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At first in this paper we give fixed point theorems for mappings
r,vith a contractive iterate at the point. Theorems 2.1 and 2.2 give us pos-

sibility to get fixed point theorems in some generalized metric spaces.

Foi example rve can obtain fixed point theorems of LA. Rus [13] - 115]
type in (X, d.), where cl:X?-R\, n eN (see Remark 2.3). Next we
prove O. IJadü;ic [5] and W. Netes -1r2) type theorems about fixed
points of contractive mappings in locally convex and sequentially com-
plete spaces. We use here the comparative method of Wazewski type and
therefore our theorems are slighty general and stronger than the above
cited results of O. IJadl;c and W. Netes.

1. ;Luxiliary notes

I,et (G; +, 0, 5)be the algebraic system where + and S denote a
cornrrutative binary relation on G and binary reflexive, antysymmetric
and. transitive relation on G, respectively.

Assume that the partial order has the ad.ditional property:

(S. 1) hSBz imply E¿lglgr]-(1or gr', Bz, B eG.

Take G* : {g = G: g 2 0} we will consider the algebraic system
(G+; *,0, =, J), where ] d.enotes the limit operator on the set S(G*)
of all non - increasing sequences with values from G".. Let the limit -
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is (T, w)-orbitally complete if (X, p) is (T, a, xo)-orbitally complete
for any xs e X.

The rnapping F: X-> X is (1, u, xo)-orbitally continuous if it has

operator have the additional properties:
(J.1) 9,, I g, g,,Jg *&, t g" J g + g,

Q.2) g,,Ig, gLIg', g,, s gi, fot ø eN *g Sg,,
(J 3) (s") : (g) = g, I g,

Q.4) e"Ig=g,+rIg.
rn the sequel so(G*) will denote the subclass of all sequences of s(Gn)

convergent to nu1l.
Assume that (G, ; <) has the additional property

(5.2) gt * g, S & + gt, g, s g for gr, gz, g e G, .

we sa.y t]'al a seçlúence (g") = c1 is (o) - conversent to 0 and that0 is the, (o) _ limit bf this*sóquen_"_", if ihere existr"u ,"qo"rr.ce (gí) == So(G1) sucir that g,, < gilfor n,=N. We denote this fact by O :'["j -

- lim g, or g,, å 0.
ueñ

^ rtl .this_ paper we consider also the second algebraic system (p+; +,
9.s,J), which has thc same properties as the fi fi"rst one tnt in'a¿aition(P+; 5) is a o - co'ditionãily-complete lattice, i.e. evely countable and
úppeJ bounded subset included in P* has the least upper bound.

I,et norv X be_some nonempty set. The pair (X, i)^ ((X, d,), respec_
tively)_ is called Yo:,?p"ge iÎ _e1 .Xz-,G¡-(ct: Xr-*'p*,' respãcti.,Ëty).

We r,vill use the following additional cond.itions

(M.l) p(x, x) :0 for x e X,
QUf .\ p(x, y):0 implies x: ! for x, ! = X,
(M.3) p(x, y) S p(x, z) I p(2, y) f.or x, j, z = X,
(M.\ p(x, y): p(y, x) for x,, )t e X.

.. If.!o. . s_p-ace has properties (M . ir) - (M.1"), s :1,2,8, 4,
then (X, p) is M,i,,...,ò"-ipaõ", irlir<:.. ìi",,": I,..'.,4. ité

ce, if (X, p) is M1,2,s,4 - space.
some class of convergent sequences.
ent to x e X iff there exists a se-
integer no utdn that p(x,, x) 

= 
q,,

:î: äütÏ'i liïflî; Jí;k,"î
(T, *, xo) - orbit is said a Cau-
(7, w, xò - orbit, if there exists

oÍ n = No, me N, p(ø", xo+*) S Ç^.
orbitally complete M4 - space,-if

rgent to x e X. Obviously, (X, p)

the property : if
*Fx and -F is

T, u, xo)-orbit is convergent to some x e X lhen I'-x,-"
T, u)-orbitally continuoús if ,F' is ('f , u, xo)-orbitallry

continuous lor any x6 = X.
Remark. 1.1. It is well kno'uvn that if. (X, p) is a metric space and

T : X -,- X is a Banach contraction, then ? is for example uniformly
continuous on X. On the other haLrd the above property do not occur
for generalized contractions. In general the generalized contractions are
at the most orbitally continuous.

