
}IAI'HEMATICA _ RÞVUE D'ANAI]YSD NUMÉRIQUE
ET DE 1HÉORIÞ DD IT'APPROXIMAI'ION

L'ANALYSE NUMÉRIQUE ET LA THÉORIE DE L'APPROXIMATION
Tome 13, No l, 1984, PP. 45 - 5ß

A CI,ASS OF GENERAI,.IZED SZÃSZ OPERATORS
AND THBTR CONVERGENCE PROPERTIDS

by

ELIAS ÙÍASRY

(San Diego)

1. Introduetion

szász [10] has shorvn tltat for a finite function/(l) defined. on [0, oo)

and having a suitable rate oT growth as l*co, the operators

,(1) s.(f, x) : ,*ä4Ð +, u > o, x > o

,converge, as I'dà ør, to f(x) at each point t: x > 0 where /(l) is con;
,tinúous. Jakimovski and I,eviatan [5] extended the szász operator (1)

to a class of operators J"U, ø) (see beiow), generated by the Appel poly-

nomials, and established. their convefgence as Lt'-r'co to real and analytic
functions f .

,l,he pnrpose of this note is to introduce a broad. family of operators

P,(T,x; A, G), which includes the operatots J,,(f, x) of [5], establish

their convefgence properties ancl obtain estimates on the rate of convef-

gence. fn addition, lve provide an application of the new class of operators

to the problem of signal reconstruction from qtanlizeð. noisy data (Masry

and Cambanis [B]), The convergence properties of the new class are stated

in section 2, fhe.application is considered in section 3, and the proofs

.are collected in Section 4.
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2. Thc Operalors P,(f ,xi A,G) and Their Convcrgcnec Properties

Let

(2) t1(z):Lo,r", G(z):ir,r"
be trvo analytic functions;;" disk lzl < R, R 

=:", "nu 
stlppose A(l) + 0,

G(l) + 0. Define the polynomials þ"(x) = 1¡,(x; A, G) by

(3") A(z) e'ckt : i P,,1*¡ ,", x > 0.

These polynornials are called, "--rio"", sets oï "A-typezer-o" (Shel'Ïer [9]),
"ger.erãlized Appel polynomials" (Erdél5'i [4, \ro1. 3 : Chap. 19] o1+
"Sh"ff"t type"^(no.Ã and Buck [1, Section 10]). To each {unctiot f(t)
on [0, co) associate the operators

lvhiclr are bounded, on [0, oo) such convergence is assured by Korovkin's
theorem V, !, 6,1 provided P,(e¡, x)n e¡(x), as x!,+@, for c¡(x) : xt,j :0, 1, 2. We have

PRoPoSrlroN, Pu(c¡, x)-, c¡(x), j :0, l, 2, cts It >@, if ønct only if
G',(l) : 1.

Note that since G'(1) { co by (2), t]ne condition G'(l) : 1 is nrerely
a normalization for G(z). The convergence of P,,(f, x) to'f(x) is given in

THBoREM l. Let G'(U,: 1 atcd. suþþosc ttt.øt ll7)l < ùI exp-(1tt) on,

[0, oo) for sonne constants M > 0 ønd p. ]'0. t¡ ¡p¡ ií òóntinu,otts ãt i : xo,
nnly &¿ x : xo lo f (x).
e at a point øo is due to Szász [10]

9 i,:¡= i:(?"i,î:l'13L.li;då3 ;
we have 

uniform convergence over the set ,I),

_ -c_ot^ol,Lanv f, in ødclition, f(f) is continuous on thc finite interunl
lo, bl, 0 < ø < ó < æ, then, &s .u1 nt, P,(f, x) conuerges io f(x) unifor-
rnly ouer ln, bl.

Whcn G(r) : z, Theorem I rvas proved in [S].
_ . -under stronger conditions on rf u'e obtain the uniform convergence oI
P"(Í, x) to f(x) on [0, co).

'r'HEoRÞM 2. Let G'(l) : I and suþþose thøtJ(t) ís continuous on 10,ø)
"rrd ,]lT f(t) exists. Then P,,(f, x) conaerges to i(,i), un,iformly on, 10, æ)',

Q,S U + CÐ.

