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I. lntroduction

Consider the pair of dual problems
Primal problem

tP)

and

Re/(z)+ min
zeM
g(z) = s,

Dual problem

Q)
I

Re [/(e) - (e@),u)l+max
(r,u) = M X S*
v,Í(r) * v;f (z) - Y,g(z)u - Y-"g(z)ù, : 0,

where M ts an open nonempty set in C', S is a closed. convex cone j'n
C- and f : M --n C and {i M +. C'' are differentiable functions orr M.

fn this paper some converse duality theorems are given.

2. Notation and Preliminarics

I,et C"(R") denote tirre n-dirrrensional complex (real) vector space r'vith
Hermitian '(Ðuclidean) norm ll.ll, Ri: : {x eRn: x: (xt), x, Z 0, j :
: 1, . ..,nj th.e nonnegative orthant of R", and C*xn the set of. ilx x n
complex matrices. If -4 is a matrix or a vector, tlne Ã, A', A'denote
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conjugate transpose respectively'
uqz dJnotes the inner Product of

ea1 part of z'
conã if it is a finite inter-
ning 0 in its boundarY, i'e'
ut, . , ,, Lco iî C' such that

S : n {H(ur): Þ = {1,'..,q}),
rvhere

H(ur) : {a e C'o: Re (u, ur) Z 0} for all h e {1' " '' q}'

If S: À{H(u"): ¡? ={1, ...,'l}\.is a polyhcdral coue in C"'and u eS'
th(,. Slu) is definád tå 

'¡" 'iÉå'iot"t.Ëctiãn 
of those closed' half-spaces

¡iiü1,"Ë,=^ir, ..^., øl *rri"r, include u in their boundaries, i.e.

S(z) : À{H(u'):h = El, rvhere E: {h = {1" "'q}: Re(u' øt'rS:g¡'

'Ihe polar S* of a nonempty set S in C"' is definecl by

S* : {u e C'': u e S + Re (u, u) Z 0}'

We sha1l make use of the following J2'l : If S and T ate closed convex

cones in c'" then is"* îl*:^é; x'?-'*,'(s'ß)'k: s' (s n .I)*: el (st -1-

+ 1n), whcre el denotcs closure'

\i/e shall also need the follorving results :

T,EMMA 1 t101. Let S be a þol'yhi'ed,ral, cone in c"' and let a e s' Tken

" =151,)j; iÍÍ'lu- e S* and' Ré (ø, ¿) : 0l'
LEIfMA 2 V). Let A e çttxtt, b e C"' ct'nd' S c C'o be a þobtked'rct'l con'e'

Then the fotl'ouing are equiuølent :

(i) Az:b,z eS is consistent

(ii) AHu e S* =+ Re (ø, ó) > 0'

I,et M be an oPen set A function f:M-C
is said to be diffËrentiab 2ø cornplex numbers

Ï,iäi,'. .'., i,Q'l:- a,(4), , k(' ; z0): M --' c con-

tiniotrs al zo anð' vanishin

lirn tr'(z ; zo) : h(zo ; zo) : Q

!
Iú

a rl
a"-11

òo
--t-ôxt âyt

ar
Oz f t

*t*,1a
and

for all j = ll, '..,frj,we obtain that

A,ko\: 3L po¡, B,(ro) : ! @\ for all i = {1, . . ., ru}

' âtt özt

If f : M* C is differentiable at zo e M f}len

Y;f('o) -

. ., #,(zo))'e 
c',

. ., 
#,120¡)'' 

e c".

({ þ\,
\ 0¿t

Ptl,
\ast

Y,f (zo) :

such that
¡t ll

f(r) - Í(ro) :Ðo,(r')(2, - ,]) + Ð B,(ro)(z' - zl) 1-

f llz - zollk(z; zo) for 
^11 

2 e lVI'

rf for z: x + iy = M (r,-l'e R") rYe have f(z): u(x'y) t ia(x'-l)' -t1t9n
tr.ä"",i"i i ¡í ¿itterJniia¡te ai zo: xo ;_'¡\,0 e M if aoð' onlv if the

functions w and', iri differerrtiabTe at (xo'1'oi = R2'¡' If rvc consider the

Ïhefunctiong:(gr):M*C"issaicltobedilferentiableatzoeN[
if f";^;;y n-= 1r, ...',"Å'] th-e-function g. is.differentiable at e0' rf g:
:iã-l ,úI-C'ìs differeîtiable al zo e M, tlren

Y,g(ro): (V,gr(zo) " 'Y,7u'(zo)) e Cnxn"

Y;g(zo): (V;gr(20) .'.Y7f.,,(e0)) e Q"xø'

,Ihe function g - (gr), M * c' is said to be differentiable on Ù[ if it is

differentiabt ot ^oI'i^J 
u."lt gtM*C'n is a differentiable function at

zo - M, then

(1) Y"E@o) : v4't) and v;E@o) : l'g(''\'

