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In the paper an estimate is obtained for the approximation of the
non-negative convex function by polynomials with positive coefficients
in the Hausdorff metric. It is proved that the estimate is exact with res-

pect to the order (I/Jﬁ)

We shall use the following notations:
R, — the set of real functions defined on the interval A; RIA” — the set
of functions f e R,, max [f(x)| < M, x e A, M >0; K% — the set of
convex functions f e RA, ie. KN={f;fe RY, flaxy 4 (1 — a) x5) <
< of (%) + (1 — &)f (%), %1, %2 € A, a e [0, 17}; Co — the set of con-
tinuous functions f e RY:; H, — theset of polynomials P, of degree
<n; Hi — the set of P, & H, of the type: ‘

P(x) =D as #(1 — 1), a5 > 0;
i+i<n

w(A; f, P,) — the Hausdorff distance between f e RX and P, H,[7];
E.{f) = inf {x(A; f, P,); P, = H,} — the best approximation or f
e RY with P, = H, in the Hausdorff metric; E:.(f) = inf {=(A; f, Pl
P, Hi} — the best approximation of fe RY with P,e Hi in the
Hausdorff metric.

It is known [8], that for every function f RY

(1) E,(f) = O(ln n/n)
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is valid, where O(1) is a constant depending only on the interval A and
M. V. Popov [6] proved that for f « KN

@) Eua(f) < Cln (e + Myn—

is valid, where C is an absolute constant.

The aim of our examination is to find the best Hausdorff approxima-
tioh of non-negative functions f < KA with polynomials P,e H;. In
[1] V. Veselinov proved

THEOREM 1. Let f e R[OI], f(x) 20 for x « [0, 1].

Then

@) E}: = O(/In n]n)
holds, where the constant O(1) depends only on M.
We prove
THEOREM 2. Let f = K[Ol], f(x) 20 for x = [0, 1].
Then
(4 E3+(f) = O(1/y/)

s valid, where the constant O(1) depends only on M.

In order to prove Theorem 2 we need some definitions and lemmas,
In accordance with [6] we define the one sided Hausdorff distance from the
function f to the continuous function g:

hA; f, g) = = I?i‘j max [|x — &, |f(x) — g(€)|].

From the definition of Hausdorff distance [7] we have

A f, g) = max {A(4; £, g), MA; g, f)}
The following two lemmas are proved in [6].

LEMMA 1. [6] Let f, g « Co, A = [a, b], g be monotone in [a, b].
Then

WA g f) < max {B(A; f, &), P, 4},
where

p=v(g f; a), g=v(g f; b);
vig, f; %) =Ialli§ma><{lx— &l lg(x) — f(E)}.

We'll need its modification, i.e.

COROLIARY 1. Let f, g € Crony, f, & be monotone and f(0) = g(0),
f(1) = g(1). Then the following equality is true

(A5 f, g =hMAs g f)=hA; f, g).
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LEMMA 2, [6] Let g, 1=1,2, ..., m be monotone increasing conti-
nuous functions in the interval [a, bj and f, 1 =1, 2, ..., m are functions
such that h(A; f, g) < 8,1=1,2, ..., m. pr., 0, =12 ... m
then

h(AI ;M:fu ;u¢ gi) < max [2 u, 8,, max Sf}.

We'll need its modification, i.e.

COROLIARY 2. Let f, g, e Cpyy, 1 = .., m be monotone in-
creasing functions such that f,(0) = g,(0),
1=1,2, ..., m Then if p, 20,i=1, 2, ..,mitfollows that

1, A
f( _g((l)' T(Alfu g) <3,

T(A;;qu“’ ;M,g‘) < max p, 3, max 8]

Now we'll prove the following three lemmas:
LEMMA 3. Let g(\; x) be a monotone increasing function defined on [0, 1]

8(n; %) = max {0, u(x — N/(1 — N},

where M > 0, A < (0, 1). Then there exists an absolute constamt C%, such
that

([0, 11; B,(g(N), &(N) < C§ M/y/n,

where

Ef( )an %), Pun(%) = (”) 2(1 — x)p-v

is the Bernstein polynomial for f < Cioyy.
Proof. The function g{(A) < KX. Therefore following [4] we have

(3) g(x; %) < B,(g(N); x).
From the definition of the Bernstein polynomial it follows (See [9]) “

ma

(6) Byi(f; x) — Bu(f; =
where

S(f; & k_vf( v) f( )—f— f]VRIJ <v<k—1.

k k—1

fk ka)

<
I

We express

CBea(f; %) — Bu(f; %) = Si(f; %) + Sulf; %),
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where Si(f; ) = 4/2 S(f; R, V)Pru(%);
IvWk—2|<24a/x (1—x)1n kfk
Soff; %) = 2 S(f; k, v)Pry(%).

vk —2|>2 A/ #(T—%) In kjk
First we estimate Sy(f; x). From the definition of S(f; %, v) it follows that
S(g(n); &, v) # 0 only for A — % <;v < A— %‘. Then the following

relations hold:

