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l.tret S be the class of functions"f(r):z!arzz +...,/(0)
/'(0) 

=.1 
which_ are.regular and. univalenl in the unit disk U: iz

lzl < 1ì. Consider the ecluation

(1) fþ) : (pz t QJ@)

-0,
= C:

rvhere ø, p and a(løl < 1) are complex numbers.
If ø:0 or cr: 1 - øþ, tlrer^, for every,/ = S, this equation has only

the solutiot:L z :0 respectiveTy z : ø, we exclude these banal cases and.
stlppose that a.*0, æ+l-øþ,

rn the present paper we put the problem te estimate the moduli of
the solution of the equation (1) when the functions / belongs to the class
s. our task is to find the maximum disk with its centre -thc origin and
containing no solution of the above

The particular case p :0 is uocaNu [2].
Firs.t, rve may r,vithout loss i 0 < a <i.

fact, if zo is the extremal tion (l) arrd if /o(e)
is the extrernal function, then we can consider the function fr?) L ,-tt ¡'017" 

." à*j
t : arg(ct) belonging to S and we have

ïr(rr) : (þr, I a)fr(lal)
rvhere

zt : zoc-it, lzrl : lzol.

,2" Let zg: 1ei0 be a solution of bhe equation (1) which has an extre-
mal valuc (minimum, for instance) and let foþ) 

'= S be tire extremal
function. We note that there exists this extrãmal function because S is
a compact space. We have fo@ò : @ro * ")f@).
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Norv u'e consider a variation of the function lo (z) which is given by
Schilfer-Golusin's formula [l] :

ÍiØ : "f,Ø * ),V(z; (; t{l) * 0(À,), ì > 0, lÇ < 1

where

(2) V(r;(; ,1,) : e¡+L-ro+foþ)lffif -
,,0-,Á!) ,l#lt e-+ !$,r,1#,1,

For À sufÍiciently small /o(e) e S.
'l'he ccluation (1) becomes:

(3) l"Ø t ).v(z; (;ú) + 0(ÀI : ß, j- ")lÍoþ) *
f- ),V(ø;(;Ðl + 0(À,).

This ecluation has the solution :

zl:zo+À/r+O(À'?).
From (3) 

've 
obtain the value or h, by replacing z by zo, diffcrcntiatlng

rvith respect to À and making À:0. Namely le hár.e"'

3 
oN TIIE EQUÀT1ON 1(z) : ( 9z+ d)t(q't

lhe above expressiou ol /¿ becomes :

lL - 
1-l¡¡+ t' 

- ei,! !!J C[: l'- ø- i'¡ aznt r t ! \'-
ll J r*-' "-('t[('/J 

I v t-Eo'11-')

-,,r,\ ¡,,þ /1_ r,r (fr,)' - e-iþ i::"r (:_)' l

Siuce the solution z is extrenr'al, it follorvs :

lz*12 : z* z* : lzl'f 2ÀRe(z/z) + 0(r') >- lzl''

llence it must be verilied the inequality

Re(/zz) > 0.

According to the abor.e expression of /¿, this relation may be written

R"J,,i+ | ,e - t\tzw _ (_:ft ,¿2 _ a2ä:l *NLI( ' 
lrr¡-.7ç - ra - l,(" - 'L) t(z - C) t(I - a() t

. ;r"'-'u)e (t1'l) u o'
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Sirrcc (,, is arbitrary, it loilows that the extremal function 7e:J(() nust'
satisfy the dillerential equation:

l#\ a2îäzllu'
u

2 Zft 1¡f2tu

t(f - "'\U - "i*)

1',t.2 z

t(' () I(t - o(\
1.

(P'zn I V a:\i9) ¡(zn:q;

"fí(2,) - þf"(")

In the sequel we sirall cut out the index 0.
According to the formula (2) we obtain

Norv lvc introduce the notations

t': ¡r¡! p¡ø {'*(ff}ff - eiÙ(þz )- o)Í(a)l#l'-
_ ,i,¡ (P,; ' a)al',A 

,1.ffi,1, , , ;,¡ fi_t ")i"j'@ aQ--r,,rf _

- 
"t 
L 1- e;+f(z)[#rl'* ci+ J(!rlffi]'-

c i+'ry!(l I(q f '.| (' " L(/'(()l I

,,2¡ltt. - yrt; ), (tñ - In)zCl

uþ - e)(t 2e)

1'his equatiou ma¡' be rvritten in the form

1.e

(5) I (rr,'1r : (r l)l'u Il;J M-,,)u ,-.)-\
amT|^¡ - astnlz:i ¿z¡lrn2"y ¿i¡i;^t)(,

