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1. Introduction

For a real-valued. bound.ed, function F defined on .f :- [0, l ] the
Bernstein operators are given by

B.F(x):å n(|)Þ,,,rf.) @ =r, n eN)

where

Þ,¡,(x) : (i) xh(r - y)n-n.

Supposing thal f is febesgue integrable on [0,1], 1et ,F be the irrde-
finite integtal of f:

F(x) :
I

(t)dt

0

The Kantorovich. operators (see l,orentz l2l) are defined. a.s

K,f(*) - LB,,+rF(x)

and they are used to approximate the function / in irrtegral metrics. By

a
e
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a sinrple calculation K,f@) can be expressed- as

K,,r@) : (tt' | ,) 
äp,,r(*t 

(Þ*l)/(tr*1)

.f (Ðdt.

hl@*1\

In the last few yeafs many authors obtained iüteresting Lesu''s con-
estimation of the ll-norm of / - t(,,/
ion [1 ] and. characterizatiou' oI the
Cn-"141, l7l'
ch, starting frorn a net '4,, of opera-

functions, attach a nel î,, defined
ir that solne convergence properties

are transposed.

2. -ll¿rin Results

l@(x, t)l . l/(41dp(t): o(x t) rlþ lÍ(t)l ' la@, t)l't' dv'(t) <
X

s Mtt,tl( 1.t,, t)l . VU)t,ì"'. -\íl
(11þ + llq: t; 1l þ :1 we clo not need. the iast chain of inecltr.alities -
1vc may ¡aþs fu[rlt : l).
Ìfeuce the integral clefining S/ exists a.e. [p].

i ts¡tøl'cty.(x) 3 tttÞtr . Mltlllî : a['llf lli,

and the proof is complete,
coRor,tÀRY I. Suþþose tJt'øt ea.c

defitr,ecl on X x X søtisfies the co

acl.d,'itioto, tlte corresþonding n'et S,./*
set ,/llç L"(V) uh,iclt is densc in L'(p.

Proof. Using the linearity of

lls,,.f - fll, < lls,,(,f - 8)ll, + llS,,g - gll, + lle - Jll, <
< (M + 1) ll/ - sll, + lls,,s - sll".

For a given e ) 0, choose ge Jn such that V - gll, { ". Then for suffi-
cientlylarge n we obtain llS;/ - ftl < (M * 2)" and the proof ìs. complete,

Iuet È,, c X be a net óf compact sets, such that 0 { p(8,,) < co for
all n in a äirected. set D. Suppose^thaf lor eadn tø rve have a finite parti-
tion 8,,,6, h e J,, a linite set^ôontainingl/,,l elements, such that V@,,e.) =
: 1 p(,B,,), lt, e .f ,,; 7et ø,,,p be a fixed point of each 8,,,¡,. Denote by

t /,,1
c(x) thc set of all real or complex continuous functions on x and let

þu,x = C(X),1ì e J,,, n e D.
\\¡e'aslociatã to these eletnents the following operator on C(X)

A,Í (x) :,Ð -f@,.0) Þ,,n(x)'

If ./ e ¿å" (fr) (i.e. f is integrable on each compact set of X) defiue

Using Hölder's inecluality, we obtain

Ã,,f(r): Ð;,; I
l] n,k

2 J

f

= (i ot,, ,r tþ)' o*v)) (j .,,, ,) orØ)''' 
=

LeT. X be a o-loca11)r "o,"nutt 
space (i'e' a topological space which is

o-coÃpact and. locall¡' óotttpoàt¡, ¡r.^a regular Bolel- lneasjlle on X'
We need the fo1íowi.g'g"nfiutiratioã of a result of W. Orlicz giyen

lor X : lø,bf and p tnJf'lbesgue measure (see-[2])'
larrBo*úon'7. Sujpose tka't <Þ"is a reøl',or com'þl'àx nt'easurable furoction'

r.'n tlt,e þrod''uct space-XxX, M>0 ancl

f

\ to1r, t)ldvT) < NI a'e' [s'], x e x
X

\l*(r, t)ltl¡t'(x) < a'I a'e' [ir,], t = x'

Tlten for a fixed 'þ > 1 tlt,e oþcrcttctl S : I"(¡-r')- In(p')

s/(r) : J *t", t)f(t) d,P.(t), f = L'(v)

i,s te.,:'il-delinerJ a.ntl llVll, <ìU,,r,,,
trr)oåf.X is a "ltiuli" tn"nstt-ô'rpace and b1'Fubini's theorem tt'e have

I [ ¡0,1", Dl ' IJU)1" ,tvU),tv.@) < ¡1 ll/lli
_r )xx

and. therefore

l'
\l,p(r, ù.lfU)V'drt(t) 1cn a.e. [p] x e X'
-j'

Ídv þ,,,t(x)
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Since ¡r(X) a co it follows that llA,,f - A,Íl
-fllt'¡x¡*O for all f ín C(X). To complete the
to appll' Corollary 2 for JI: C(X),

13

Ittxl* 0, hence llA,,-f -proof, it remains only

h

(Ð

(iÐ

trrDoRDlr 2. If there is ø þositíae constant M suclt, that

l -1,,1 (

*, J lþ"*ldv 3 M, h e J,, 10 e D
B,

D lþ',n(x)lsM' neD' xex
hef

"tL

then,for afixedþ > l,Á,,'i, obound'ed'linear oþerøtor on L'(p.) and 11Ã,f¡1,<
< Mlfl, for all f in L'(1t).