When C(r) : z, Theorem 2 was proved in [5].
Next r,ve obtain explicit bounds

on the compact interval 10, bl, by I
of (3) with the aim of ex
functions A, G generating
ral theory on the degree
sequeüce of linear posltiye ,operators (see, for example, Devore 12, þþ
?8-2.91 for functions definedbn compact intervals aird Dittian tdl' iå,
functions definecl oq [0, oo) or (-.o,-.o)).

lHEoRÞM 3. Let C'(l) : 1.

(a) Suþþose f(t) is uniforml,y continuous on 10, co). Then

(5) lP"(Í, x) - Í(r)l < 2a(f , a,,(b))

tlTtifgyrnly_in x oucr 10, bl,0 <b <æ, uhere.(¿ S) is the mod.ul,us of con-
tinuity of f on 10, ø>) ancl

(6) 
"1,(b) 

: bLt + G"(t)t ¡ a9;! !)

(!) suþþose lfþ)l < M exp tøl ,,,, ;";, some constønts M > (t,

¡r>0. Let I:10,b1,0<å<oo, ønd'Ir:[0,b-nl .fo, solne
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(3b)

P"(f , *) = P"(f ,

,-utG(l)

X; A, G)

@

DU@lu) þ*(ttx),
h-o

u>0, x>0
A(1)

The family of x ; A, G) bY the trvo
functions ,4(z) In the sþ z, P,,(f ,- x)
reduces to the r) studied viatan l5l'
'l'he Szász ope orresponds

It is seen from (3a) and. (3b) that if l(l) has an exponential growth,
lJ(r)l < M exp (¡rl) on [0, oo)'for some ôonstants M > 0, ¡r 2 0, then
P,,(f, x) exists lor x > 0 aud u > ¡t"lln R.

A sufficient condition for the operators P"(Í, x)
[0, .o) is that the coefficients {ø,} and {.¡,} in (2) are
can be seen from (2) and (3a) from rvhich r'r'e obtain the
expression for the SheÏfer pol1'nomials þ,,(x):

,t

(4) þ,(x): ! [>oo. ^(k, ..."(0,71,, x > O, to - 0, 1, 
,

rvhere the inner sum extends over all sets ol integers {h¡}tr:o satisfying
h'o > 0, hj , l, i: l, ..., i such that Ðti:s h,¡: n' Hettceforth lve shall
assume tÉat the seçluences {o"}, {t,} are nonnégative so llnal P,,(f, ø) isa
linear positive operator of the interpolation type.

Our first objective is to find appropriate conditions on the analytic
Tunctions A(z) and G(z) oT (2) rvhich ãssure the point-n'ise convergelce of
P,(f, ù b'f(x), ãs l,t'+.oo, at points of contint-rifi of f. For functions /
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0 < 4 < b. I"f Í(t) is cont'ínuous on I, then

(7) lP*(f , ù - "f 
(r)l . 2.,(.f, o,,(b)) + ","(:) | 

ollu'z)

øt,niform,I_,,-'in x oaer 11, uh,ere,or(,f, 8) 'is the rnod,oth.r,s of contí,nr,tity of f on I,
"::,(b) 

tts im (6), tløe constønt K¡,c'is giuen by

(B) Ii¡,e : !¡lrt,,' + 3i: l/(4lltl + c"(l)l

anrl O(llu,z) is wniform in x ouer Ir.
Note that Paft (a) of Theorem 3 irnposes a severe restriction on the

growth ol f at infinity, but provides a sirnple bound in terms of the modulus
of continuity of -f on [0, co). On the other hand, the rnore complex bound
in Part (å) given in terms of the mod.ulus of continuity of J'over [0, b]
plus "correction" terms, is derirrecL under weak assumptions on the growth
of f at infinity. We also remark tlrat h obtaining the bound (7) of Part
(b), r'r'e sought to deterrnine the depenclence of the first trvo significant
terrrs oI the bound on the function f anð, on the farnily of operators
Ir,,(f,^;; ,4, G); hence our explicit determination of the constant Kß,
OI course, asymptotically as u,-_cx), the first ter:nr 2a,(f, ø,,(b)) is domi-
nant.

\,Ve tinally lernark that arnong the family oI operators P,(f, x',A, G)
und¡e consideration, the Szász operator S"(J, ø), corresponcling to A(z): l,
G(r) : z, gives the smallest values oT æi,Ø) and. I{¡,c (cf. (6), (B)) and there-
lore the srnallest bound of the form (5), (7). tror tlie Szâsz operator
S,(f, *) bounds of the form (5), (7) u'ere first given by Ditziau [3].

