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APPROXIMATION OF NON-NEGATIVB CONVEX

FUNCTIONS BY POITVNOMIAI,S \Ã/ITH POSITIVE
COBF'FICIENTS IN THE HAUSDORFF MDTRIC

by

V. AT. KOSTOVA

(Russe)

In the paper an estimate is obtained for the approximation of the

non-negativJ "ãnrr"* 
function by p_olynomials with positive coefficients

i,' ln" ÏIausdorff metric. It is provéd that the estimate is exact with res-

pect to the order (U^lù.
We shall use the following notations :

R¡ - the set of feal fúnctions d.efineal on the interval A; Rf - the set

of functions,/ = R6, ÍrâX lf@)l <-!W, % a L, M >0; KK - the set of

corvexfr-rnctions Í =RK, i.". KK:{f;Í =n{,f(axt+(1 - a)xr) 4
4 af(xr) + (1 - o)f(xr), %t, %z e A, ø e [0, 1]] i Cd - the set of con-

tinuous functions f = RK ., H, - the set of polynomials P,, of degree

<n', Hi - the set of Po e Hn of the tYPe :

P^(ù :rRø¿¡ xt(l - x)" ø¡¡ 2 o;

,(L; Í, P,,) - the Hausdorff distance between f = RK ar'd' P'e H,l7f ;

n,,,,(i): int {"(l ; f, P,); Pn e H,\ - the best approximation or / e
¿ RK with È"e fi, in th" Hausdorff metric; Eir(f): inf {t(L; f' P,\;
P,e Hi") - the bàst approximation oL f = Rf with P,e Hi in the
Hausd.orff metric,

It is known [B], that for every function Í = RK

(1) 8",(f) : O(tnnln)
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is valid, where o(1) is a constant depending only on the interval a and.
M. V. Popov [6] proved that f.or f = KK
(2) E"n(fl ( C ln (e I M)e-r

is valid, where C is an absolute constant.
The aim of our examination is to find the best Hausdorff approxima-

ti.o-t--of __non-negative functions f = I(K with polynomials p,= Hf . In
tll V. Veselinov proved.

THEoRDM 1. Let Í = R(o,rt, fØ) > 0 f.or x e [0, l].
Then

(3) Et,. : oç,/tr nlõ
hold,s, akere the constant O(l) d,eþand,s onl,y on M.

We prove
THEoREM 2. Let f e K{o¡1, fþ) > 0 for x e 10, Ll.

Then

(4) Ei,,(Í) : o(u^,ln)

is ual,id,, akere tke constønt O(l) d,eþends only on M.
rn order to prove Theorem 2 we need some definitions and lernmas.

fn accordance with 16] we define the one sided Flausdorff distance from the
function / to the continuous function g:

h(L; "f, s) : T3i?jt*u" llx - 11, lf@) - s(E) ll.

From the definition of Hausd.orff distance [7] we have

,(L; Í,8) : max {h(L; Í, g), k(L; g, Í)}
The following two lernmas are proved in [6].

TTEMMA 1. [6] Let f, E =Cd, L: lû, bf, g be monotone in fø, bl.
Then

h(L; g, /) < max {h(L; f, g), þ, q},

where

þ :u(9, Í; o), Q : v(8, "f; b);

v(s, Í;, : 
Ë'lmax {lx - €l; ls@) - f(()l}.

We'll need its modification, i.e.
coRor,r,aRrr l. Let f, g = Cp,tl, Í, E, be ntotootone ønd. "f(0) 

: g(0),
'r(L) : g(t)' rhen 

':í:*;-rn"r:'li{,*r 
0,,'!"í,o 

, r, e)

16] lrt. g,, i -_1, 2, . . ., tn be ntonotone increasing conti_
s ,in the ,inteyaø.l, La, b) ønd, f,, i: l, 2, ..., rn øre fìncfions

. -f,,g,) (ò,, l:!,2,..,M. I.f Vr>0,i:1,2,...m
then

n(n; i r,f,,ä*, ,,) * -"" {å ¡,, 8,, 'o"* 8,} .

