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1. Introduction

For a real-valued bounded function F defined on I = [0, 1] the
Bernstein operators are given by

BEE) — L F (L) popts)  (x=1neN)

k=0

where
Pual) = (1) (1 — o>

Supposing that f is Lebesgue integrable on [0,1], let F be the 1nde- .
finite integral of f:

The Kantorovich operators (see Lorentz [2]) are defined as
K, f(2) = £ By F(x)

and they are used to approximate the function f in integral metrics. By
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a simple calculation K,f(x) can be expressed as

n (k4-1){(2»1-1)

Kf(x) = (0 - 1) D pusle) | 0
kf(n+1)

In the last few years many authors obtained interesting results con-
cerning Kantorovich operators like : estimation of the Li-norm of f — K,/
for f a function with bounded variation [1] and characterization of the
functions f such that ||f — K, f||,» < Cn—*[4], [7].

T'his paper presents a method which, starting from a net A, of opera-

tors defined on a space of continuous functions, attach a net A, defined
on a space of integrable functions stich that some convergence properties
are transposed.

2. Main Results

Let X be a o-locally compact space (L.e. a topological space which is
s-compact and locally compact), p a regular Borel measure on X.

We tieed the following generalization of a result of W. Orlicz given
for X = [a, b] and u the Lebesgue measure (sec [27). .

THROREM 1. Suppose that @ is a real or complex measurable function
on the product space X X X, M >0 and

{100 8l e < M ae [u], ¥ e X
X

\ 1@, ] du(x) = M ae [u], teX.
X

Then for a fixed p = 1 the operator S: L'(u)— L*(u)
SF) = | OCx, 0f() dule), S = (k)

is well-defined and ||Sfll, < M ||f],. o
Proof. X is a o-finite measure space and by Fubini’s theorem we have

A,

{10 01 - 1701 du) dulx) = M1

-

and therefore

O(x, 1)) - O dult) <o ae. [p]x = X

TSP
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Using Holder’s inequality, we obtain

(1oes, o1 1701 dul) = {106 g1 - 170)] - 100 1 duly) <

A X

1/p 1/q
- (S ©(5 1) - 01 dp.(t)) (§ 00,01 a9 <

I 1/p
< M (S B(, )] - If(zf)l”) <

(1)p + 1)g = 1; if p = 1 we do not need the last chain of inequalities —
we may take MU = 1).
Hence the integral defining Sf exists a.e. [i].

VISP du(x) < Mo MIfII = M1

and the prool is complete.

COROLLARY 1. Suppose that ecach member of a wnet of functions ®@,
defined on X X X satisfies the conditions of the above theorem and, in
addition, the corresponding net S,f— f strongly for all the elements f of the
set M < L*(w) which is dense in L*(n). Then S,f—f, for all f in LP(u).

Proof. Using the linearity of S, we have for all f, g & L*(u)

||Snf_er < ||S/l(f——g)l|y + ||S,,g - ng + llg _f”F <
< (M + DI/ — gl + 11,8 — &l

Tor a given ¢ > 0, choose g = M such that ||f — g|, < e. Then for suifi-
ciently large n we obtain [|S,f — f|| < (M + 2)¢ and the proof is complete.

Tet B, < X be a net of compact sets, such that 0 < u(B,) < oo for
all # in a directed set D. Suppose that for each # we have a finite parti-

tion B, k € J, a {finite set containing |J,| elements, such that w(Bax) =
== f_ll—\H(B")’ ke J,; let a,; be a fixed point of each B,;. Denote by

C(X) the set of all real or complex continuous functions on X and let
pur € CX), ke ], neD.
We associate to these elements the following operator on C(X)

A,,f(X) = k;]\ f(a"-k) p”;k(x)'

If f e L! (u) (ie fis integrable on each compact set of X) define

Afiz) = 3 — (

ksJ, H(B,.,k)

S fdu.) pual).

,
1,k
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THROREM 2. If there is a positive constant M such that

(i) MipmwusMkeJm n e D
P-(Bn)
B’Il
(i) S pusl®) <M, weD xeX
k<,

then, for a fixed p = 1, 71,, 1s a bounded linear operator on L*(p) and ||/T,,f||p <
< MIfll,, for all f in L*(u).

Proof. We define ®,(x, £) = %l—);b,,_k(x) for ¢ in By k in J,, and

ALy
®,(x, t) = O for ¢ in the complement of B,. Since

Af(2) = | @.(x 1) 1) dult)

we have only to check the conditions of theorem 1.

(10,02 91 du() = o0 [ tpustan <
by " B

n

(10,0 01 du) = 2L 35 ( 1pusta)ldnt) = 5 1pusl)] < M ged
3 w(Bu) k<7, . k BET,

X

With the notation preceding the theorem 2 we obtain

COROLLARY 2. Suppose that in addition to the hypotheses of the theo-
rem 2, the net A, f—f strongly for all elements f of a dense set M= L*(p).
Then A,f—f, for all f in L*(p).

Proof. The proof is similar to that of Corollary 1.

A very important case appears when X is a compact metric space.

rarorEM 3. Let X be a compact metric space, and li1% diam (B, =0
uniformly for k. If the conditions (i) and (ii) of the theorem 2 are satisfied
and A,f— f in the sup-norm of C(X) for all f in C(X) then

A, f—f strongly, for all f in L*(y).

Proof. We first show that ||4,f — A,fllex—0 for all fin C(X).
For arbitrary ¢ > 0 and f in C(X) there is § > O such that for all x, &’
we have |f(x) — f(x')| < ¢ provided that d(x, ¥') < 3. Since diam (Bup) < 8
for sufficiently large # we obtain for » in X

@) — A0 5 T s (1O — fanldpld) - [pasl)] < M.
" b Bn,k

5 KANTOROVICH — TYPE OPERATORS 13

Since p(X) < oo it follows that ]|/f,,f — A, flli?xy— 0, hence HAN,,f —
— fllezxy— 0 for all fin C(X). To complete the proof, it remains only
to apply Corollary 2 for ) = C(X).

3. Seme Applications

In the presence of a net of operators AT,, satisfying the conditions of
Corollary 2, we formulate the following criterion of compactness.

THROREM 4. A bounded set M C L"(X) s relatively compact iff
lim ||4,f — fll, = 0, uniformly for all f = M.
neb

Proof. 1t is a direct consequence of the general theorem of Mazur
and Phillips (see [6]) since A, are of finite rank, hence compact operators.
g.e.d.

Example 1. X = [0,1], n e D =N, J,=1{0,1, ..., n}

+1
Bar = [0,1]; Bﬂ,k = [ . » bt " Anp = -k—'
n+1 n1 n
Then A, = B, (Bernstein operator)

A, = K, (Kantorovich operator)
The conditions of theorem 3 are quite easy to check.
Example 2. X = [0,11", n = (n, n,y, ...,n,) D =N" J, = {(k,
Roy oo k) N0 <k <my, 1=1,2, ..., m}

i ks ki 1 ky En
Bn = [O,l]m' B”'k — H[—e— i ], An,p = ("‘, e ,—)E Bu,k

)
il + 1 nm 4+ 1 (a1 P

p”’k(x) = ‘;:;.) - (Zm) xi’q(l L xl)"l—k‘ e xf';n(l — xm)”m_km_

A, represents the m-dimensional Bernstein operator. It is easy to-
check the conditions of theorem 8 such that for the corresponding w-di-
mensional Kantorovich operators A, we obtain

lim [|4,f — fllzz =0
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