3. -lln .{pplication

It is well-knou'n that a continuous function J'þ) on (-.o, oc) cannot
bc reconstructed from its sign, sgn[/(l)'), -rn < t < cc; this is duc 1.o the
fact that a signurn operation retaiirs only the zero crossiugs information
abont J'(t) aú the latter does not determine /(l) even rvhen l'(l) is analytic
(see, for example, 'l'itchmarsh tl1]) The addition of "contarnination"
to .l(t) prior to the signum operation improves the sittation as shon'n by
Masry and. Cambanis [B]. Ifcre we employ the class oI operators P,,(J', x',
A, G) cousidered in Section 2 for the reconstruction scheme as follo.¡,s.

I,et {X¿} be a seqtlence of independent idcntically distributed ranclorn
v¿L-.iables rvith distribution F(ø). Add {X7,} Lo sarnl.iles tÍ'(nlu)} oIl'(/) prior
to the signum operation l-o obtain the data set

(9) Z¡,.-, sgtr lJftlu) l- Xrl, å -= 0, +1,
tt'ltete u, > 0. For thc sakc ol sirnplicity of ana1l'sis u'e sira11 assumc that
(see [B])
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(10,) ù f(t) is unlformly continuors or1 [0, .o) such that lÍU)l < À,1 lor
all t > 0 where M is knoivn and finite
lrcU) l,l¡ The distribution F(r) of the "noise" jX¿) is uniforru o:,er i- tr|,fu|).

Given the data set {Z¡}f,:s, estimate f(t) on [0, co) by

(11) î,,(r): MLh¡,(ut)Z¡,, t > o, u> o
À:0

where

(r2) tlp(x) : # þo@), x > 0, It : 0, r,

is tlre kernel of the operator P"(f, *) considerecl in Sectiou 2. We shonr

that as u+cx), fi11¡ "onr,"lges 
in quadratic mean and- r,vith probability

one to/(l) . Note that no such convergence is possible in the absence oT the
"noise" {Xe}.

'-ì.'Hr1oRr1ìr 1. Unclcr assumþtion' (10) on f ønd' {X¡,} an'tl tlt,e nssr,t'mþtioro
G'(1) : I on tl'te generatin'g function G(z) of (2) we haae for cvery t > A
ønd, u, ) 0

Elf,,(t) - f\)l . 4^'(f . o,,(t)) 1- M'exp (- 2cn¡u"t) Io(2'u^¡",t)

luhele "8" is tlte qxþectøtion oþerøtor,.(¿ ù) is the ltt'oduh't's of continuity
of f on [0, .o),

4
5

q

l

N
o
Iql

u)

(13) a2(t\ : + G"(l)lt
u

Io(x) is th'e uood.iJ:ied Bessel J'unctiort, oJ'the Jirst h'ind' of ortlcr zcro &nd TnE
is th,c Jirst nonzero coeJfic'icnt of the generating function G(z).

Siuce 1u @) : (e'lJznx)(t t O(tlx)) as x+co, (Erd'élyt 14, ltoL' 2:

1. 36l), lheorem 4 impiies that j,(t) converges lo J(t) in cluaclratic lnea-n

as !,t,->cr¡ for every I ) 0. In palticular, fot f eI.iP ", 0 < v- < l, on

[0, oc) rl,c have

(14) Elî,(t) - f (t)l' - o(u- ruiu(ø' 1/z))

uniformlf in I on compact subsets o (0, oo)

the convergence ii quadratic mean oI Theorem 4 can be streugthcned
to probability one convcïgencc as in'rotrtor.-.ì.i 

Let f(t) be l.ip a, O 1a 11, on 10, cn) t,n'tl (LSSu'nl'e. 
-10(tt)

øniL G'(I) : I to it'oìtd. Theú for eøcÌt, fixed t = (0,a) wt: ltctur: iuilh' þro-
babtli4' ott'c 

nolî,(t) - l(t)l-, 0 øs ,r,.+cta.

for all, 0 satisJ'¡rirtg 0 < 0 < ll2 :¡rrin (a, ll2).