() {S(g(x);k v) 0<;<1}
< S(g| A =2
max{(g(x),k,v),x AL }
smax{[M( < —7\);7\—-l<_"<;\], M(_“__;\)_
1—nk k-1 Bk (11— Nk \k—1
M v v 1 —2A
w2 [ a1 < 2 —l <
l—k(k )\)’)\ k<7\+ }
< e Y qetes Y ) o Ky Ay Y < ]
max{ (+ J(k+k(k—1) 7‘) AL S A
M v2 v v v 1—
i PPN — <
[ A(k——l k(k—1)+>\k k)’x r AT J}
<max{[ 2My __< )\],[Mv(l—)\—v+7\k);7\<l<7\+1;7\”<
EE—1)° (1 — Nk — D& 3
<max{[2Mx' —l<1< 7\][ My g <7\+1_——x”
B —1 k Bk — 1) k

g{%; ;\_l<l<)\+1___)‘}.
k—1 k k k

According to [4] we have
8) Vs Pro(%) < 207
|vk—%] > 2 Jz(1—%) Inufn
In view of (7) and (8) we get
Sa(g(2); %) < 4MA[(R — DRI
Futher we find an estimate for S;{g(2); #). From the definition of S(f; &, v)
and (7) it follows that

Si(g(n); %) < 2 S(e(N); k, v)pru(N) =

[9/k—A| < 2 JA(1— ) In &J&
= 25 SEM; kVpr(n= S(e(n); &, v)Prs(N) <

Ivk—Al<1/k A—ME<WE<A+(1— N[k

ZM)\
< — Ibk.vo\)'
E—1 |v/k—Al1< 1k
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It is known [3], that for #n—%° < x < 1 — #=%5 and |vjn — x| < 2[x(1
— %) In n/n]Y? the following is valid:

— 14 06,(n, v, %) _ nivin — x)* ,
Prl%) Nom ni[x(1 — )] xP { 24(1 — x)}

where |0,(n, v, %)| < 04(n), 0,(n)
C, exists such that
9) P, (x) < Cylhx(l — 2)]-12,

Now we can estimate:

#=>00

oK = & 2C, M 4M %
B ;%) — Bylg(n); #) < : <
g 1) = Bulg(n); 2) < o2l B <

4AMA(1 — ) CMIMI — N2
1= NE -1k (1—NE—1)k

< CaMDML — W)U
(1 — N —-1) Ak

> 0, lim 0,(%#) = 0. Therefore a constant

The sequence of Bernstein polynomials for a function f e Cg; converges

to f [4]. Hence it is true:

(10) 0 < B,(g(n); %) — max {0, M(x — 3)/(1 — N}
& Ao b oy CMIAML — N2 <= 1
= k;ﬂ.:,_l [Br-1(g(n); %) — Bi(g(»); x)]< e k;l RT3

L2 MIML— NI CM
1—Nde (= N4

In case of * & [A — Cofs/n, 1] we obtain from (5) and (10)

(11)  max [o, rfg(x— x)] < B,(g0\); %) < %(x A+ %]

For x [0, A — Cyfa/n] we have:

[20]

0 < B,[gN; = ? [Bialg(n); %) — Bile(n); #)] <

= 4M2 4M7\ exp[—C32x(1 — #))74]) _ MC
< Z : =
k=”+1{(k — 1)k b (B — 1) Wk [#(1 — x)p2 } \/n

Applying the definition of the Hausdorff distance and (1.1) we get
7([0, 13; B,(g(), (W) < C¢ Mn=12

reMma 4. Let f < Kl5qy, f be a monotone increasing function, 0 <
< f(%) < M. Then for every € > O there exists a function

n(e)—
o g) s g()\(
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with .
g(A; %) = max {0, M(x — 2)/(1 — A)},
n—1
ve(0, 1), M, >0,i=0,1,2, ...,n—1, 2 u =1,
=0
such that

([0, 1]; /, ) <=

Proof. Suppose # is sufficiently large and 1/n < . We split the inter
val in # uniform parts and define the functions :

gi(x) = nf(1/n)x ; x < lYn;
sty pl= 2] fes) e
0 y x < 1n;
ln[f(ﬂ*Zf(":‘«%fr';z)](x—i:)' it
g,'(x) = ; el
0 5 x < n-

for 1 =3, 4, ... n

One can verify that for the function g(x) = ) g,(x) the following s valid;
=

(12) gliln) < f(in), i =1, 2, ..., n
According to the definition of the Hausdorff distance and (12) we have

([0, 11; /, &) <.
The function f is convex and has the property

flx) <gl®) for x < [0, 1].

