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1. In this paper, we shall extend some results of [4] to the monotone
sequences of operator-valued functions.

In what follows, we shall denote by X a real Banach space X endo-
wed with a cone K and with the order relation defined by this cone.

We denote by L(X) the Banach algebra of linear continuous operators
U:X—>X.

Let T:[a, b] - L(X) be an operator-valued function and x = X.

In [1] the following notions have been introduced :

DEFINITION 1.1. The expression [ty ts, ..., turr; T(-)x] defined by
the relations

[t T()x] = T(t)x

[tl t2 “ . t"+1 . T(_)x] — [52, tsr e * tu+l; T()”] s [tlr tz; Rl tﬂ; T(')x]
tn+1 -t

is called the gemeralized divided difference of ovder m, associated to the point
x, of the operator-valued funciion T, for the distinct pointsty, 5, ..., Ly e
= [a, b].

DEFINITION 1.2. We say that an operator-valued function T : [a, D] —
— L(X) has a bounded divided difference of order m on [a, b] with vespect
to a subset M C X, if for any x = M, we have

Iy SuR, [| (s 22 ooy tars T(-)x]]| < o0
distinct < L' ]

DEFINITION 1.3. An operator-valued function T : [a, b]— L(X) is called
non-concave of ovder n, on the interval [a, b], if for amy system of n -4 2
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distinct points of [a, b], the following condition is fulfilled :
Yu e K = [tl’ tz, AR t”+2; T(')u] e K

Let Ty:[a, b]—L(X) and T,: [a, b]— L(X) be two operator-valued
functions. Denote by K a generating cone in X.

DEFINITION 1.4. We say that T, £ T, if for any t < [a, b] and for
any w < K the following condition is satisfied :

T,0)n — Ty()u = K

This is an order relation in the real linear space F([a, b], L(X)) of all
operator-valued functions defined on [a, &].

2. Consider a monotone sequence (T ,)m—; of operator-valued functions
T,:[a, b]— L(X), strong continuous on [a, b]:

Ty ST, S ... ST, < Twis< ...

m

LEMMA 2.1. Assume that the come K (C X is gemerating and wnormal.
If there is an operator-valued function T : [a, b]— L(X), strong continuous
on [a, b] such that the sequence (T,),_y converges to T in the stromg operator
topology, then the sequence (T,)m—1 comverges to T in the stromg operator
topology, wumiformly with rvespect tif < [a, b].

Proof: Let u « K; lim ||T (#)u — T(f)u|| = 0. Consider a point
ty  [a, b]. For any ¢ > 0, there exists a natural number 7(¢,) such that,
for every m z 7(t,), we have

IT {t)n — ToJull < -

Since T and T,(’ are strong continuous on [a, &], there exists §(to)
such that for any ¢ < [a, b], for which [t — ¢, < 8(¢,), we have || T(#}u —
— T(tu) < g and

[l Tr('o)(t)“ - Tr(‘n)(to)“” < ; :

Hence || T(t)u — T,“ )(t)ul] <.

Set Vito) = (t — 3(t,), o+ S(ts) for ¢y < (a, b) and V(a) = [a, a +
+ 3(a)), V() = (b — 3(b), b]. For any ¢ < V(t,) we have || T({t)u —
— T,(”'(t)ull << &. Since [a, b] is compact there exist &, &, ..., =

i
e [a, b] such that [a, b] = | V{t,). Denote by 7, = max r{$,). For ¢ «
i=1 1€+
e V{t), v « K and m = 7, we have:
0 2 TWu — T,0)u = Ttuw— T,u < TEu— T, (t)u
K K K (A
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Since the cone K is normal, there exists a constant d > 0 such that:

N T@u — T,@ull = 41l T} — T (t)ull < @) T(t)u — Tru‘)(f)ull < d%
Since the cone K is generating, from the preceding inequalities we
Obtalgﬁé e X, lim || T,()x — T(#)x{] = 0 uniformly with respect to ¢ =

s [a, b] M—00

Let (T,)m=1 be a sequence of operator-valued functions T, : [a, b]—-
— L(X) with bounded difference of order # on [a, b] with respect to X,
n = 1.