4 -- L,'Jlrrll'sc nrttni:ri<1tte cl la tlróoric dc I opproxiuation - 
Tomc 13, No. 1 l'gBJ
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Theoren 5 implies the convergence of î,Q) t"_ l-(t) corresponding to
almost ever)r rca7izàlion of the "noise" sequence {X¿}.

o
I

since G'(1) : 1 In a sinrilar fashion

{2.4',(r)[G',(1) - | + A(1)iG'(1) + G"(1))to(tlu))

,,1(1)t1 -F G"(1)) { xo(rlu'z).

Finally Sr: Io(lluz) and the result follows' I

Proof oJ Proþosìtiotø' It is clear from (3ø) Llnat' Pu(co' x): co'

Nolv
'- rrr6(l) a

f',,(e,, x) : !,j,tlpunPt@x)

and. using (3ø) nr the rnanlrer of the proof of Lemna 1' s'e obtaiu

)',,(cr, x) - G'(1) - - #,'
SimilarY

P,,(r,, r) .:'r# î u' f,,(u*) : ffi )

+ Ê"!Ypl#, ! x2lG'(r)12.

IfenceP,(e¡,x)-,e¡(x)Iorj:0,1,2,^sl't,_.tcc,ifandorrlyifG'(1):1'll
prooJ oJ Tttc,trc:,,r t Uncler the asst''ptio_rr l/()l= j{ "tp^(*t), 

P"(f , :u)

exists {or I > Cl ottá i > wlln /l' For an¡' ¡ > 0 and x > 0

tp,,(J,t)_ lo) <""'G('\) { I -r Ð lltl+l-J@)lÞu{"')
,rol - [l l -l-' ìl 'l" u,} ' "''

(16) -s1 *sz,

f 
'3i'<28

rn)l<

(17) t,= t4; iP¡,,¡: "'

Iior estinratiilg .S2, 7cf u, > ¡r/ln R and. ilote that for ø satislying lx - xol <8

l¡f ¿l --/(") J < Ml(ev't"¡t' f crr(r"-ro)1 < Mll a cu("+o)l(cur")t'

l- \u ) |
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q-'t¿2-
1(.

)'

1/.

/r. Proofs.

\\/c need the following lemmas.

LDrrì,rÄ l. Let tke Str,effer þolynonuials þ"(x) be g'iuen by (2), (3ø)' For
jej < 11, u> 0, an,d x > O ue lt'aae

g : ¿-urG(zyË tU - ux)z þe(ux) zh : uzI{u(x, z)
lt:0

uherc

K¡(x, z) == xzA(,)[1 - zG'(z))'z

(15) + !:,, {2A',(z)lzG',(z) - 1l + A(z)lG',(z) ! zG"(z)l}

¡ !_"¡2A,,(z) _l A,(z)1.

PrutaJ. Expancling (,ä ux)z in S and using (3ø) r'r'e obtain

S -:.: ''' l,lqr¡,',,rra1 ¡ (1 2tt,.u) r't-lA(z)c,tc(òl1- (rtx)zA(z)cu^c(")
¡l:2 ' ¡r -

ancl thc result To11ou's by differeiltiation and collection of terns. f_
i,rirrv-! 2, (in'd,er the assttmþtions oJ Lcnt'nta 1 and' G'(1) : I u'e I't'aue

.fo?' t'r,cr1, p. > 0, x > 0 thøt

I(¡,(x, cvt') : :l) [1 + G"(1)) ! o(Ilu'z)

wÌtere th,c O(llu'?) ternt' ís uniforur"in x oaer com'þact intcrurtls'

Proof. I,et z - ct'lt, in (15) and r'vrite

IK,,(x, cr"l"¡ : Sr f S, * St

for thc 3 ter-rns on the right-ÌrantL side of (15). From (2) rve have for"

u t p.lln /ì that

AØ)(cpl'): ,ao,r(1) )- O(Ilu) t ,. _ n ,

Ç\n)(cv,tu):Ç(n)(l) !O(Ilu).1' " - v' L' " '

'l'hcn

t, -::Y,ltì,+ o(1/rr)l tr - G'(1) + o(rlu))'z
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jso th¿tt
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1n

I
IIence

j1,,,' iiur-' -- c I"l ( À,, lr-P," - e-,"1 1- (1 - 4,,) c-l'
t, =#, il f ør't'.+o)le. tctcll) D (eutu)tt þ¡(u:v')