¿I(a.-()(1-ø()

' z\^l - t)l'Lu

4

Ð or('
h:o(ut'

20 (f - ,o) (f - y*) lþ - <¡(t - 2(l@ - ()(t - ,()

(4)
Í : Í(z) : (9, 1- a)f(a),
t : 

"f 
'(r) - pfkò,

n, -- f'(z),

^(:pz+d.
11x : f 'Qr)

u, - f(()

l'here:

r/0 : 0, o^: i la(trnzy - lnr.z^¡) - r2(ln - øl
Using the variational formula

J',(,):fØ + ),V@) - zf'(z)=#]+ o(),')

it may be shorvn tinal øo : Q.
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Elence the cqation (5) mav be rvr-itten :

[ .írr¡z .(y l)f :w _ lal nùy - a3îi7l::¡ i ayz(ti - íttli
\;) t¡-tv--¡-læ-

4 5

(r2)

oN TLIE EQUATIoN t(z) - l9z j d)tßù

(t - rz¡ z(I - Qø), - a(l - oZ) (l - qz)' - (l - r') (z - a) (1 - az)

i]7

r,l(ti - ln)z( I ln -, tär,)
I(z - C) (1 - te)

(

aud sirnilar-v, rîarking ( + ø \\'e obtain the lormuia

(1 1)

Frorr (B), (10), (11) t,e get, by eliminating n anð' nx:

[-]'')(t - az)(l -- qa)o - (l - a')(1 - az)(t ,tzY 
-(1 -.rr)(l - az)(l -.ta)' - (t - a'z)(l - a2)(t - q2)'

øz(a-2)(l-q7)z
(-)r

{6)

-¡l¡hef e

i.ei

(10)

iw'
Lt) (f - u) (l - t",) (r - ()(1 - 2()(" - \)(t - a\)

,ft \)f'u

(^¡ - t)f'z' u

@, I are -L' o,,e\e

a,(1 4<)"'(
(, ()(i 'l)(a - ()(1 - - r,()

o, : ! lr2lnoy - aztrnzly - r2(I?L - tnrz)),
I.

t-n, : i {-n(I -l r2)lllnzy - ø2lrtizy t rz(lîi -- l,rt) ) l.

+ r'(\ -l a\(în - tnrz) - ør2(trl tn)z\,
1-n" - ; {azlúnzy - a2tnlzt ! rz(tn -t")l -lr"(l -l ø2)z(ttt, I,n) -

- ttr2(ln. - lur2)j.

r\{aking (*0 u'e obtairr

í7) at: øy2(T - I).

'Cr-rrrrpa"ritrg this expression r'vith the above expression ol ø, u'c obt¿rin the
fonrrula

iB) r2lm.7 tÈlillzzy rzln. -l- raln : lr2(y - 1).

lJ. It mev be shou,n ([1]), that the extremai luncticxr. rz:/(() rnaps
-Lber irnil. disk l(l < l onto the cntire zø - plane slit along a finiLc num-'t¡cr of :rnal¡-tic arcs. I,et (: q, lql: l, bc the point rvhich is mapped
"'.rrto ar enci - point of a slit. 'lhen thc trinonial 0., j nr\ -l- ø"(2 lnas
-':-lrt: c]orltle -solution ( - rl, ancl the equation (6) may .bc rvrittcn:

Nou, rve introdttce the notation

(13)

(1 -rr) (1 - az)(l - qa)z -- (1 - ø21(l - az)(l - qz)'- b,-l
i brÇ )- b¡Q',

(l - r2)z(1 - qa)' - o(l - az)(I - qz)' - (l - rz7þ - o)(l - nt) :
: Cr -i C2(l )- Csq"

az(a - z)(1 - rtz)' == d,I drÇ -l- d"Ç"

rvhere :

ð, == (l - r,)Q - øz) - 0 cÊ)(l - az)

b, -- -2c(I - /,)0 - ûz) 1- 2z(1 - ø2)(l - øz)

b, - ç211 -- rr)(l - a.z) - z,(I - ø2)(l -- øz)

at -. ¡:(1 - r') - a(l - az) - (l - rz)(z - ct)(l - az)

cz:2az(r2-az)
ca: ftz(u - z)

d t : az(a - z), d, == -2ar2(ø 
'- z), dt - ar¿z(ø - 2).

lhc ccluation (12) becomes:

