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and by the pscndoconvexity oÌ g with respect to S at z0

lv,S(zg )', (r,*u¡ _¡ lV;g(zo)l' (r,rg - S

ìmplies

{19) g(zo I ruo) - 8(zo) = S.

Sincc S is pol1.þsc1¡a1 cone, and g(20) e S, from (19) rve lLavc

(20) g(zo * ruo) e g.

Fronr (17), (18) ancl (20) it follows tltat zo * rLøo = X n BQ\ ; r) and
Rc/(e0 ¡ rruj) ( Re/(eo), which contradicts (16). Hence z0 cannot be a
local solution of Primal problem (P) (hence, not a solution of Primal pro-
blem (P)),
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l. I'ct rls consider the ge'eral geornetric progral1r.millg proble,'
(PC) tttl{þo@):þr(x) < t, k,: 1, . ..,r; x>0},
where þr (lr:0, 1,.. .,r), are posynomials, i.e. for. all x: (*r,..., *,,) > 0we havL'

þ,.(r) - D ",@) 
: D ciratL x,øí2 ... x.".iu,

t-It ie/f,

I)enote :ìs r1sually :

1o : {1, 2, . . ., mo},

Ir: {rno j- I, rno + 2, . . ., n1,1},

o(,

l'irc
(t31, i4i)

I, : {nt,,_1 I I, m,_t + 2, .

dr-ral of the standard geometric
is the problem

'tlll,: ¡¡¡j.

progfarrrmiug problcln (PG)

(,t
(PGD!) srrp 

{ur(y) 
:y>0, 

Ðro,,r,:0, j: 1, . ..,n;,är, =t},
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u¡here

for all ,\, : (),r,
are linear and
mic-concave.

(1)

(2)
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a,(v) : I(i,l' ú 1r*1y¡¡^*''',

?,,(y) : Ð!r, h:1,...,/,
i- I r

. . ., j,,) > 0. The restrictions of the dual problem (pGDl\
the objective function of the problem (pGDl) is logarithl

llte equality .being ualid, if and, only i¡ ur: (y,)l)r!) for øtt i: l, ..., nî.
- lr?of-.{pplv I'epma. 1 to the systems-of rãái numbers ur, ...,at,,,

and (yr)/À(y), . . ., (y,,,)lx(y).
2. Let us co'sider .the general_ problem of geometric progra'rming

(PG). As dua1, we associate the problim :

(PGD}) .up 
{r(y¡ 

: y > 0, 
'f,o,,o, 

:0, j: 1, . . ., *1,

wh.ere

u(y) :," 
[,Ü er,Ð(r_(y)),*,n,] 

_å 
^,,r,,

rn this paper we will associate to a probrem (pG) an other dual
problern in rvhich the objective function is õoncave and'the restrictions
are linear.

We recall (see [1]) that two optimization problems

(P) nin{l(*) :reS}
and

(D) rnax {/*(y) :} = S*}
are said to be dual, if, under certaín conditions that r,vill be specifiecl,
the follorving properties are satisfied:

tHJt",{{ilti,t[1')in", the problern
(xo) : Í*(yo).

ptimal solution yo, then the problem

'the results in this paper ^r. dir:"!.it??';{!lJLty based on the rolio-
wing lemma.

r,ElflfA I. Lct nt. bc ct na,tural rtumber, %t, ,..,1.1,,,, tt systeg. of reø|, þosi-liae rutmbers, !t, ...,!,n ø system of reøl -nonnegøt'iae-numbeis. 
Tltcit tlte

incqtr.ality

r"(y) : Dy,, l¿:1,
ielr

r,riMlrn 3. The dual function

a(y) :," lI (î)'' L(^,(y))^-,,,] 
_ 

Ð ^,,r,,
for a|,l y : (),t, . . ., j,,) > 0, is co,nc&ne,

Proof. Ihe dual function a cafl be written as follows:

JþLcr
u(t,) : pt, t"'rt f Df,,tt),

\¡'ìrere

ilt.

f,(t\: S-
i:ttt,._r1-1

1o¡ all ! : (jt, .

The function

y¿lncu -
tn.

Ð yulnyt *
i:rtt,. - +l

,)'r,r) 20, h:1,

(,:,,Ë-., r')n(,:,Ë-., v')' 
.

D
1I

uu > lr.lf
i:1 !¡ )'

e7L

I'

holds. Itø (I) equalitl hol,d.s if a.nd. only if uu: !¿ Íor q.lt, i:1, ...,nt..
'lhe þroof is given in l2l.
F'or what follows we define (llù' :,,1 if y:Q.
I,et1t, > 0, . ..,!.2 0 and. f(y) : Ðy,. Then the following lemma

is true. i:t
r,rtr'ttrr,a. 2. Let ut) 0, ...,%,,) 0, jt > 0, . ..,!,,2 0. Then

1s concave, since it is a sum of mo concave functions.
We investigate the concavity of the functions .fr,h:1,
W-e harre

t ltrh 
\

#i,u) : t l,_,rì., 
*)- t,,¡v,,

for all i, j : înn t -l 1, ..., 1t1,,, h:1, ...,/,t) > 0.