þxample 1.1. The function 1r:R,- n Rr, Tt%: (tx for irlational
x 2 0 and. T'rx: 0 for ta'cional x Z t, 0 3 qa +, is a generalized con-

5

traction : iTrx- Tr!lS a(lx-yl+lx - Trxl-fly -Tûl-ll x - T''!l i
+ ly - Trxl), %, ! e R¡, ø:0 is the unique fixed point of Tt which
is incontinuorls or1 [0,.o) but T, is (Tt, 1) -orbitally continuous on X.

'Ihe above definitions of (7, w)-orbitally completeness and (T, u)-
orbitally continuity of lì are slight modifications of the weli - knc¡rvlt
correspónd.ing definitions considei-ed, e.g. in papers of I,. Óiric [3] and
tat
L ¡.J '

P. Fixed point úheorems fot mappings u¡iúh a contraetive
il,crate at the point

At first we r'vill formulate the fixed point theorem for the Sehgal-
type selfmappings on a non-void set on which two generalized metrics
afe g1ven.

I'et X be a nonempty set and 1et p'. X'-"G*, d". X2- P, T: X+ f,
and u'. X-"N be given mappings. Assumc Lhat (X, d) rs Msl -spaceand for x, y e X Llne inecluality holds

(21) d.(T'{,)x, T,@)y) < ø(d(x, y), d(x, T'@)x), d(y, T't.)y¡, d(x, T'{'ty\,

d'(Y, T'tY)x)),

where the function ø: P\-,- P+ is non-decreasing and. has the additional
properties :

a) A is upper semicontinuous, ,4(r) z: ø(r, r,2r, r,2r), r e P*,
b) A,(ro) -!-0 for sol1Ìe lo )- 0, where A,:: A", '4,:Q, 1, '. '

Suppose that
(2.2) thereexist xs=X andseNthat

a) d.(xo, Tr %o) 3 ro for Ë e NI,

b) (X,p) is (T, u, xo)-orbitally compiete Mz,s,¿ -space*,
c) ?'is (7, u, xo)-orbitally continuous with respect to p.
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_-(2.?) fgt (f, *,,*o\-orbit,.(x,,), p(x,,,Tr x,,) S b(d.(r,,, Tr x,,)), n e
F No, ,å e N, whcre !,"!*1gr ir'"";'_"ã""r"oíi,,,;;;ä íipp", Jäír,ifon-_tinuous function such that ó(0) : 0.

rHrjoREM 2.1. .If the øssumþtion-s, (2.1)-(2.9) a d, tlren thereexists ø fixed ?_oin! *. o[.-T' ín-X. Moieoa.ler i¡ ,',1,, of *, ,i:: u(n) and. (X, d.) is Mr-sþace tlten:r i.s aínoir1ate tåt i¡'i; .in

!"!:,-r:).".=^!::.I: d(t, y). _1 roj and. í.f A,,(r) !"0 fo, eqc|r t, e p¡ thenx is a unique fi,xed þoint of T i.n X.
Proof. 'We denotc þ,1¡ : d(x,,, Tr xu), ï,,: T,u(.,u.r) x,_r, n : l, 2, . . ....,þn -sup Ur",r:l > l) and þ,,:sup'{þr'tl, >n}, n =ñ.fn"n'h*rS

É A(þr) S.... S A"+t((ò (see the proof of Theorem 2.t [11]) and þ,,!, o.Thus^ (ø,,) is._a Cauchy lT,.*,_!o) _orbit.in t{, ¿ì'Frärn (2.ãÍ, d,,jis a cauchv (7, *, xo)-orbit in (x,-þ). Thus fro'r iz.z¡ ,j tilerc cxists x =xthat p(x,, 
'*) 