Aiter some transformations it is easy to see that for g one has

g<x>=;::1m-1g("‘l: /)

n
where

nl i—1 i — 1
X — ! x :
n—z’—}—l[ n)

i — 1
0 x <t
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o = #f(1/n)| M
iy = (7 — 1 + Df(i/n) — 2f((i — 1)[n) + (¢ — 2)[n)]/ M,
t1=23 ..., 0

The restriction w, >0, ¢=20, 1, 2, ... » — 1 holds because the function
Jf is convex.

LEMMA 5. Let f be a monotone conmvex function in the interval [0, 1],
0 < f(%) < M for x e [0,1], flx) = 0 for x [0, 23,], where §,= Ct Mn—152,
C% s the constant from Lemma 3. Then

E}(f) < 2C8 Mn—112

holds.
Proof. For every e > 0 there exists a linear combination

n—1
g(%) = 23w g(n; )
with the property
(13) ([0, 1]; f, &) < s,

n—1

where p, >0, 4=0,1, ... o —1, Y u,=1;g1), i=0,1,...,n—1
£=0

are the convex functions from Lemma 3. Now we shall define a polyno-
mial with positive coefficients of the type

n—1
P»(x) = § By Bu(g(kl)’ x)
Following {11) this polynomial has the following properties :
(14) 1) Py(x) < C6Mn~'2, x < [0, 8,]; P,(0)=0; P(1) =M.

2) P, is a convex function ;

8) 0 < L wlBlelr); 1) — g(h; )] < Bofa) —f(0) x = [0, 1)

Due to Corollary 2 and Lemma 3 we have
(15) +([0, 11; P,, g) < C§ Mu—12
From (13) and (15) it follows that
W00, 115 P, f) < ([0, 11; P, &) + ([0, 1]; g, f) < 2C5 Mu—12

Lemma 5 is proved. Now we can prove Theorem 2.

Let f < Ki5.. We suppose that feCpy and min {f(¥), x
< [0, 1T} = f(B) = a, where a > 0, B e [0, 1]. We denote 8% = C¥ Mn—112,
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where C§ is the constant from Lemma 3. We set f*(x) = f(x) —a, v =
e [0, 1] and we define a continuous function f, as follows :

Slx) =10 x = [B, B+ 23,];
¥z —23,) x e [p+23, 1T—n,

fill) =M — a, f(x) is linear for x = [1 — »~1, 1]. It is obvious that
([0, 11; f*, f.) < 28, Futher we define f, as a sum of two functions
g. and %,, where

0 oz e [0, B+ 3]
“M“Mm xe[f+3, 1]
\ Ju(%) ¥ [0, B+3,];
k"("):{o x e [p439, 11

The functions g, and g,(x¥) = A,(1 — x) satisfy the restrictions of Lemma 5.
Therefore there exist polynomials P,, and P,, with positive coefficients
such that

([0, 11; gu Pu) < 28,5 ([0, 1]; &, Ps.) < 29,
From the definition of g,, g, and (14) it follows that
(16) Puix) < CEMn='2, 5 < [0, B+ 3,1;
P,(1 —x) <CEMn—12 x < [B+ 3, 1].

Then denoting P} (x) = P (%) + P,(l — %), x [0, 1] we obtain from
the definitions of g,, g, and (16) that

{00, 11; Pif)<
< max (<([0, B+ 8,15 P, £, <([8+ 8 10, Py, f)}<
< max {o([0, B+ 58,15 Pay Z)+ 3 w([B+3, 115 Pruy &)+ 8:)} = 3C5 Mn-11.
For the function f* we have
=([0, 11; P3f*) < =([0, 11; f*% f) +
+ =([0, 11; f,, Pr) < 5C§ Mn—12.

Substituting f(x) = f*(x) +a for x = [0, 1] and applying the defini-
tion of the Hausdorff distance we get:

([0, 11; Pi{x), f*(x)) =

= max { max min max [|x — &|, |f(x) —a — Py (§)]],
x=[0,1] £<[0,1]

max ' min max [ — E|, | f(E)—a—P§ (x) | T=([0, 11; £(x), P} (%) + a).

¥ [0,1] E={0,1]

9 NON-NEGATIVE CONVEX FUNCTIONS 149

Therefore there exists a polynomial with positive coefficients P,(x) =
= P} (x) + a for which

([0, 1]; P,, f) < 5C8 Mn—12.

holds.
The obtained estimate can not be improved for non-negative comvex
functions. This can be seen from the following

THEOREM 3. [5] Let f(x) = |x —al®, 0<a <1, 0<a <2. Then

max||x — al|* — On (%) | = Mn—o?
2e100,1]

for sufficienly large n and more precisely Qf (a) > Mn=c, where Qy is the
polynomial of the best uniform approximation. The constant M > 0 depend
only on a.

Really, let us examine the function f(x) =|x — 1/2], x « [0, 1].
In view of Theorem 3 for the function f and its polynomial of the best
uniform approximation Qs = H; one gets:

IO, 17; f, QF) = Mn—15

Therefore the Hausdorff distance in the point x = 1/2 can not be improved.
Theorem 2 is proved.
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