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1. Popoviciu ([4]) gave necessary and sufficient conditions for a

matrix X = (%) in order that the inequality Exﬂab > 0 holds for all

(ev. nonnegative), nondecreasing n-tuplets a = (a1 oo, a)and b = (b, ...
, b,). Here we give a simple proof of his results and, as an application
g1ve a refinement of a rearrangemen‘c—mequah‘cy due to Hardy, ILittlewood
and Polya.
2. We first recall Abels inequality as it is stated and proved in [3].

,Let ay, ..., a, be a sequence of real numbers. Let 0<b, <0, <.
< b,. Then, if m:= min Ea,, M : = max Ea,, so mb, < ayb, +
I<ksn 1= 1<k 1=
4 ah, + ... 4+ ab, < Mb,
A simple consequence of this is, with the notation o1, = {x « RS : %, <
< % € ... < #,}, given by the
COROLLARY 1. For any set ay, a, ..., a, of real numbers the following

statements are equivalent:

(%) a, 20
ISk€n Sk
@) A Sad >0
b, i=1
Proof : (i) = (ii) follows directly from Abel’s inequality with m = 0,
(#1) = (i) follows if one successively chooses the vectors
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b®: = (0, 0, 0, 0,1, 1,...,1) R}y (first 1 at the k-th place) as
vectors b from o, "

As an immediate consequence of this Corollary we arrive at the result

due to Popoviciu (stated in [3], and proved by seemingly much more com-
plicated methods in [4]).

TREOREM 1. The following two statements ave equivalent :

CYRVAN Fa, b): Zx.,ab

ab=dM, 5i=1

@ A E>“‘xw

1<t, s $=¢ J=

Proof: We have the following equivalents: F(a, b) > 0 holds for all
ab = o, exactly if Z_\, a, (Z Zij ) > 0 for all ¢,b e e, . By Corollary 1

th1s 1s the case exactly if for all 1 <7 < #wandfor all b « 8T, one has

E y)“ % b, > 0, or-rewritten — if Zb (2 x@'j) 2 0. Once again, applying

{=y ]::1 {=z

Corollary 1 Zb ( E xi-,-) = 0 for all b< o, is the case exactly if for all

l1<s<n EZ %5 > 0. This implies the desired result.

J= =s i=
If we do not 1mpose the condition of positivity to the increasing sequences,
we arrive at the mnotation et :={x e R":% < %, < ... < x,}. From

Theorem 1 we easily derive another result due to Popoviciu.
THEOREM 2. The following statements are equivalent :

() A Flad) =3 %ab>0

ab=8Il 67=1

) A L Ea>0md A BV r=0, A 53520

1<y, s<n t=rj=s Igr<sn i= 1<s<ni 14
)

Proof : (i) = (i1) The first condltlon of (¢7) follows by Theorem 1
already, since &, < st. Now choose

(¢, ) =((0,0,...,0, 1, 1,...,1), (1, 1,...,1) eon x o
and then
(a, 8) = ((0, 0,...,0, 1, 1, 1), (=1, —1,..., —1) eom x o
where the first 1 of @ occurs at the 7-th place. These tuplets (a, b) plug—

ged into (¢) yield the inequalities 0 < E X a by = 2 a, 2 X = E E Zij

6,7=1 fsr f=1
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and 0 < E? %;. From this, the second condition of (7%) follows ; the

ge=pi=1

third follows similarly.

(#6) = (1) Let—a: =min {0, ay, @y, ..., 4}, —B:=min {0, by, by, ...,

..., b}, for given a, b < on. Then a 4 (o, &, ..., @) =

o, and & 4 (B,

B, ..., B) .. By the first of the conditions (i¢) and by Theorem 1

"

0<Fla+ (e a...,a), b+ (B B ..., B) = 2 wa

f,f=1

+°‘)(b;+ﬁ):

= Z et o 5] + 0( 25 ma) + 0 3 )

Now, successively putting » = #, n— 1, " — 2,...,1
the conditions (#7) one sees that it is equivalent to:

Ex,j = 0.

1I€rgn f=1

5,5=1

in the second of

Hence 2 Xy A, = Ea, 2 %y = 0. Similarly Z %; b, = 0. Finally put-

3,7=1 1=1

ting » = 1 in the second condition of (#7), we have ”21 %4 = 0. Hence
4=

from (1) we yield (2).

Remark 1. It is not sufficient for (/) to demand the first two con-

ditions of (47) only. This is seen by the example

X=[_1 11:(%‘) a= (-1 —1) b=(_2,'

—1 IJ
Here
1
F(a, b)=ﬂ><b=(—-l, _-1). 1 = 2
Remark 2. Let S, be the group of permutations

let ¢ &S, and consider the matrix P, = (p;) 1 <4,
definition p; = 84, We calculate

Zp,ab —2 }_\35('»5 —E“bem

$,7=1 i=1

—1

<0

on {1, 2, ...,n},
j < n where, by

Defining the inner product {a, Mb): E my ab, for arbitrary matrices

t,5=1

= (m;;), we get : There holds an inequality E abop <

E abr for per-
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mutations ¢, n< S, and arbitrary a, b < ., if and only if (g, Py g
<<a, Pby for all a, b < .., i.e. if and only if the matrix X:=P — P,
has the property 0 < {a, Xb) for all q, b = oy, or, by Theorem 1, if

"

and only if /\ EZJ Xy = E D8y, Ssty) > 0. Again, for an ar-
t=7 j=s

ISy, s<# §=7 =5

bitrary s S,

n ”

N % o : .
20 b = 1G> 527 = s} = [f5 > v ei) > ).
Hence we have the

COROLLARY Given two permutations s, n < S, the. following two con-
ditions are equivalent :

6 N S aby < 2 @bary

a,bem+ =1 t=1

@) A >rini)> 31 < [ s ro) > g

Condition (i) is nothing else, than another formulation of a condition
given in [2] for the same problem. However in [2] deeper investigations
in connection with (#) are carried through. For (i), which — by the way —

is a thorough refinement of a Tearrangement-inequality given already in:
n

[1], p. 261, it is shown for example that 2, @Bt but) 0 o ki
i=1

written as an expression that consists of definite summands that obviously
are positive,

Remark 3. After (!) this paper had been typed already, the author
learned, that meanwhile there appeared other interesting papers on Popo-
viciu’s inequality. The reader should consult especially Pelaric’s work
([5)] and the literature given there. Integral — analogues and extensions,
as well as nice applications are given there. His method of proof differs
from ours, in that it uses an integral-identity rather than Abel’s inequa-
lity. In Theorem 8 he also notes an extension of (our) Theorem 1 to mul-
tilinear forms. It could be proved along the same lines, we used, by repea-
ted application of Abel’s inequality.
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