!, O as n-rco. On the
as n+Ø. Obviously in Mq.a -some 1 ehl, rn:L.s, wherc m
is M4s3-space and d(*, g) 3 rofor
< ... s A,(ro), n eN, and thus
point of T" in X tlnen * is a uniqu

+ : R+ we obtain the metrical ver_
norvn result of l{aia [2]
sufficient to t¿kc (X,- p\
w(x):lfors=Xaná
: h . rr, r,e[lr, ,i: l,

, d': X2'* P* ønd. let T :

",'ì ! lr; (T),':,to; 
in#

þoirøt of T dn B(t, rò l)
l) B(xo, ro). Moreot)er, i,f A,(2ro) \
1r+ Ø ønd Ì is ø unique fixed. þoi,n

Proof. We have as in Theore
(T, u, ro)-orbit. Wc get d(*, xn)
n eN, whcre (r,) = So(P,) and th
Obviously, fr : T'Ì and if s is a di
point of T' in B(*, ro) (see the pr
fot j e B(xo, ro), i, : T9, d(¡, I S
and consequently ù : 5, and * is a un

l) B(Ì, ro). rn the case A,(2ro) 30 ,, n+@ we have for Ìt.2 m:w(N),Ì : TÌ, Jt, : | . m -l q, 0 s q < rn, rn : u(Ì), t, 
= 

À1i,_,,,7,-*t"r"--t,'-!
- sup {tr: h > n}, n: rn, rr1 + l, ...,tr: à¡lryl'',-"i, 'i'L ro. From the
estjmation tr 1A+(sap {d.(T'rx,o, x):0 < h, < rn})we get t,,\ 0, where rø::t.1'/t.+q, U Sq<no and (,4.) is the se{uence as ín (2.I) b).

Remark 2.2. In the paper [11! we give some conditions on the func-
tion a which guarante the bounded.ness of the 1-orbit of T starting from
xs = X and. the (T, u, xo)-orbitally continuity of 1', where rn:le(r;),

n-ølr \.x;:11111 1'"Xn.
"i)*n"t the assumptions of Theorem 2.2 be fulfilled wilinoú (2.2)'

c) a.nd A,,(r) -e- 0 for any r e P¡. Thcn there exists a unique^fixe{ p_o]1!
oÎ Z'ir,, X. Ît is enougir to prove (see the proof of Theorern 2'2 of lll))
tltat 'I'* is (T, w, xò -orbitaily continuous, where nt': u(x), *:lirn
T*1",) xn. We have /,,-tt 3 A(tì,, 1- w, + 7,), n eNe whele 7": s\rP {d(T''xr'

"',:*Ju(?,îi il' ir ä',':ir i' Ï! 
^

d.: ){2-" R1. I,et the inequalt|y (2.1)

,rs): ht'lt + "' * Jls'ru Lor h,'
/. e R¡, 'i:1,...,5, Suppose that

(2.4) /t,rl hr{. ltul ho)- /?u{ 1 and h+zili Þo{ h, 1 |

and. there exists x¡ e X such that (X, d) is (7^, w,ls)-orbitally com-
piete. 'lhen there èxists a-uniqu,e fi:-94 point x of T in X and T"xo*
--* * 

^u 
j,t,-,.@ (see Remark2.2 of [11]). For sorne less restrictive conditions

on the compaiative function a in the case d'. X2* R1 see J. Matkowski

tel.
Remar\< 2.3. I'et (X, d) be M2s,a -space rvith d,:.Xz'".\i, y =N'

suppose tJnat the inequality (2.1) of Theorem 2.2 holds wittr ø(rr,,...
..),'ru) - Kr ' r, I Krl rr * + K5 ' /s, rt€R''1 ,.'i :1, "', 5, where
I(,,' i"': l, ,-..,5 ar" ãon -negative n x n - matrices such that
(2.5) ø) there exist products

