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1. Let S be the class of functions f(z) =z + a,22 4 ..., f(0) = 0,

f(0) = 1 which are regular and univalent in the unit disk U = {z = C:
|z] << 1}. Counsider the equation
(1) Jl2) = (Bz + «)f(a)

where «, § and a(|a| < 1) are complex numbers.

If @ =0o0r «a =1 — af, then, for every f € S, this equation has only
the solution z = 0 respectively z == a. We exclude these banal cases and
suppose that « # 0, « # 1 — af.

In the present paper we put the problem te estimate the moduli of
the solution of the equation (1) when the functions f belongs to the class
S. Our task is to find the maximum disk with its centre the origin and
containing no solution of the above equation.

The particular case 8 = 0 is solved by prrrRU T. MOCANU [2].

First, we may without loss in generality supposec 0 < a < 1.

In fact, if z, is the extremal solution of the equation (1) aud if f,(2)
is the extremal function, then we can consider the function f,(z) = e~ f, (2 - ¢¥)
¢ = arg(a) belonging to S and we have

Salzr) = (Bzy + o)fi(lal)
where
2 = 20e7%, |zg] = |2
2. Let z; = re®® be a solution of the equation (1) which has an extre-
mal value (minimum, for instance) and let f,(z) € S be the extremal

function. We note that there exists this extremal function because S is
a compact space. We have fi(z) = (Bz, + o)f(a).
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Now we consider a variation of the function f,(2) which is given by
Schiffer— Golusin’s formula [1]:

Jo@) =fole) + 2V (=85 9) +0(0), x>0, (] <1

where
Tl i f52) i folf) 2
2 Vig; 05 ) = efv —202 . pid £ (n —J~
@) ( Y Fole) — fo(©) fol@) Lfalt)
. _ iy 2G) fo(8) J 4 emit sz;(_z) zlfo((.) ]2. |
2 -0 L/ 1-Cz §H(a!

For ) sufficiently small f,(z) € S.
The cquation (1) becomes:

(3) fol2) + 2V (256 0) + 0003) = (B2 + ) [fy(a) + |
+ Wa; T )] + 0(2).

This equation has the solution :
75 = 2y + M+ 0(22).

From (3) we obtain the value of %, by replacing z by z, differentiating
with respect to A and making A = 0. Namely we have
7o (Ba T V(@ L) — Tz Ciy)
Solzo) — Bfo(a)

In the sequel we shall cut out the index O.
According to the formula (2) we obtain

1 o (B7 ) f2(a) . 0 17
h = :6“1’ — e (Bz 4 «) fla I ] —
fe) — Bf(a) fla) — f(§) (8 ) /(@) /).
w (B2 + wa f'(a) f&) ]2 _ip (Bz + a)a*f'(a) *l S ]2
— e e—W hal C .
a—¢ C{CJ‘(C) + 1 —Ca 98]
A ) ; & )2 w 27(2) S 12
— e L cuj} 2 [____] + e **C *‘_] .
Sz — A8 % /@) L) : = L@
— =i P ZI—E M
18z Ll !
Now we introduce the notations :
[ =/E) =Bz + &)f(a), =P+ «
(4) L = f'(z) — Bfla), m = f'(a)

n == f'(z), w = f(Q)
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3
'he above expression of /i becomes:

B= [g-'xb——(fz — o0 22T C( - r—f— i | = )2#

o yw ot \tw 1—-%a 'Ew
T iy " 1)2_ ) nz'—*_ Z(ﬂ)zl
qujffw_i—g z—Cc(Cw’ ‘ 1—Cz (Lw

Since the solution z is extremal, it follows:
|*[2 = 2% . 7% = |22 + 2ARe(zh) + 0002 = |2J=

Hence it must be verified the inequality

Re(hz) = 0.
According to the above expression of %, this relation may be written
i 2y — 1) fPw '( amzy  nzE atwis Yy +
a {C J [l(f~ w) (f — yw) Ha — E) Iz — ) (1 — af)