(b,l hr,l -¡ l,¡¡r)(c,1 cr| I cr,t-) , (6, + \r,t 1 lrl\@-t )- drÇ 1- dtÇ')

Because ,lrl - i, this ecluation ma¡' be i,vritten in the lottn
! (crlt" -- irtlr)2qz * (bps - 6rdr)q' -l (hzct ) ba(z îrd, trdr¡,¡-¡

(14) j + {2r,,',, t- bzc¡ -- \rd, 6"d")Q ! ltrc, I brcz I l,rc" - 5,J,

i-lt¡lr'b,rL"-9.
Futther on rr'e note:

11 - peir, lpl : 1, p2 - 1,

crlt" - îtd" - rrc¡}', brd, - írd, - 't'zcio"

brcr'l brcr -- b,d,, -' brdr: vr¿iï",

l; rc" I brc, Srdr - l-trd, - ro¿io',

b(t )- brc, I b,c" îrd, - 6"d, -- 6rtl": Yrsio'

rvherc p,'i, i'i., 0,, lt, -- 1,5 arc real nnrnbcrs.

,rr, rr rcorcling to (7),

(.f - ,u) (f "(u)

z

Cru'

It.l
I
)

az(l '- q(¡t\
(j - tu\(f - .¡ut) (, - ()(1 - zelk: - \)(t ae)

Í'.

"" a("y - t)(t 7:)2

(t - r2)(z - a)(l -- az)

l\Iakir-rg ( --' z we obtain the formula
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Equation (14) becoms in this case

p2lrrei(ø,+zc\ | rrei(l'-zrll + plhe¿ßr-lt) a rneíßr-r\1 | rueie' : O

From the above equation we obtain the equation which is verifíed by p

and r:

Next we have

dtc :2Kdñ
4"0-u)(t-ya)

pzfzrcos (0rl2r) f rrcos (0r-2r)] * p[rrcos (0, f ") *f zo cos (0n - ")l I rucos 0u : g

p2fz, sin (0, f 2t) ! rrsitt (0, - 2r)l -f p[ra sin (0, f .)*
f z, sin (0n - ")l * ru sin 05:0

whele

(15)
(22) K h

dx
1

_1(-t) clu.

4 lt - *r) (7 - h2trz) u.(l - u) (l - ÀTr)

Because p: +l the equation (15) gives trvo values lor q, coresponding
to the tr,r'o extremal rralues.

/r. Separating the variables in the equation (9) we obtain:

/'ì\ fdu _^l *l-qe\(I(,\'"/ 
^,1.U - øU - rrù ^lf6

where

\r7) H(C) : C(z - ()(t - zc)(r - øC)(ø - ().

Integration of (16) gives us the relation

is the elliptic complete integral of the first kind. We integrate along the
straight line segment [0,1].
Then (20) becomes:

(2s) -l=P@) : I{di
4r

I{ence

(24) r: f F(r)

lr-f,t

i
(

_(
-ì

0

^l*l -

Since for C : z anð.( : awe have u : f,respectively, w : I 
¿ ou" d'educe

from (16):

(rB) f d.u dt' I
'(

&:(
J
1

4.U-ø)(f-^yw) ^laot Iøz 1-qt

^lHØ

dtu

The paths of integration must correspond b)' the ln^ap a : f(().
Since / : fØ we have

4w(f - u) (f - "rwi

Making the substitution zø : fu, we deduce

(1e)
f

\
fdw 1

\ur:l
1

w(f-w\(J-^¡u)
,/î 1-qt

^lHv)

du

l\{arking the substit'ntion w : fu, (19) becomes:
4u(t - ") 

(l - ^(u)

î5

of
(20) V

I-rll

^lulq

dt
dt¿ I

lF(o) -F(r)l:iK'6lr)4"( 1-ø)(l-1u) (25)

whereWe write

,(21) F(() : + ^l*
C

0

L-:/-
^lH(,)

dt (26) iK' h

1

h

(
J
1

rJx

1

H

7(:,\
1

du

4l - *r)(t - hzrz¡ lul - ttl(l hzzt)
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Frorn (23) and (24) we deduce

I o ON ]-IlE EQU./\TION I(z) : ((Jz -, d)tla) 4r

(27) F(e)_ I= ¿x't^l¡.
F(z) ¡<tVr)

This equation gives us the root of extremal modulus z : reiT. The for.rnula
(24) gives the value oI f : f(z).fn order to find the extremal function w:f(-() let us replace in thefirst integral of (18), u f:y faz.'W-e deduce i