þ, o,to* , for all !t, . . . , 1t,," >- 0

,7

i,,, r(v) I-lln
t)t

e1,L t
(
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Proof . Iìy Lernrna 1 it follorvs that

(4) þo('v) : D,"',{*¡ = 't IJ. lry#)"' '

the ccluality being valid if and orrly if

u¡(x) : -/¿ for all i e Io.

By lenrtna 2 it follorvs that

27
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I.et y : (!t, ...,y,,) ) 0, z:.(27, ...,,2.^) e R'' and h' = l, .,,,r\.
Frorn Caúchy-Buneakovski-Schwarz's inequality lve get

f ,t t: 19 I ,tr 
".\ I tttt \

L,:,Ë,' ''l = l,:,P-.,;,l [':,"1- ,*,Y')'
or

D
.Evi

'õi:n,.-rl1 (5) t>þ,(r) :Ðu,¡(x)>lt.'-tet
r,(y)IJ eu,¡(*)

!t

Then

rnr, hr 
r.

z*Yzfr(y)z: Ð L
i:m,. ,ll j:lr._r -1-1

,ntr lrt 
L

i:mr_rll i:ttr,._r*rl

I !¡

-rtt

for all /i = il, ...,r); the ecluality is true if and only iT

tt,(x) ' #, 
for all i e I, h: l, "', /'

Sincc ).^('v) > 0, fronr (5) rve obtain'

(6) i,(:r') > i.(v)1-(r;) : ),-(y),1i",('¡ > 1"

.ia| 
-,n.

\.4 /t
s:ø^_, *1 í=:t,t. I I

[t^^ot^*''' ,1 (+l'),

l: t,L k- I+ I

Ilerrce for all he{|, . . ., r}, tlne functior, /, is conca\¡e. Sitrce the
dual function u is sum ol concave functions, it is also conc¿Ìve.

We denote by

S: {r e lì": r ) 0; þ-(x) < I, h: I, ...,r}
and

['ìS*:l1,eR"':t' > 0',Da,¡y,-U, j: l, . ..,11''
l- i:r )

We observe that 0 e R"' is an elernent of the set S*, herlce the clual
problem (PGDZ) is alr,vays consistent.

We will show that the problems (PG) rnd (PGDZ) are dual in the
abote-rnentioned sense,

'rHr¡)oRpxr l. Let x e S and y e S*. Tlt,en þo@)>u(y),uhere equality
holds ìf and, only if

(3)
u,¡(x),il'i=Io
ì.^(;,,) r,t,¿(x), 'iJ i e I¡0, le : I,

for all h = {I, ...,r\.
Summing the inecluaiities (4) and (6) for /¿ = {1' , r), rvc obt¿rin

(7) þo$) !

or, eqtLir-a1ertti1'

(B) tu(.,) > t" 
[,L1 ï:)'' ú (^,(v)^"''l - p-, 

^,,r,

Sincezl,(.t) -çra"rtt'. *o,," rvith c¡)0 anð' a¡i eR(i:1' "''!tL'
j - 1, ..., n), incc¡ualit¡' (8) becomes

(e) l,(r) > t"ln î)" *'4'""" . '. *',!|"" " ú (^^(r))^-'' I- Ð ^-t'''

Ëronr (9) it lollows t'hat. þo(x) > a(y)' This completes the proof of the first

'rhe
By

, for
and.

lnt
\l
4

i:nr-r*lilttr

Ð +l r ¡

lvt

Ilk

Z-
ilt.

À_- I

.2 <0
v

!¡: í
ì ,r
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all i € 1,,, h : \, . . .,r. IIcnce the equality lrob,) : u(y) implies thc cclua-
lities (3).

Nou'suppose that r €.S and 1t e S'r'satisfy equality (3). Thel by
lemm.a 1 it Tollos's that (4) becolnes ecluality. By lemma 2 each inequality
l'rom the seconcL part of relation (6) becornes equality. Since

with cn ) 0, ø¿¡ e R, i: 1, ..,nx; j :1, ...,n. F'or each å = {0, ...,r}the function g,- is convex because it is a positive linear combination of
convex functions (exponential functions); hence the transTonned program
(PG), is convex.

I,et xo be an optimal solutíon of the problem (PG). Since the problern
(PG) is superconsistent, it follows that the transformecL problem (PG), is
superconsistent, too. 'Ihe transformed problem (PG), has an optimal solu-
tiotl zo that satisfies the conditions

þr(*) -- D u,@) :.
ìt I r

s-/-ri=Ir
! t ).,,(Y\ l

t'*(v) ),r(v)

lor all h : l, . . . , t', it follows that each of the trvo inequalities in (6)
beconres equality, hence þo@): z(1,). This completes the prool of the
u'eak duality theorem.

cor{ol,L.{RY l. I4re lt'øue

inf {10 @) : x = S} > sup {u(y) :y = S*}.