= ,.*-L- [l f ¿r,(,.r-o) ) s-utctrtË (r,,r"¡o (i, _ .r), lr4,*)

< -'L- [1 f øut',+o) ]øù(r,rô)tc(evtt¡-.c¡t¡1 l{u(:vo r¡ ,\,et,t,,).t (t) E, '
-uvirere.tJre last inecluality lo_l]o1v¡ b¡, fenr.ma 1. As exp{u,(x,, ¡ ò.)[G(eut9 _
,- G_(1)l.l-cxp {p(ro + ò)G'(1)} as u;+co and I{,,(xo^j ò\,"au.ru¡ 

'i 
"'oorí.¡,lr-r- I,emrna 2, *'r h¿rve, uniformly in r satisfying lx -,r,0¡ i o*, that

Sr: O(rlu) < e

-'lr-¡i strlÏiciently large w.'lr.'e result nor,v follo.rvs fronr (lG) rud (17) . l]
l,)roof of Th,ectrenr. 2. Dcline, as in [5.l the function

so tlrat bt' (19), ll',,(Qn,, x) -
[0, "o) ancl the resuit follor,vs

(t -l I r fr -4,,)-o as ¿¿+co,
lB, ,l

Qr@)l-n 0 as l(,-'co tlnilorurlr' in r ovcr
Trom (18). I

Proof of 'I'ltcorent, .i. (a) The argurnent herc is straightlorrvard : Sincc-

.f Ø is uniforrnl)- continuorls o11 [0, "o) rve have lor 0 < t, r 1cn ancf
1or cvery ò>0

i.f(t) --/U)l < {t r lt---u',c,(/, À)

and as in the classical argument for lunctions defined ou a cornpacl
interval [2] l'e ]ravc

ll',,(.f, x) - J@)l < 2 t:(f, o,,(x)), 0 < r <co
rvhere 

"?,(x) - I?,,((t, -- x)", *). By (3ö) ancl I,ernma 1 u.e iincl

(20) ,.i(r) "'.(]1,') :'[r I c"tr)] + 1'tt)---.1-')-
A (t) rr . t (t\tr¿

since G'(1) : 1. Thc result norv fol1o*'s.
(ö) As / is continuous only over 1: [0, Ò] all arglllrÌcnt oi l)itziar:,i

[3] shos's that l'or x - I.CI, t e f0, co), and ò > 0

tJ(t) -1Þ)l = lr a-{ |o,,(f, ò) l- ¡llll -F Ã,rtt¡tt r2
| - Lr 

, ù, l'"rtY, "r 
| \lr,/ll , 

,,,

."vlrere lllll : nrax,.r,lf (l)1. Hence for x e It,

lP,,(.f, x) -J@)i = ll *#|c,,(l; s) ) +ø.1(t;) l_'t|r,,1,"(t - t;)2, x).'

(21)

Using I,emma 1 r'e J'incl

('¿2) p,,(cr¡(t 
- ï)r, ,) - 

/r'"''y:")t I{,,(x, cv.t,)
,l (1)

lor r > 0. f,etlnra 2 gives the asymptotic behavior oI I{,,(x, ettlil) as rt.+
-¡ co. Wc neecl an cstimate for rate oT convergence ol ex¡t{u,xlG(ct'i")

- G(1)l) to e--ip(¡,r"r,) ãs ,tr,-¡ 0: Witli L,,: :l,\G(evt,,¡ - G(1)l rvc fincl b¡

(2) tt.at A" > ).jí:.1 n^y,, -= G'(1) :1 and that
@

_!r\r
r\ u I < '^. )_', n2 ^¡, ,trP lu - O (l ltr)

'll lt:I

þ
--r > ô(

{Þ(r) : 0<r<l
x:0,

:l:

hmJ@,
l-a

'ù(x) is continu.ons on [0, 1]. ]Ience, for every e ] 0 there cxists a polyno-
nia1. q,(xJ :)[o c,x' stTch that lO(") - q*(x)l( e for 0 < x < 1. ]IenceÌor{)*(t)-rt*(e-,) rve have lf\) - ?"(41 <" for.0 <I<,:c. Norv