We'll need its mod.ification, i,e.
conor,r,anv 2. Let f,, g, = C¡0,r1, i: l, 2, ..., ffi lte rnonotone ,in_

c.reøsíng functions such .tkat l(o¡ :g,(0! l(t):g;(l), 4L;.f,, g) s t,,i: l, 2, ..., m. Then iÍ V, 2 0, i:-l','2,-:'..', *"ü lóttoùrs *ät"' -

,(o'å *,Í,; iu, e,) s *"" 
{å¡,n 

8,, -"* ò,}.

Now we'Il prove the following three lemmas:
r,ÞMMA 3. Let g.À; x) be a rnonotone increøsing fwnction d.efined, onl0,l)

eÃ; x): max {0, w@ - À)/(t - À)},

where M > 0, À = (0, 1). Tken there exists øn absol,ute constønt cf, , such
th,øt

c([0, 1l; B"(g(],)), g(À)) < Ci Ml\f n,

where

,t

B^(f ; x) : Ð/ (;)0",,ø1, þ*,"(x) : (") x'(t - x)n-,

is tke Betnstein þolynomial for f e C¡0,r1.
Proof. The function gø) e KX. Therefore following l4l we have

(s) sø; x) < B"(g(À); ø).

Fro'r the definition of the Bernstein polynomial it follows (see fgl)

(6) Ba-rU; x) - Brff; ù:Ð s(f ; h, \)þh,,(x),
v:1

where

s(r; h, ¡ :';¡iÈ) -/(;) +;rt=J, I ( v < /¿ - 1

We express

B*r(f ; x) - Br(f ; x): Slf ; x) | S,(f ; x),
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where
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Itisknown [3],thatfor n-ats<x<l-n-ats andlvln - øl < 2lx(l-
- x) ln nln)ttz the following is valid :

First we estimate Sr(f ; x). From the definition of S(/; h,v) it follows that
S(g(l) ; h,v)*O only for À-ia;<À-1:^. Th"o the following

relations hold:
(7) 

{tfrt^l i h, v); o<l< t} <

( max{ttrt^l ) h, v); À- ì.i< r - ?}
< max{t#çlå- r); i - +.; * ^], t""ç(* -, -

-*(;- t; À ( i '^ *:, l) *

< max{tå('**-^)(;+*;-n)'1- r.; * n],

l, ---^t*' -,å+ ^ ; - ;)' ^ 
* ; < I + ?iÌ'

(maxf¡l#r_r,tr-I.;"^J,

n.(vln -
2x(1 ' t)

where lïy(n, v, ø)l < Ûn(n), }r!n) > 0, lim ïr!n) :0. Therefore a constant

C, exists such that

(9) Po,,i(x) < Crlk.x(l - x)f-trz.

Now we can estimate:

Bo-,(e(À) i ,ò - B.(g(r) ; r) < A##i *" + #h *

- crMþ,.(l - r)ltia , 4M\(t - ^) - ctMl^(t - À)lUe\ (l - Ð(A -l) lt 
-r 

(l - r)(ä - t),', = (t I Ttn - ¡-.6'
The sequence of Bernstein polynomials for a function f = C ¡0,r1 conv€rg€S
b f þ). Ilence it is true:

(10) 0 < B"(g(À); x¡ - max {0, M(* - À)/(1 - À)i
æ crMl),(l - r)11,,

@

þ.,"(x) : fi*ffi!fi; e"v

D
þ:nl

lBo-,(g(À) ; n) - B,(g(r) ; ,)l <

sr(f ; x) :
lvlh- rl<2

s,!f ; x) :
lvlÞ- rl>2

lvlþ-xl > 2

D sff; h., v)þn,"(x);

^l 
r tt-¡n Wn

D s(f ; h., u)þn,,(x).

^!;F-¡:ntt¿

D
h:nI1- ),

CoM

r(Ä-l) h

;r<;.^*?]i*
< maxf¡t#r; À- *.;" ^1,[,*i; À ( i. n*?]]