I,el M be an open nonempty set-in Cn, let,zo e luI.'.let S be a closed

"oorr"-r-*" 
io C'','ão illi ¡l r1t* C' be' a differentiable lunction at z0'

The function / is said to be:
a) conaex uith resþect to S øt zo tf for any z = trI '

f(r) -.f(ro) - lY,Í(ro)l'' @ - zo) - lv-,-f('o)l'(z -- z-0) = S;

b) þseucloconacx tuith' resþect to S a't zo If

zeM ì

ly,.f(ro)l'@ - z0) * [v;/(zo)]'(z - zo) =s ] 
+/(e¡ -'f(zo) = 5;

c) c1uøsiconaex uitJt, resþect to S at zo 11

z e M 
| .* ¡v"¡iro)l'' (ro- z) | lv;f(zo)l* (zo - z) =s;

lþ")-'f(z) =sl
d) concøue (þseud.oconcøue,. quøsiconcaue) utith ,resþect to s at z0 if -g

is conier (ps"udå"onvex, çluaslcon.,ex respeótively) rvittt respect to S at z0;

z->t'

=pì
¡l
)r

r
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e) cortr:ex (con,cale, þseudoconaex, þseudoconcq.I)e, quøsicolxüc2;, qua,si-
cottcauc) 'ulth resþect to S on M if g is differentiable on M, M is convex
and .g ís convex (concave, .pseudoconvex, f)seudoconc-ave, _ 

quasiconvex,
qtrasiconcave respectively) with respect to S at any z0 e M.

\tr/hen reffering to the objective functionof a programming problem
in conrplex space, convexity of real part is of interest. Let M¡be an open
norrenrpt¡r sct in C", let ? be a closed convex cone in Rn', and 7et f : M *
* C"'bc a differentiable function at zo e M. Tl'e function/is saicl to be:

a) with con,uex (concaae, þseudoconuex, þsewd'oconcaae, cluasiconacx,
quasiconcaue) retrl þart uitk resþect to T cLt zo if l is convex (concave,
pseudoconvex, pseud.oconcave, quasiconvex, quasiconcave l'espectively)
u'ith respect to CT : {u e C"' : Re a = T} at z0;

b) zøith cltonex (concaae, þseudoconaex, þseudoconcøae, quasiconuex,
qttø.siconcøue) reø|, þørt uith resþect to T on M 1f J is convex (concave,
pseudoconvex, pscudoconcave, cluasiconvex, quasiconcave respectively)
u,ith respecl to CT: {u e C,,,:Re a e'f} on M.

F'rom 'l'heor-.em 4 and Corollary 2 of [5] it Iollows
TrrrìoRDM I. Let M be a nonen'tþty oþen set in t,", Iet zo e ll'l , let S

be ø þobthedrøl cone in, C"' ancl, lct f : AI - C be a dtfferentíøble frt,n.ction at
zo. Lct A, B = ['tilt)t lcl b e C,, antl let g:t,--, {1,, defined b), ,'ltc.fr¡rntul,a
g(e) : tlz -l Bz I b .frtr al.l z e {:,^. IJ z0 is ct l,ocal, solulion oJ llte frobl.eru'

l)UÀLITY lN \4ATUEMATICI\L PllOGlìÀMl'4lNL; l9

Proof . \\Ie deline the function g : U -, C by fonriula

cp(u) - (g(h(")), u) - f(h(w)), for a77 u e U.

F'rorn (3) it Îollou,s that, for eacll u = (U n S*), l,!9 Pginr (Ìt'(u),"-). =
= M ) S'F is a feasible solution of Dual problem (D). Since (20, u,0):
: (tt(uo), ruo) is a solution of Dual problem (Ð) rve have that tlo is a

solution oj' thc plobiem
ì,Iinirnize Rè 9(ø) søt'bject to u e U, Ú(u) = S*,--

rvhere rf :C"'-o C" is defined by 5|t(ø) .: u fot a17 w e C"'' 'I'hen b)' 'l'heorctn

1, it follorvs t.hat there exists a point u e ($*)'r such that

\a/

(ö)

Since

V,,ç(rr) : lV,,h(øt))Y,g(h(ot)) 11 ! lY,,lt'(u))V;g(h(zt')) ù -
- iY ,,\'t'(u)) v ,,J (h,(u)) -- lY ,,Tr(tt)l v;f (lt'þt)) 

'

V; ç (rr) : tY ,h(u))v ,g(h(n)) ù, + lY ih(xt) l Y ;g(/t'(tt)) 'ä -
- iY;k(u)lY,f(h(u)) - lv;It(u)lv;JØkù) t g(hþt)),