+7u17fgiﬂ C(cZJa” =0

Since ¢ is arbitrary, it follows that the extremal function w = f({) must
satisfy the differential equation:

Qw2 iy — DHfow amiy nez _argy 1 nzzt
[QJwaunw>[m~© e -0 1 —al) (1l —2Y)
ie.
= Cw\2 Z(y — Nf*w aml—éy — a*mlzy — a2(7m§Y — iay) § .
©) W) -y _{ Ha — (1 — ol
w) I — w) (/— yw) H(a — ) )

s [ln— rin 4 (In —_ln)EC]} ¢
iz — Q1 — 20)

This equation may be written in the form

4
Y alF
k=0

'Cw’)z Z(y — f2w 1
( (f—w)(f—yw) =Y —2)(a— Y — al)

w

where :

a, =0, a, :flj [a(lwizy — Imzy) — r2(in — n)].
Using the variational formula
e = 1) 2] fe) — @)

it may Dbe shown that a, = 0.

1+ &V 2
 —_—

] 4 0()
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Hence the eqation (5) may be written:

(Z_w’)z 2y — Dftw almzy — amlsy 4 ar(in — In)t
f

— w) (f — wy) i(a -9 — aQ)
— re[(n — l—n,)éC 1oin — zﬁyﬂ]} ¢

iz =0 (1 — 20

w

OT
(6) [E_wl,a Z(y — I)f*w — (@ + at + a 03 ¢

w! (f—w)(f—yw) (z={{ = 2)(a — (1 — 4
where

@y = [i [rtimy — a*linizsy — v2(In — 17r?) ),

@y 1= lé{—a(l b ) [Tiizy — atlivizy 4 (0 — In) | -
+ (1 + a®)(ln — Inr?) — ar¥{ln — [n)3},
ay = %{az [lmzy — a¥inizy + v2(lit —n) | + 72(1 4 a?) 2(l75 — In) —
— urt(ln — lir?)}.
Making {— 0 we obtain
{7y a, = ar*(y — 1).

Comparing this expression with the above expression of &, we obtain the
formula

(8] rimy — alitizty — vin - v = Iy — 1).

3. It may be shown ([1]), that the extremal function w = f({) maps
the anit disk |{] < 1 onto the entire w — plane slit along a finite num-
ber of analytic arcs. Let { =g, |g| = 1, be the point which is mapped
into an end — point of a slit. Then the trinomial a; 4 a,{ - @€ has
the double solution € = ¢, and the equation (6) may be written:

(iw' 2 Ay —1frw a{l — g - ¢
W J (f—w) (f —yw) (¢~ — 2)(a— (L —

or, according to (7),

{9 =
©) [ w ) (f — w)(f — yw) (z.— Q1 — 20{a — Q1 — al)

Making -z we obtain the formula

Lot fw az(l — g9,

mo}l po= = DI — g
(1 =)z — a)(l — ag) ’
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and similary, marking {— @ we obtain the formula

sy — (1 — af)?
(1 —a¥)(z — a)(1 — az)

From (8), (10), (I11) we get, by eliminating » and m :
(1 — (1t —az)(l —ga? — (1 — a)(1 — af)(l — ¢2)* _

(1 — (1 — an(l — qa) — (1 — (1 — a)(l — g2)?
az(a — z)(1 — gz)?

(1 — ) 2(1 — ga)t — a(l — az) (1 — gz — (1 — ) (z — a) (1 — aZ)

(11) ym =

(12)