Lr: (I - Ks - I{o)-'(I I Rr 1- Ku)

Lr: (I - I(3 - Ku)-tg + K3 + I{5)

b) r(Kr I Ko) < l, r(L,) < 1 and r(L) < I'
where L : Kt -f Kr l Kt -f Ko -f
radius of M, anð"there exists xs e X
ta1ly complete. Then there exists a
T"xo-n * as n,+ co. (see Remark 2
For fixed point theorems for nultiv
point theoiems for contractions in such generalized rretric space See papefs

of I.A. Rus t13l- [15].

3. Sorne generalization of o. E{atlàiõ and Iv. Netes theolems

Ilere we consider the case of Hadzió-Netes type conditions putting
on the class of operators fulfilling the generalized contraction conditions,
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Ã,(i, *o): Di¡: I
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,ir)) 
= 

h,(j)

and

ll I

where

, lSl 6,_d) be !2s,_a, space defined by the family of semimetricscl: (d't)¡-¡. I,et T:X*X and a: XnN be given mappings such that
(3.1) d,(T'tt)x, Trq(xty) < ø,(d,(x, y), d(x, T'(")x), ct(y, T't,)y¡, d.(x, T*tÐy¡,

d(y, T'@x)),

ø, : (Iì{)s-" R, is non-decreasin¡ arrd
,4, is upper scrnicontinuous, A,(y): ø,(r, r,2r, r,2r), r ep.d,

b) Ai(r)---+-O as n+û for son1e /0 eR{, where A1:id,*¡ and.

Atrnr: A,o At*, n, :0, 1, . . .,
(3.2) there exist øo e X anð. s e I{ that

a) d,,(xo, T't'xò < ro(fl for É = N anð, 1j e J,b) (X, d.) is (7, 7e, xo)-orbitally complete
c) l" is (?, u, xo)-orbitally continuous.
TrlEoREM 3.1. IÍ the øss tkereexisß x e= B(x¡, ro) : {x e * :

=^T".Ì.^!l 
s is. ø diuìisor òÍ m, int ofT' 'ín B(xo, ro) ønd, if s : | ¡ n@í,

/.o) U B(!,ro)^.. M_oreoyer, i.f A,,(2ro) 3 0 or n->Ø th,en T,'xo-,Ì ø*r1, fr
1,s ø 

_u,ntque Jixed. þoint of T in B(xo, 2ro) U B(*, 2r).
lMe may omit the proof that alî assumþtions'of rËeorctn 2.2 are fu1-

filled.
Bxample 3.1. I,et the functíon cr', j e J of Theorem 3.1 have the fonn

(3.3) ø,(rr, ...,rs) :É0,,r, r¿¡,¡¡, /t,(j) 2 O,

i : 1,..., 5, I = J,where ï,ttr--* J, /, : (rn,¡)¡=t,,i : 1,..., 5.

fn this case we assume that the series
6Q

(1) D^'1,,-r1¡, *0, and. (2) D Ã^-,(i, *o)

are converg""r, ;;;" 
n:2

Ar(i, xo) : Ãr(i, xo) : 
#Ì¿",a,{r, 

xo, xo),

where

F¡+r(i, io, ., ., ir+r) : -fi,of,r,-, o ... o"f¿")(j)

for

I :0, 1,

and
n't'(xo, n):.2-ä"r{d¡ro(T'xo, xo)}, n eN.

Remark 3.1. If in þxample 3.1 the series (1)-(2) are convergent then
the comparative function A: (A,)i-¡ fulfils the assumptions of Theorem
3.1 (see also Remark 2.2 bD.