Proof. We define Q,,(x,t):1!þu,o(x) lor t tn 8,,e, h in J,,, and
v@")'

{Þ,,(x, t) : 0 for I in the complement of .B,,. Since

Ã,f@) : 
I*,,r*, 

t) f(t) d,¡t(t)

we have only to check the cond.itions of theorem 1.

[1o,,(r, t)ld.pr(x): 
,It*,r\W,¡lor = *) p(¿ 

jJ

J lo,,{r, t)ldv.Q) = H Ðr, ),,,rtr-u@)ld'¡t"(t): 
p,lÞ",,{x)l < M c¡'e'ð"

With the notation preceding the theorem 2 rn'e obtain

coRor,L.{R!. 2. Suþþose that in add,ition to tke hyþotheses of the tl'teo-

t'errl 2, the net Ã,j--f strongl'y for al'l' el,ements Í oÍ ø dense set J/L' L'(ù,
Then A^f n.f, .fo, all, f in L"(V).

Proof . îhe proof is similar to that of Corollary 1.

A very important case appears when X is a compact metric space'

TrrDoRrìM 3. Let X be a comþøct metric sþace, ¡¡,nd fu diam (8,',¿) :0
uniforruly for Ít,. If tlte cond,itions (i) øn1, (fÐ "f the theo.vem 2 a.re satisf'íecl

an,d A,j -if in the suþ-norm of C(X) for all f ín C(X) then

,i,,.f *.f strongly, for øtt f i'n L'(¡t').

Proof. We lirst show that llÃ,f - A,flt (x-)*0- for all f tn.C(X)',
For arbiirary ê > 0 and f in C(X) ihere is- I > 0 such that for a71 x, x'
we have lf@i - Í@')l < e-providäd'that cl(x,4 < S. Since diam (8,',r) ( ò

for suffiiiently large n we obtain for x in X

I.i,,f(r) - .tr,,f(x)l = _Ð, åU,\,rlJ(t) -f(o,,u)ld,,(t) '|i,,,,n(x)l < M.

3. Sorne r\pplications

In the presence of a net of operators Ã, satisfying the conditions of
Corollary 2, we formulate the following criterion of compactness.

rnEonErr'r 4. ,4 bound'ed' set JIL C L'(X) is relatiaely cornþa'ct ,ff
linllÃ,,j - fll,:0, wniformty for øl,I f e iq.

Proof. ft is a direct conseçltlence of the general theorem of Mazur
and Phillips (see [6]) sincc i, are of finite rank, hence compact operators.
q.e.d.

Exørtþle l. X: l0,ll, +'t' e D: N,-f,: {0,1,...,n}
B

h h-Fl
'n!l'n-l-l

'I'hen /,, :Iì,, (ISernstein oPerator)
A,: K, (Kantorovich operator)

'lhe conditions of theorem 3 are cluite eas)¡ to check.
E:vrunþl'e 2. ¡ : [0, 1]"', n : (nr, %2, .., k,n) = D -- N"', j,,

hr, .'.,ho,) =N"':0 < hi < lr¡, i : 1,2, -. -,mj.
t,

ttkB : t0,11, , an,þ: -
t1,

h{

3, : [0,1]', B r,n Elfi, ï#l , Øn,h: (i,' 'X)e B*,x

þ,,n(x):li) ft:¡xl,(r - %,)".-h,...*i::0 - x*)",,-h,,.

,4,, represents the z¿-dimensional Bernstein operator. It is easy tp -

check the conditions of theorem 3 such that for the corresponding m-di-
mensional Kantorovich operatort i, *" obtain

lirn lî,,f - Jllr, : o
tt+û
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I. lntroduction

Consider the pair of dual problems
Primal problem

tP)

and

Re/(z)+ min
zeM
g(z) = s,

Dual problem

Q)
I

Re [/(e) - (e@),u)l+max
(r,u) = M X S*
v,Í(r) * v;f (z) - Y,g(z)u - Y-"g(z)ù, : 0,

where M ts an open nonempty set in C', S is a closed. convex cone j'n
C- and f : M --n C and {i M +. C'' are differentiable functions orr M.

fn this paper some converse duality theorems are given.

2. Notation and Preliminarics

I,et C"(R") denote tirre n-dirrrensional complex (real) vector space r'vith
Hermitian '(Ðuclidean) norm ll.ll, Ri: : {x eRn: x: (xt), x, Z 0, j :
: 1, . ..,nj th.e nonnegative orthant of R", and C*xn the set of. ilx x n
complex matrices. If -4 is a matrix or a vector, tlne Ã, A', A'denote