Now we introduce the notation
(1 —#) (1 — az){(l — qa)® — (1 — a*)(1 — az)(l'— gz)* = b, +
+ b2q =+ bﬂqz:
(13) S (1 —)z(1 — ga): —a(l —az)(1 — gz)* — (1 —7*)(z — a)(1 — az) =
= €1+ €+ Csf°
azla — 2)(1 — g&)* == dy + dyg -+ dyg®
where :
by= 1 —(1 —az) — (1 — a®)(1 — az)
by = —2a(l — #¥)(1 — az) 4 2z(1 — a?)(1 — az)
by = a*(1 — )(1 — az) — 22(1 — a®)(1 — a2)
¢, = 2(1 — ) —a(l — az) — (1 — r¥)(z — a)(1 — az)
¢y = 2az(y* — ag)
¢y = az(a — 2)
a, = az(a — 2), dy = —2ar*(a — z), dy = ar’z(a — Z).
The cquation (I2) becomes:
(by + bag -+ Usg?) ey + cof + cf?) = (by + bof + bad?)(dy + dog 4 d3q”).
Because ¢g = 1, this equation may be written in the form
{ (105 — byda)’q* + _(b103 — Dyd)3® + (bsey + byey — bydy — byds)g-i-
(14) <| + (_blcg -+ E)ch — bydy — byd,)G -+ by + bacy + bgey — 04d, —
U — body — bydy = 0.
Further on we note:
¢ =pe" ol =1 " =1 '
cby — bydy = 16’0, bidy — bydy = ryetls
ooy - bycy ~— bidy — bydy = 750%%,
bieg + bycy — bydy — '/Eadz =7,
biey 4 bocy 4 bycg — bydy — bydy — bydy = 75e'0

where p, 7, 7, 0,, £ = 1,5 are real numbers.

37
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Equation (14) becoms in this case
P2[1,eH 020 - p,0i0=20] | o[y g0t Ly pil0—0] | poeits — ()

From the above equation we obtain the equation which is verified by
and 7:

e%[rycos (0; 4 27) 4~ 7ycos (8, — 27) | + p[rzcos (0, + <) +
(15) + 7,cos (0, — 7)] 4 75 cos 05 =

p2[ry sin (0; 4 27) 4 7y sin (0, — 27)] -+ p[ry sin (0; 4 1) -

+ 7,sin (0, — 7)] + #58in 0, =0

Because p = -1 the equation (15) gives two values for ¢, coresponding
to the two extremal values.

4. Separating the variables in the equation (9) we obtain:

16 f dw _ Naz(t — g0t

(16) Jolf—w)(f — yw) JEO
‘where
(17) H(Z) = ¢z — 1 — 2)(1 — af)(e — 7).

Integration of (16) gives us the relation

w

(18) S S dw - (‘/‘;(1 — i) At
JVef— o —yw) . VHD

The paths of integration must correspond by the map w = f(%).
Since f = f(z) we have

f ? Qi
(19) \ faw - S '\/csz{l — f)dt
No(f = w)(f— yw) VH{

Marking the substitution w = fu, (19) becomes:

z 1

(20) V’ajsl:—q”'dt S—L—"—
J NHD o Vel =il =)
We write
: gt
@1 F(Q) =+ Jaz SL’_‘J_ at.
2 )

0

B
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Next we have

1

S M 2K\

5 u(l — u)(1 — yu)
where

1 1
dx 1 du

22 K(k) = S = —S R —
(22) (%) 5 N1 — 2% (1 — k29 2 E Null —w) (1 = k™)

is the elliptic complete integral of the first kind. We integrate along the
straight line segment [0,1].

Then (20) becomes:

(23) 7Pl = KW,
Hence
(24) f= [K V& ]

. 1
Since for £ = z and { = a we have w = f, respectively, w = — f, we deduce
L

from (16) :
1
‘.F
«\/uz 1 = qt S
£ ) VHG ; w(f = w) (= 1w)

Making the substitution w = fu, we deduce

1

—'Y—

\ o
\/75 1«/u1~u1—w)

or
(25) %} [F(a) — F(2)] = iK' (yJv)
where
P,
26)  iK(E) = g ) e



40 MIODRAG IOVANOV 8 9 ON THE EQUATION [(z) = (fz -- «)!(q) 41

From (23) and (24) we deduce 5. In the sequel we shall study the limit case ¢— 1.
K Taking a = 1 in the formula (12), we obtain ¢ = 1.
(27) Fl@ _ o #y), Next, from (17) we have
F(2) 3 .
Z o H(E) = te — (1 — 2)(1 = Y,

