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1. Popoviciu (t4l) gave necessary and sufficient conditions for a

matrix X : (xa¡) in orcler that the inequality I x¡¡a,b, ) 0 holds for all
(ev. nonnegative), nondecreas ing n-trplets a, :'(Trt ,, øn) and b : (br, . . .

...,b,). Ilere we give a simple proof of his results and., as an application
give a refinement of a rearrangement-inequality due to Hard.y, Irittlewood
and. Polya.

2. We first recall Abels inequality as it is stated and proved in [3].
,,I.et ør, ..., an be a sequence of 

nreal 
numbers. t;t 0 < ó1 < å, ( ...

t azb, + ... -f ø^b^ < Mb';
A simple consequence of this is, with the notatior &r* : {ø e R} :tr (
<.r2 < ... <

coRorrr,nRrr 7. For øny set Øy &2 . . ., a, oÍ real numbers the following
støtements øre equiaølent :

i

(ùA
l<Þ<ñ

Do, > o
i-h

(ä) A f.aþ,>0
6eí11¡ tTr

Proof : (i) + (ii) follows directly from Abel's inequality witt' m :0
(ü) + (i) follows if one successively chooses the vectors
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þ(h) 1 : (0, -0, 0, ... ,0, l, l, ..., 1) e Rl. (first 1 at the Þ_th place) asvcctors b from m*.
As an immediate conseqlrence of this corollary we arrive at the resultdue to Popoviciu (statedin [3], and proved ty rä"-i"giy mucl, ruore com-plicatcd methods ìn i4l).

TTTEoREM I' Tke following tao støtetnents are equiaølent:

(ù \ o(o, b): : f *', a,b, ¿ o
ø,b e ÐIL¡ ¿¡^-:t

flfr

(ii). A D):x¡¡Þ0l</, s<ø í-r j:s

Proof , we have the following equivalents: F(ø,b)> 0 holds for all
ct,b e siz* exactly fi f o,(t ., U,) , O for all ø,b e EÍL*. By Corol lary I
this is the case exactly if for all 1 ( r < n anð. for all b e {r{,* one has

ÐË x¡¡ b,2 0, or-rewritten - tf Ë 
,,(Ð*r), o. once again, applying

corollarv , 'Èr!(þ--ò) 0 for all b eatz* ís the case exactly if for all

1 < s < * ÐD xaÞ 0. This implies the desired result.
J:s t:r

rf we do not impose the condition of positivity to the increasing sequences,we arrive at the notation srL:: {ø eR,,r, < xz4... i",}. From
'rheo¡em I we easily derive anothèr result <iue tö popoviciu."'

' THEoREM 2. The folloui,ng statem,ents øre equiaølent:

(ù \ np,ø¡: É xa¡ a,b,Þ o
ø,beïl( tfi1

flnþ6frn

(oo) 
,=A*,,Ð,-Ð 

r¿¡Þ 0 
"ou ,4,Ð,Ð x¿¡:0,,^"Ð 

":_,x,i: 
o,

, lroof , (i) > (ii) The first condition of (ii) follows by Theorem I
already, since aø* e 3lZ. Now choose

(ø, b) : ((0, 0, ...,0, 1, 1, ..., l), (1, l, ..., 1)) e ÚL X ütL

and then

(a, b) : ((0, 0, ...,0, 1, 1, ..., 1), (-1, -1, ..., -l)) = sr¿ X st¿

where the first I on ø occurs at the r-th prace. These tuplets (ø, b) pfug-

gedinto (i)yieldtheinequalities 0* D n¿¡ a.,b1: É o,f *,,: f f *o¿,i:r j:r î=t î=i ¡--t

and 0 < - D D *rt. From this, the second condition of (ü) follows ; the
i:t i: I

third. follows similarlv.
(ä) + (r:) Let-a::min {0,ar,a2,...,an\, -p::min {0,bt,b2,...,...,b,j,for given a, b e ol¿. Then a.+ (d, d, ..., cr) c alz* and å + (P,

9, . . ., Ê) = m+. By the first of the conditions (ii) and by Theorem 1

0 < F(ø I (a, æ, ...,d),b + !þ,9, ...,9)) : f *r;(o,* q)(b,* 9) :
d,i:r

: D x¡¡a,b, ! u
i,j=1

(,,Ð, *,, t,) + ø (,Ð,.,, o,) + *ø (,Ð, .,,)

putting /: ?t¡ % - l, m -2,..., I in the second. of
one sees that it is equivalent to :

n

A Ð *,¡ :0.
l4t<* i -1

frhifr

I{ence D *rrø,:Do,D*r¡:0. Similarly | 2t¡¡b,:Q. Finally put-
ì,j:L d:l j:l i,j:r 

n

ting r: 1 in the second condition of. (ii), we have D *r¡ :0. Ifence
i,i -t

from (1) we yield (i).
Remark 1. It is not sufficient for (i) to demand the first two con-

ditions of (ii) only. This is seen by the example

t - 1 1lx: 
[-- t l: @,¡ a: (-1, -1) b -

Ifere

Now, successively
the conclitions (ii)

-2
-l

F(ø, b): & X b: (-r,-t) .(l): -, = o

Remark 2. I.et S,, be the group of permutations on {1,2, ...,fr},let e e Sn and, consider the matrix P": (þn¡) 1 < i, j < n where, by
d,efinition þ¡j : 8"øi. We calculate

D prØ,bt:f ,,¡aà"1¡7åy: f o,uur.
a,i:t i:t j:r j-l

Defining the inner product (ø, Mb) t : D Im¡¡ ct.,b1for arbifiary matrices
i,¡:r 

n n

M : (mr¡), we get: There hoids an inequality Dop,r, ( | ø,å*¡¡ for per-
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4 5 ON POPOVICIU'S INEQUALITY 155mutations o., 7c G Sl ?od arbitrary Ø, b e trl+, jf ancl onl.{ (a, Pnb) for all- c¿, b e Ðn*, i.e. ír aácr onry if flrc rnatrix 

u*'rt:@r!!)r*
has the property 0.. ( (o, 'Xbt i;r-"^11 q, l) e 8)L+, or, tyïrr*í"î. t,r¡i

:Ï^:-:t" 
tt 

,^uA=,Ðe, *',:þ,Ð(rrr, - 8oro,) > 0. Again , ror an ar-ÞTtrary € e S,,

ppà"(')¡ :¿1 fø Þ s:i: 
"(i)) I: l{i à r:a(i)> s}1.

Ifence we have the

n**i?"å!':å:^.";å7, tuo þermutøtions ö, n e sn, the. fottouing two con-
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'r-,,3'f"y#*

(') A
ø,b e EIL¡ Dooun,t "

,)

Do,boro
d:I

(ro) ,*4" l{¿ > ,: nQ)Þ s} I < l{, > r: oQ) > s} 
I

else, than an
problem. r.row on

arried through. ns

of a rearrangc ;
[1], p.261, it is shown for example Lhat D o,þ"(E _ b*r¡) Þ0 can be

XrlltiiÏtü"an 
expressionthat consists of detiåite su'rmand.s that obviousty
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