V,,!.,(ru) - I, Vfl(u,) :0 for a77 t't, e U,

lrom (2) \i-c h¿Ì\:e

v,,ç(rio) -' ly,,lt'(tto)]v.8('n) ri} | lY,,h(I,o) )v.8þ0) äo

lY,,tt,(uo)l Y,JQo) - l-Y ,,lt(u,0)1V;f (20),

(6) Y;,,2þt0¡ ..- iY¡lt,þt'o)l V,g(ro) 1ì0 -l- lVì,1¿(uo)lY;g(20)r10 -
iY 7lt, þro) ) Y, f (ro) -- lY ¡lt(r r,0) lY - f (ro) 4- g (ru),

\/,,ç'(rr0) "' /, Y;!¡(tt'o): 0, tvhete 1 is the iclctrtity tuap'

Fronr (1), (2), (6) ancl (4) u'e cleduce a:8@o). Since ^S 
is a.polvhecl.reii

.on" ,.1"'irì.']" 1!í,¡'r.: S,'anc1 hence g(zo): u = S. Therefore z0 is a feasibie
solrrtio¡. oI i.riìtai |robiern (P). Siniè Q@o) - oto and a: g(ro), lr-on (5)

rr'c clecluce

(7) Iìe (zro, g(ro)) : 0.

B)¡ lre1r11r1a 1, ttl - (,S(g(ru)))'', because uo e S* and Iìe (!.0, g(ru)> "'O.
I,et no\t ¡i l-rc a'Icãsibiã solution oI Primal ptoblem (P) ; then

(B) s(z) =s-S(g(zo)).
Obviousl).

(9) - s(zo) '' S(g(zo)).

v ,,5(r1 1- Y;q(uo) - Y,þ(uo)a - Y ,,þ(ot}) Ú : 0,

Rc (çL(zro), a) :0'
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Iìc./(z) -' rnin
z=lll
8(z) = s,

Ã4

lltctt /ltct'c i'J,.¡.!ìis r e. S'r suclt, l,h,et

lt,f(ru) ¡ Vr;f (20) - Y,g(20)a - V;g(ro) u -. ()

Re (g(zo), zr) - 0.

3" Results

'l'Ìrrlolil,l,-rr 2. Lct l[ ltc a nonetnþly oþcrt' scl. 'in {", lcl S l,c a þoly-
htdrsl conc lil {,"', cLnd lcl J : IVl -. C und g: IVI *- (,'" bt diJJcrtttttrtitlc J'tnrc-
liotts on À,'t. Lct (z-0, u0) bc a solution oJ Du,al þroblent, (D). /ssl.t,lttc lhøt f
ltas þscudoco)t't'('x,: rcal þart uitl't, resþect to H,* øt z0 and, g is qunsiconcøae
aitlt rcsþL'cl /o S(g(20)) al z:0. If lJtere exists ørr, oþen, set U <- C" cc.tnlo.t'n,ing
e¿0 ond. u /tutclic,tt, lL: U -n Ì4 d.i/Ju'en.lictblc on, U sucJt, tJtat

(')) /t,þto) : 2o

(3) Y /(h(u)) | Y;J(h(w)) - v,g(h(u))u - v-g(h(u))ù : 0

for all u .. Lt , tlte n, zo is ø soht,tiou, of Prinr,øl
: Rc lì(ztt, t;0), rtltcrc Þ-(2, u,) : f(z) - (g(z), u

þroblen'r, (P) ønd. Re ./(zo) :
) for al'l (z,u) e lf x {"".
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"20 t) ?

Since S(S(zo)) is a polyhedral cone, frorn (8) and (9) u'e obtaiu

s@)-s(zo) =s(e(ro)).
J3y the cluasiconcavity of g with respect to S(g(20)) at z0

e@) - g(zo) = S(s('o)) imPlics

lY"g(2,))"'(, - zo) + lY;e(zo)l'Q - zo) =.S(s("o)).

Since øo e (S(g(zo)))x we have.

Re ([V"g(20)]"'(t - z0) * [V;S(zo)]'(z - zo), ø0) 2 0,

or, ec¡rivalentll'

(10) Re (V,g(20)n'0 ! Y;g(zo)ùÙ, , - z0) 2 Û.

,r\orr,

Re (V,/(20) ¡ v;f(zo), z - zo): (bv (2) ancl (3))

.: Re (V,g(20)oto ! Y;E@o)ùo, z - zo) ¿ (bt' (10))

>0.
'rvhich by pseudoconvexity of real part of / with respect to IR* at z0 gives
lj.ef(z) ] Re/(20). thus z0 is a solution of Primal probleur (P). r\orv, it
foll,orvs easily that Re F(zo, u0): Re [/(e0) - (g(zo), ct'D)] : Rc/(eo), be-
cause (7) ho1ds. This completes the proof.