This equation gives us the root of extremal modulus z = 7¢®. T'he formula
(24) gives the value of f = f(2).
In order to find the extremal function w = f({) let us replace in the

If we take @ = 1 in the formula (21) we obtain

first integral of (18), w by fv2. We deduce: F(Q) = 1 \/;S (1 — g4 dt .
I 2 J— Wiz — (1 — zt)
V7 L
S do = '\/l F(Q) We have further
JIU= %) (I — 9) I e

Fla) = F(1) =

1
230 - itz = =3

Sy

where F({) is given by the formula (21).
Then the extremal function will De

(28 DAY " je e i For ¢ # 1, the lzzst integra'l, evidently, is divergent. Hence we must have
(28) w = fsn il’(\/Y) necessarily ¢ = § = 1. T'his means that in the case ¢ = 1, we have to
find the minimum of the involved moduli only. If # is this minimum,
then the disk [{| < # will be the largest disk with centre the origin and

where sn (Z) is the Jacobi's elliptic function with the periods 4—1{(«/5 containing 110 solution of the equation £(0) — (87 L o)f(1). when 7 belongs

and 2iK’(y/y). The value is give ¢ : . .. :
: Fina](lt/ryiye f;?u;(fhgﬁeof‘(;{l;?\ﬁn‘ Lrneszﬁ ‘(24) ' to the class S. We note that if f(1) is not defined, the equation f({) =
N . &7 ' = (BC + «)f(1) evidently contains no solution in the disk |[{| < 7, so that
o muEoRaN 1. The solution z == re®  of extremal modulus of the equa- the above statement holds for the all class S
ton Y Il . - — / NPT .
ion f(¢) : (BE - w)ffa), (0 <a <1, a0, p#0 o=l Raky where r In this limit case (¢ = 1) we have

f&) €5, ds given by the equation

_ g
F(a) i () 1 - dt
o L= 29) FY) =L ZS__
I(z) KWy ( © 2 J iz — 0 (1 — z1)
where f
. 10— :1 2 \gp Let us make the substitution { = zt. We deduce
Q) = e L .
2 5 VH(@) 9
g == pc=, p and = verify the equation (15), ! (30) E(L) = ’i’ \/ZS \/__W:
2 L — 1) (1 — %)
H(t) =tz — (1 — zt)(a — £)(1 — a2). ’ :
The cxtremal function is given by the formula Hence
1 1
@ — fsn® oo . L
0 = [sn 77 F(Z) (31) Flz) = - /2 § s 0 0 T80 2 K (7).
o . : E 2 ST =T =7
where sn (Z) dis the Jacobi's clliptic function with the periods 4K (A7),
ZiK'(WJv) and [ is given by Introduction of (31) into (24) yields

1'(z) ]» K@) 2 . I K(r)
— 32 =z |—=| = pei0 |
(W (52) f=s , K(\/Y)] ‘ K(y)

2
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For ¥ =1, (30) becomes:

Jia —pna— m)’

3
X

«]z_ S d¢
0

The equation (30) becomes:

Ly K
ol K Wy
§ L — (1 —

This equation may be written also in the two equivalent forms:

1
§ Jii—na =
1

l.c_’-‘]
(33) R S
2K(r) I = (L —r) Ky
and
1.8
(34) 1 S 4 X W) + -if’(«/v_) ,
2K VET =5 (T~ %) K@)

Finally wo found the following result:

THEOREM 2. If 2 = re® is the root of minimum modulus of the equa-
tion f(5) = (B + a)f(1), when f belongs fo the class S, then v and O verify
the equation (33) or (34). The extremal function will be given by the formula

w:z[—_l z L :
K @y) 2 K(r tz — o) (1 — 2t

K (Wy) :
9
T
0
Let D, be the image of the unit disk [{| < 1 by w = f({) and 4, be the

f©

image of the disk |{| <7 by w = Hid’ where f({) is a function of
the class S.

We found the following geometrical meaning: |{| < r is the largest disk
whose image d, lies entierly in the domain D,, when f belongs to the
class S, i.e.:

4, CD, for feS.
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