LEMMA 2.2. Assume that:
(1) Vxe X, 3C, > 0: Yme N, sup || [ty ...\ tars;T()x]]| S C,

tl,t,,...,!”_l
distinct < [a, b]

(12) there exists am operator-valued function T: [a, b]— L(X) such
that the sequence (T ,)m-1 comverges to T in the strong operator topology,
then T has a bounded divided difference of ovder n on [a, b] with vespect to X.

Denote by H_,, = {T|T: [a, b]— L(X) non-negative and non-con-
cave of order # on [a, ]} n =0, 1, 2, ...

Consider two operator-valued functions T;: [e, b]— L(X) and T,:
la, b]— L(X).

DEFINITION 2.1. It is said that T, < T, is the following conditions are

—1,n
Sulfilled :
a) Yu e K, Vt e [a, b] = T\(t)u < T,(t)u
K

b) Vu e K, Vi, by, ..o, tyye distinct in [a, b] = [, ta .., Inra;
Tl()%] % [tll tZi L) tn+2; T2()u']

Consider a sequence (7,)m—1 of operator-valued functions, strong
contintious on [a, b].

THEOREM 2.1. Assume that the cone K (C X is gemerating and regular.

If the following conditions are fulfilled :

(i) the sequence (T,)m—1 4s monotone with vespect to the cone H_y,(n 2 0),
that is

T1 § Tz § é T é Tm+l§ ey

m
—-1,n H—l,n H—l,n H—l,n H_

—

"

 (40) there exists an operator-valued SJunction T: [a, b]— L(X), strong
continuous on [a, b], such that

Ty g m=1,2, ...

H—l,n

(#8) Vye X, 3C, > 0; Ym e N, sup || [ty ty - -.» tysz; To(-)2] || SC,
biabay oo t"
distinet & [;,-211]
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then theve exists an operator-valued function S: [a, b]— L(X), strong con-
tinuous on [a, b], such that (T,)n=1 converges to S, in the strong operator
topology, wumiformly with vespect to t = [a, b].

Proof. Let ¢t = [a, b] and # = K. From (i) and (i7) it follows that:
T,{tyw < Tyt)yu = ... S T, £ Tyl = ... S TQ@)u
K K K K K K

Since the cone K is regular, there exists an element y,(#) e X such
that

lim || T,{t)u — y,(u)|] =0

M—+00

Define a mapping S(¢): K— X by

S@)u = .(u).

Since the operators T,(t) are linear, S(f) is a positively homogeneous
mapping of K into X. S(f) is also additive on K.

Since the cone K is generating, S(f) can be extended to the whole
space X according to a well-known method [3], by setting for ¥ e X

XxX=u—0v, u, v e« K
S@)x = S@)uw — S(t)v

S(t) is independent of the choice of #, v « K such that x = u —v.
Observe that S(f): X— X is a linear operator.

From the definition of S(#) it follows that for any x X, we have

According to the Banach— Steinhaus Theorem, the operator S(¢) : X —
— X is continuous. Hence S(f) e L(X). .
From the conditions (7) and (4) it follows that for # = K and for

any system of # 4 2 distinct points £, fs, ..., tara <= [4, b], the sequence
([ty, tas -5 tugz; T,(-)u])m=1 converges and the limit is [¢, Za) ««.) Int2s
S(+)u]).

Since the cone K is generating, for every # « X and for every system
of w + 2 distinct points #, 5 ..., tarze [a, b
lim [tl, tz, A% o, t”+2; Tm()x] = [t]_, tz, S t"+2; S(')xﬂ.
M— 00
From (ii{) and from Lemma 2.2, it follows that S: [a, b]— L{X)
has a bounded divided difference of order # 4~ 1 on [4, b], with respect
to X. From Corollary 3.4 [1], it follows that S is continuous on [4, b],
in the strong operator topology. Since a regular come is normal [2], it
follows by Lemma 2.1 that the sequence (T,)m—1 converges to S in the
strong operator topology, uniformly with respect to ¢ < [a, D].
For X = R we find the result established by Elena Popoviciu—Moldo-
van in the paper [41].
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