Proof. Apply Theorem 1.
corÌor,r,AR¡¿ 2. If the þoints ø0 e ,S ancl y0 e Så' sa.tisfy tlte cr¡uality

þo@o) : u(yo), then xo is an oþtimø|, sol,ution of the þrobletn' (PG) and, yo
is att oþtima.l, solution of the þroblem (PGDZ).

Proof. By Corrolary 1, r'r'e have

þu@o) > inf {16@): x = S} > sup {u(y) :y = S*} > a(),0).

Since 1o @o) : z(yo), ive obtain

þo@o):in|{þoØ) :ø eS},
a(yo) : sup {u(y) :J/ € St<},

ancl hence ø0 is an optimal solution of the problem (1?G) and tro an onti-
rna1 solution ol the problem (PGDZ).

TFrr.)or{Enr 2. If the þrobletrt. (P }) is suþerconsistent (i.e., thet'e exists
x' : (*!., ..., x:) > 0 suclt, tlt'ttt þr@1) 1l for all' l¡:1, ...,r) an!'-if xo
is øn, otþtimøl solution oJ'the þroblem (PG), then the þroblem (PGD2) has
øn. oþtirnøl solut'íon, yo and

Ito@o): ab'o)'

Proof . We make a change of variabies in problern (PG) b¡' letting

x,:¿zt,i-1,...,,x.
'l'he transformed ¡rroblen (PG) is

(PG)" inf {go(z) : Er(z) < l, k: l, ...,r},
rvhere

(10)

(11)

zl :\n x9,, j: r,

h:1,
, l'1,

g*(eo) < 1,

Then, by Karush-Kuhn-'I'ucker's theorem, there are multipliers ¡.r.", Þ :: 1, ..., r so that

ù Fr >Q, h:1.,...,r,
íù p*[gÁ(zo) - 1] : 0, le:7, ...,r

i'ii) Vgo(zo) + D p,V(Sr(ro) - 1) : 0
/r: 1

Thc conditiott iii) is eqrtivalent u'ith

,r /,
t-.0

s-\ ¡?t'"it'1
/,, C¡ u¡¡ e- -f
ieIo

a
t1

ZO.

(r2) \' l¡t
s\ ¡:r
L Ci A¡¡ A'

i=r¡ -0, j:r,
h :1

Noting

(13) ^,0Jt

i:1
c¡ ("

a..zo

,xelo
fr

.ù. n,l "j
Vrct cr-' , ie Ir, h, : I, , . ,, r,

fronr l) and (12) it follon's that y0 : (y1., . . ., jl,) e S*. F'rom (13) we
obtain

f,

IL
À,(yo) : Ðvî :-rr

2 o,, 
"9

D p*r, ,i:' '' : pr1,Qo), Þ: l, ..., r,

,i){'i "

i= I r

s,þ) - D r,
¡eL

I

h 0 1 v

aud flom ii) we conclude tlnal y.rg@o) : lr.*, hence À*(yo) : gr." for all
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(14) ^,q -Jt-
c¿ êl ,ieIo

tu. 
.2, o,t,g

),,r(yo) c1c1:' , 'i e Ir, h, : 7, .,. ., r

r\fter using (10) to write relation (14) in terms of 2,, rve obtain

Jt -
uu(xo), i = Io
).*(yo)u¿(xo), i = 1,,, h:1, ,F

Then by Theorem 1 we have þo@o) : a(yo) and hence by Corollary'2 it
follows't]nat yo is an optimal sôiutión 9I the problem. (PGD2)

The follówing theôrem is a criterion for the existence of an optimal
solution of the problem (PG).

) has ø feas'ibte sol'ution 2* witlt'
robletn (PG) is cotl,sistent, tltcto the

{"t.}¡Theorern 8.2 from tal p. 119.
aín an optimal solution Tor the pro-

blem (PG), if an optimal solution,o_f lhe problem .(PçDz) is knorvrr',
,r.nnoínrvr 4. If'the þrobl,em (PGD2) hal an oþtinr.al solution y0, then

any oþtimat, sotution xo 
-o¡ 

the þroblem (PG) satisfies thc systenr'

(15) u¡(xo) :
t

yiu(lo),iÎ ielo

:.h, if ,i e Ir, h={{1, ..., r} À*(yo) > o)

Proof . I.et xo be an optimal solqlion of the- problem (PG^) and- ya an

optirnal åolntion of the próblem (PGD2). Then, by Theorem 2 rve haYe

(i6) þo@o) : a(yo),

but by Theorem 1, equality (16) is true iff xo and 1,,0 satisfy equations
(3). Flence the equalities (15) are true.
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