Remark 3.2.If in Theorem 3.1, (X, d.) is a locally convex and sequen-
tially complete Hausdorff space with the topology defined by the f.imily
of seminorms d.: (d,,)¡-¡, e,(/r, ...,rs) : h, . jrr, fr(i) and T is conti-
nuous then we obtain the stronger version of 'lheorem of [5]. In [5],

O. HadZió assume ilrat f %.A,, 1* f*" assume only that fl ,<,,<co)"oa7:t \ ,--r l
She prove the uniqueness of the fixed point of l in the set B(xo, S),

S : Ð A,, (we get the uniqueness in B(xo, S) U B(r, S)). It is easy to

see that without the assumption that ? is continuous we llrray to prove
in this case that T'n, ffi: w(x), is (T, w, xo)-orbitally continuouJ and
thus r is a unique fixed point of T'in B(x, S).

þxample 3.2.t "t (X, d), T, a and ro be such as in Example 3.1. and
the comparative function have the form (3.3). Suppose that

,Íro: id", Er: P, for i' = {1 , 4, 5}, Ez:0, ã, :2hz
a)j =J,

a) v

where F
E,:h,

and

xo, '

fn this case

and

b) 
,.yroJ,r,r=,tr-,,,,,Y",(u 

< w(x') = d',u' io' " "'i,,)(xo' Tr xo) S

= 
c(i) .þ"(i)),

,(i,
for {1

i,) is defined. as in Example 3.1, I:0, 1,

,2,4,5I , E":2hs.

5 *-l 5 r-l
A"(i ' xo) -,Ð ,.P:, ll hi,*,(F,(i, io, . , ir)) . m(xo, n) Ã,,(j, *o) : c(j)þ" '0)p,. . . 

, Ð, L{, 
Fn,n, (F,(j, io,

' f,-l

, í'))

@

D À":(j, xò {a
5

,È, ,Ll 
È,,*,(F,(i, io, . . ., ir)) . m(xo, n), n : 2, 3,
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Remark 3.3. From Example 3.2
of W. Netes [12]. For this p
locally convex and sequential
logy defined by the f.arrrlly
and ø,(rr, ..., ra) : h(j)/t,f,U), j e f , rn eN{, i:1,...,5.
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"1,. I'a proprieté d'al1ure ou 1e comportement des objets mathématiques
çll1'o11 rencontre dans n'importe quel problème peuvent être fondamentés,
de point de vue théorique, en parcourrant d.es diverses voies. I'e terme
tl',,allurc" est, sorl\rent, utilisé pour exprimer la monotonie, la convexité
o'.r la conve,xité d'ordre supérieur d'une fonction. On utilise des locutions :

,,allure de nonotonie", ,,allure de convexité" etc. Sans faire des affirma-
tions riscantes, on peut dire eue, dans la plus part des situations, ces
cornportements ont été découverts après avoir comparer les objets con-
sidcrés avec leurs images obtenues à l'aide d'un procéd.é d' interpolation
habituel ou généralisé. Pour en donner d.es exemples il suffit de nous nous
rappeller la définition de la propriété de convexité d.'un certain ordre
d.'une foncl-ion, à l'aide des différences divisées d'ordre correspond.ent.
Nous essayerons maintenant à présenter une construction un peu plus
générale des notions d'allure dont nous venons d.e parler. On est cond.uit
à fairc une telle construction si on veut préciser la liaison entre la con-
vexité d'ordre supérieur et la quasi-convexité d'ordre supérieur.

2. Soit ,4 un ensemble et B un sou-sensemble non vide de A, B + A.
Snpposons q'on a fait une partition d.e l'ensemble B, B: Bt U B, U ...
... U B*h 22,8,) B,:Ø pourø * j.Soil Uun opérateur,U: A--+8.

DÉFrNrTroN 2.1. Nous disons que l"élément x e A ø I'allure (Bt, U)
si U(x) e 8,.

Considérons maintenant t1n ensemble Ql non vide d'opérateurs U : A --*
--¡- B.

DÉFrNrTroN 2.2. Nous d'isons que l'élément x e A ø l"øl'lwre (Bt, Q/)
si þour chøqwe U e Ql, i.l' a l" øl'lure (8,, U).
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