverges and. the limit is [lt, tr, ...,tn+zi
s(.)øl).' ' 

Sínce the cone K is generating, for every fi 9 X and for every system
of. m | 2 distinct points t1, t2, ..., tn*ze la., bl

';\l'r,tr, 
"', tn+zi T^I')xl: ltu tr' "" t*+zi S(')øl'

ßrom (iii) and from Lemma 2.2, it follows that S :-lø, .bl--- L(X)
has a bounäeá divided. difference of order n + | on la, ó], with respect
to X. l, it follows that S is continuous o11 l-q'-b)'
in the ogy. Since a regular cone is normal lzl,,iL
follows tñê sequence ({)f,:r converges-to S in the
strong formly-with respect to t e la, bl.

For X : R we fincl the result established by Elena Popoviciu-Mold'o-
van in the paper [4!.
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