.{3; r-ì'i'^+?}
According to l4l we have

(B)

1t - x¡ n!"

fn case of x e ¡x_ Cr¡Jn, 1l we obtain from (5) and (10)

(rl) -"* [0, !^ø- ^)] 
* B.(e(À) t ø * 3(

For ø e [0, À -Ctl,J"l we have:

Mv(l -À-vflÞ)
(1-À)(È-l)È

x -)rl
co

^1"

fn view of (7) and (B) we get

s,(e(À); #) <  M^l(h - l)ål-t.
Futher we find. an estimate for Sr(g(À) ; ø). From the definition of S(/; Ë, v)

and (7) it follows that

s,(e(À);r) < D s(s(r);
le/À-À | < , JÀ(l- À) l" A/A

D s(e(r) ; h,v)þ¡,"()'): D
-ìi<1/À À-À/r¡<v/,Þ<Àa(l- À)/Þ

< 2tur\ D þn,,(^).
A - I ¡v7¿--1¡çrth'

0 < B,,(g(tr); xl: oä, [uo-'(e(l); x) - Br@Qt) ; ø)] <

¿ $ I 4M^ _L 4M¡, expl-câl2x(r - x))-tl| . MC
u 

o**r1@ - t), 
-r 

@ -ltrh r-¡ - -¡"' I 
* ?; '

Applying the definition of the Hausdorff distance and (1.1) we get

c([0, 1]; B,(g(À)), 8(À)) < Cö Mn-ttz'

r{EMMA 4. Let f e K{s,a, f be ø monotone increøs'ing function, 0 4
< /(ø) < M. Tken for euery e > 0 there ex'ists ø funct'ion

ø(e) - r

s(x) : Ð p, s(\,; x)
d:0

D þn,"(x) 4 2n-t
^,l"lt=õt""in

k,, v)þ¡,,()'):

S(g(r) ; Þ, v)1e,"(À) (
lvlh

{ - L'analyse numérlque et la théorie de l'approximation Tome 12, n¡. 2, 1983
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uith

for i :3, 4, n.

where

nM
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g(^,; x): max {0, M(x - À,)/(1 - À,)},

À,e (0, I), M, > O, i:0, 1, 2, ...,n - l,l*, : r,
i-0

such that

t([0, 1); -f, g) < 
"

. .Proof . suppose ø is sufficiently large and lln ( e. we split the inter
val in ø uniform parts and define the firnctions':

gr(x):nf(Lln)x , x4tln;

4¡G) -a(i))(. -+)
0 x 4 lln;

i-r
f\--

n"VH-a(+)*r(+)l? -+),

NON.NEGATIVE CONVEX FUNCTIONS 747

po: nf(lln)lM

F¿-r: (n -if. r)ff(iln) -2Í((r-\ln) +Í((¿ -2)ln)llM,
i :2, 3, .'. ., [.

The restriction ¡.r,, > 0, i : 0, l, 2, . . . n - | holds because the functionjf 1s convex.

^ lPYtl !, ld f be anoonotone conaen function in tke interuø|, [0, l],
0^"< /(r). 4 M for x e 10, !1, f@) : 0 for x'e10,29,1, ahere à,- Cä Mø-rti',
Cö is the constønt from Lerù.má g. inen

Ði,,"(f) < 2Cð Mn-ttz
hold.s.

Proof. For every s ) 0 there exists a linear combination
n-l

g(x) : Ð p, g(r,; ,)
d-0

with the property

(13) t([0, 1]; f_ò < 
",

where þ, Þ 0, i:0, l, ... n - l,Dp, : l; g(ì,), i :0,1,..., n -l
are the convex functions from l.enáãog. tqo* we shall define a polyno-
mial with positive coefficients of the type

P,(x) :b'¡r, .B"(g( ),,); x).

tr'ollowing (11) this polynomial has the following properties:
(14) l) P,(x) 4 CöMn-rn, ø e 10, 8,1; ,P"(0) :0; p,(t): M.

2) P" is a convex function;
,t-l

3) 0 < Ðe,tB,(s(ì,,); x) -s(À,; ,)l < P,(x) -f(x), x e 10, I).d-0

Due to Corollary 2 and l_,emma 3 we have

(15) t(10, lf ; P,, g) < Cð Mn-ttz
From (13) and (15) it follows that

c([0, 1!; P,, Í) ( r([0, ll; p,, g) *,([0, t]; g, ¡,1 <2CôMn-ttz
Iremma 5 is proved. Now we can prove Theorem 2.