T'HEOI{EìI 3' Let M be ruo oþen nonetnþb'set irt {"" let s bc ø þol'y-
hedral con,e in. C" and let f : M -" C ancl g: M n C"' be dr,Jf'ercntiøble func-
tions on A,L Let zo e M bc ø feøsiblc sol,ution of Primøl'þroblem, (P), let

.f tte iconc lo R¡ øt zo and' let g be þs.ect''dctco resþe lem (D) kas nrt .feasible sol'utiott,,
tlretc be, ct þrobl'em (P) (hetr.ce, not ø solu-
lt'on. of P'rimøL. þrobletn, (P)).

Proof. Ilecau.se Dual problem (D) has no feasible solution, lve have
that the system

(11) v"ge)" t Y;eko)ùi: Y,fþo) -l Y;f(z')
u, e S*,

has no solution 'u, = C"'. System (11) can be r'r'ritten as

tt=sþ') Yrsa\t li,l

[íl =,t.xsr) n?,

u'here Q:
systern

u, e {)')rr.. U: t-.t, Then, by Farkas'lemma (Lemma 2), the

[$j*ì];l- = ((s* x s*) n q).

I{e (V,/e) ¡ v;JQo), zu> < 0,

has a sr¡lution z(, : wo e C" . Since ((S* x s*) n ?)* : S x S I Q* - s x ': +
-l- {(i, þ) = Ct'' : þ : î}, it Tollou's that ther-e exists (zø0, s0, 

'o, 
¡o) e ("'x

x S x .S x C'' such that

(12) [V,g(ro)l'' wo - so + lo

(13) lv;g(zo)'llI wo - lo - to

(14) Re (V,/(zo) I Y;"f(ro),ruo> <0.

Conjugatinc (13) ancl aclding to (12), gives

(15) i.V"g(ro))"'rro * lvi7@o)l''ûto: s0 f z0 e S,

l-¡ecause s0, /0 e S and S is polyhedral cone.
Assume that zo is a local solution of Primal problern (P) '

Since M is open, zo e M, and z0 is a local soltLtion of Primalprobleri'
(P), it follol's that there exists /o = R, ro ) 0 such that

i)(zo r) : {z e C": llz - zoll 1 ro} - M
and

(16) Re/(20) !Re/(z) 1ora1l zeX)B(20;r),
wlrere X : {, = M: sQ) = S}. r,et rt: tnin{ro,rolllzø0ll} and z be a reaT

num.ber in ]0,r,f . lhen
(I7) ,o ¡ ruo e B(zo;r) - M-

From (14) r'e havc

Iìe (V,/(zo) )- V;Í(ro), nøo) I 0.

Since S is coue, from (15) it follows that

[V,g(zo))"' (r*'¡ n [V;g(20)1, Quo) e 5.

J3y the cluasiconcavity of real part of / with respect to R' at zo

I{e (V,/(zo) { Y;f(zo),ruo) 10
irnplies

(18) I{e/(zo -l ruo) < Re/(eo),

: Y"Jko) -i- Y-f(zo)
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and by the pscndoconvexity oÌ g with respect to S at z0

lv,S(zg )', (r,*u¡ _¡ lV;g(zo)l' (r,rg - S

ìmplies

{19) g(zo I ruo) - 8(zo) = S.

Sincc S is pol1.þsc1¡a1 cone, and g(20) e S, from (19) rve lLavc

(20) g(zo * ruo) e g.

Fronr (17), (18) ancl (20) it follows tltat zo * rLøo = X n BQ\ ; r) and
Rc/(e0 ¡ rruj) ( Re/(eo), which contradicts (16). Hence z0 cannot be a
local solution of Primal problem (P) (hence, not a solution of Primal pro-
blem (P)),
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A CONVEX DUAI, FOR THE GENEIìAI,
PROBI]EM Otr GF)OMDIRIC PROGRAIUN{ING

by

EUGDNIA DUCÄ

(ClLrj-Napoca)

l. I'ct rls consider the ge'eral geornetric progral1r.millg proble,'
(PC) tttl{þo@):þr(x) < t, k,: 1, . ..,r; x>0},
where þr (lr:0, 1,.. .,r), are posynomials, i.e. for. all x: (*r,..., *,,) > 0we havL'

þ,.(r) - D ",@) 
: D ciratL x,øí2 ... x.".iu,

t-It ie/f,

I)enote :ìs r1sually :

1o : {1, 2, . . ., mo},

Ir: {rno j- I, rno + 2, . . ., n1,1},

o(,

l'irc
(t31, i4i)

I, : {nt,,_1 I I, m,_t + 2, .

dr-ral of the standard geometric
is the problem

'tlll,: ¡¡¡j.

progfarrrmiug problcln (PG)

(,t
(PGD!) srrp 

{ur(y) 
:y>0, 

Ðro,,r,:0, j: 1, . ..,n;,är, =t},