5. In the sequel r,e shall study the limit case ø* 1.
Taking a:1in the formula (12), r,ve obtain q: l.

Next, from (17) rve hav

H(() : ((, - ()(t - z()(1 - C),.

ff we take ø: 1 in the formula (21) rve obtain
C

F(() :;^F\ (1 -- t1t) dt

\/¡

I

t(z-t)(t-2t)

tlz, : |; ,rrq \\/e have further
(l - uz¡ (1 - ru') (

I
0

F(o):F(I):+ (1 - tlt) rlt
whct'c I(() is gir-cn by the fornula (21).
Tlrclr thc ext¡'crrrrl Iru¡t.1 io¡r u'il1 bc

(28) ra:Jsr,f¡t(t/y)
It

u'hete sn(Z) is thc Jacobi's elliptic Îunctiorr u'ith the periocls 4Kdñ
atd 2..i1{'(,,,fy). tt,e r-alue of ./ is gii,en by pa).

Iiinalll' u'er fo'-rnd the l'olloliirg resr-rlt;'
'i'r{rioììrirr i. Thc sol.ulion z - ¡'¿i0 of extrem,ol tnodttlus of thc equø-t";,gr.tJ(Q:(p( ¡a,)J@),_ (0<a<1, o-+0, þ+0, d.+r-'pa), õhere

,/(() = S, is g.íz'atr. ú)ì t/t,, ct¡uatiotr,

t,(u) , iK'þlt)

t.(z - t) (l - ,r)

:

ì

i

For q t' l, the last integral, evidently, is divergent. Hence we must have
necessarily q : q : 1. This means that in the case q. : 1, ',¡'e have to
find the minimum of the involved moduli only. If r is this rninimum,
then the disk l(l { r will be the largest <1isk with centre the origin ancl
containing no solution of the equation f(C): (p( + ")f(1), rvhen/belongs
to the class S. We rrote that if /(1) is not delined, the equation /(_() -: (P( i ")f0) evidently contains no solution in the disk l(l { r., so that
the above statement holds for the all class S.
In tlris limit case (ø : I) rve have

(2e) Fg):LJ'
c

dt
F(z) r( /t t(z -- t) (t --- 2t)

u/t,cv¿

C

1;(() : )^l;;\t-]at,_ I \tH(t)

q .- pei. , p rur,tl a .1,./if v I.hc erlu atiotz (15),

H(t) : r(z - t)(I - zt)(a - t)(r - øt)

Tltc c:ti¡'c¡ttti|. -ftiitt'iirttr, i.s giucn, b), Il¿,.fonrnt.la

I,et ns makc 1.he substitution ( : zt. \\re dedu.ce

(30) r,K)::J,
i
I
0

¿¿

t (1 l\ ()- - t,zt)

Hence

,u =- f snr 
rl-r1L¡ (31)

1t-r\z): - 1lz

I

J
0

dt t:K 1/

wherc sn (z) r's 1./t Jacobi's cttiþtic funcriort, t ith, the l>cr|od.s 4Ì{6]\),
2iI{'(11i,) r).td, J is itcn, Ity

lt(r - t)(r - r, t)

l' (t)

rçl:¡

fntroduction of (31) ínto (24) yields

(s2) f :zl#.,.À]':,,^[#,t 
l''
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For ( : 1, (30) becomes:
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t(r-tl(t-rgt)

The ecluation (30) becomes

I

I
0

dt

,(l - ,) (l - rzt) ix'(^,f v)

K 6lrt-t-1

dt

^m=t) 0 - r,t)

This equation may be written also in the two equivalent forrns: Ê

(33)

and

(34)

dt iK'6lr)
K$htt(r-t)

1.-io

I

I
dt : /{(n/t i- iK'(^h)

R6h)2 K(r) (l-4 _ rzt)
0

Finally wo found. the following result:
THEoREM 2. If z - rei\ is rn tke equ.q'

tion f((): (P( + úf0), aken f s, o^ uerifu
the äqùøtion iSS¡ or'(34). The ext be e formul.ø

I K(r)

t"ã; "nz 
I -¿< ({r) 

1

2 I{(r) )
0

dt
w a

^,!t1z-t¡(t-2t)

f.et D1, be the image of the unit disk l(l <
image of the disk l(l 1r by * : 

#

I by u : Í(() and d., be the

, where /(() is a function of

the class S.
We found the following geometrical meaning: l(l ( r is the largest disk
whose image d', Ties entierly in the domain Dr, when / belongs to the
class S, i.e. :

d, C D,, for "f = S.