- rl,"\t{ := rïËi: XirålJå"ï.,'ä"L lo,=,f i#",,îïtr"î,i": {fr?)uh;-,i,,

6 rf
I

x)o

P,þ) :

I

x 2 lln;

-i-lÍ s__
,t

0

one can verify that lor the functiol g(tò: Ðg,(")thefollowingisvalid;
(r2) e\ln) < Í(iln), i : t, 2, . . ., h.

According to the definition of the Hausdorff distance anð, (12) we have

t([0, 1]; -f, g) 1..
The function ,f is convex and. has the property

Í@) < e@) for x e 10, tl.
After some transfo¡mations it is easy to see that for g one has

e(x):å*,-,r(

n

i -l
n

n-ill
¿-l

nt

i -r
,toò

i-1
n i: 7, 2, ..., n.

0 ,í-l
n
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where Cö is the constant from l,emma 3. We set Í*(x) : f(x) - e, x e
e [0, 1] and. we d.efine a continuous function f as follows :

NON-NEGATIVE CONVEX FUNCTIONS 749

Therefore there exists a polynomial with positive coefficients P^(x) :
: Pi' (x) i ø for which

r([0, 1l; P,, ¡¡ < 5Cð Mn-ttz.
holds.
The obtained estimate can not be improved for non-negative convex
functions. This can be seen frorn the following

tHnonnnr3. l5) Let.f(*): lx-a1", 0<ø<1,0(a (2. Then

,Täi,ll 
x - ø1" - Qi (x)l > Mn-"tz

is tke
d.eþend,

Really, let us examine the function Í(x): lx - ll2l, x = [0, 1].

In view of Theorem 3 for the function f and. its polynomial of the best
uniform approximation Qi a t{i one gets:

h[0, tl; i, Q;) Þ Mn-'t,.

Tlrerefore the Hausdorff distance in the poitt x : ll2 can not be improved.
Theorem 2 is proved.
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I

Í"(*) :

"f"(1) 
: M - ø, f"(x) is linear f.ot x = [1 - /t'-', l]. It is obvious that

c([0, 1l:' Í*, ¿) < 28,. Futher we define f, as a sum of two functions
g, and hn, where

g,ibt:[o xelo' 9*à'];
"-IÍ,@) x=lþ+0",tl,

,.:t*t :lÍo@ :=l:r'f il,'i]'
The functions g" and g,(x) : h,iÍ - r) satisfy the restrictions of Lemma 5.
Therefore there exist polynomials Prn and P2, witln positive coefficients
such that

c([0, lf ', 9,, P,,) < 28,; r([0, 7);8,, P2,) < 2ù,.

From the definition of 9,, E, and. (14) it follows that

(16) Pr"i[x) 4 Cö Mn-tt2, x e [0, p + 8"] ;

Pr,iÍ - z) < Cö Mn-rt2, x = lg + 8,, 11.

Then denottng Pi'(x): Pr,i[x) * Pr"(l - x), x e [0, 1] we obtain from
the definitions of 8,, {, ancl (16) that

c([0, l!; PiÍ") <

< max{r([O, Ê + 8"]; Pi,, f"), .([P + à,; l], Ptr, ¿)]<
< max {"([0, gf 8"]; Pr", g,)+ò,, 

"(lP+8", 1l; Pru, gn) tà;)]: 3C6 Mn-ttz.

Fo¡ the function /* we have

c([0, 1l; Pi,,l*) ( r(10, l]; Í*, Í,) t
f "([0, l]; Í,,P}) < 5CöMn-ttz.

Strbstituting f(x):f*þ) I ø f.or x e 10, 1l and applying the defini-
tion of the Hausd.orff distance we get :

t(fO, 1 I ; Pi, (x), Í* (x)) :
: max {"tä:, 

,?loT, 
*"" llx - 1l' lf @) - (r - P;i (E) ll,

max min max Llx - t,l,lf(E)-a.-PT, (ø)ll):c([0, 1]',f(*),Pi(x) | ø).
,= [0,1] tG [0,1]

for suffi,cienly lørge n qnd, more þrecistly Qi, (ø) > Mn-"t2, ahere Q^T-þolynõmiø|, 
o¡ tnà best un'iform øþþroximation. The constaøt M > 0

only on a.

t

l*@)
0

f*(x - 28,)

x e 10, þl;
x=lþ,9*28,1;
x =lþ +28,, l-n-Ll,
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