{l¡j) lP,,(/, x) - l@)l < lP"("f, x) - p,,(Q*, x)l I lp*(Qn, :u) - Q_@)l _l

i lQ.@) - "f 
(*)l < 2. -f lP,(Q*, x) - Q'@)l

sirrcc lP,(f , r) - P,,(Q,, x)l < P,,(t, x) sttpt>olf(t) - Ç,(t)l < e. I{encc it
srrffices to consiclct the uniforln convergence 'oi' p,,(8;,' x) to Qr@). llyiinearit¡' of the opcrator P,,(f , x) and (87) we have 

''""'

P,,(Qn, r) : ): c,Aþ-t1", e-1+1[G(t)-G(c-tlu)].
ilo A(1)

kVitlr 4,, : A(e-u.)lA(l) and þ, = '! tc(l) - G(e-rtw¡l rve har.e' t'
N

{19) P,(Q,, x) - Q.@) =: Ð 
c,l\.,,e-øut' - e-t,).

,l\Tote that lty (2),0 ( 4,, < 1 and 4,,-o 1 as,u-n zr; zrlso,

0 . þ, < ),i:,,t1^(,: G'(l) -= 1 ancl f\u-o G, (1) =.- i Lr.s ,Lt-->ct)
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I{en ce

le^uu' - ¿ttrl 3 s^,v' V.x(Lu- 1) : O(llu)
.rrniforrnly in .ø ovel cornpact intervals. It thetr fo11ou.s b). Juernma 2 and.
(22) that

(23) P,,(c:r,t(t - x)r, x¡ : iI I c"!l)l x l''" I O(Il,tp)

rvlrcre the o(llu:) is uniforru in ø ovcr compact irrtclvrrs. ^\orv þy 1291
i23) arrd thc choicc 82 : a?,(x) in (21) rve hãve for. .r r /r

have

þu(ux) : ; i 
e-ih A(eit') eerc(êi\) d^

It then follows by Parseval's theorern and, (12) that

*n(27) 
.þ,r,,øU: ; i ,#i e-2il,'.etc(1)-c(,'À)r c1À

Since
lP,J,l, :r) - J0)l<2co,(f, ""(x)) i
ancl t-he result follor.vs. ¡]

{z 7t r,, +l l/ll I t1 J- c'(1) l [;)] + ott,Ê) @

RetG(l) -G(etxll : D ^tull - cosøtl > y,"(1 - cosøo À),
,r:7

ProoJ oJ Tlt.eorun 4, We first note that the scric.: (jl.j, ilelining the./
ts'rlmatc f,,(/), convetges in cluadratic rncan ancl u'ith ìri'o1t:rbilily o¡e since
Llte Z¡.'s arc indepc-nc1ent, Elzil- 1 and zf,-.h,?,þ.rx) < r (rs sh,-ru,n belorv)
(sec, Irrl cxample, T{au'ata f6, llhcorerrt 12.4.21).' No

^A^i¿I) ElJ,,(t) J(r)1, .: (Bias lJ,,(t)))" J- \rar t/,,(r) I

"vhere -i,, is ^the first nonzero coefficient of Gþ), and lA(rn^)i < ,:t(i) ive
have fton (27)

--
7 , tti(ttt) < (1lh) cxf (- 2uy,," t) [ "^1, 

(- 2tr^(,"1crrs r¿07.) .1¡ -

fln r' / - \ t J -
-fr

: exp (- 2wyu,l) Io(Zoty,,"t)

]I

and by (26)

(28) Yar lf,,(t)l < M' exp (- Zwyn"t) Io(2u"¡,,"i)

itlz,il : i¡ \ sgnlJØllt) f 1tliy : 'Ì'lrc rcsult norv follou,s by (24), (25) ancl (28). [.
Proof ctf Tlteorem 5. l*ollor,vs in the manner of the prool oî 'i'hcoreilr

4.3(a) jrr [ìì.',r'c l.iai'c 1-ry (11)

EIî,,(t)l : lt, /(t;lr) h¡,(u.t) .: i,,U, i).
h. .o

i,t tircn I<.,l1ori's ity i'heorenr 3(i) that

(11.5) lBi.,s tÎ,(4 11 =,- ¡1),,(/', t) -- f (ùi < Zdt(J, :r,,(r)¡

'r,ircr.c. 
"::,Q _i? givcn in_ (t-B) i{ext yarlZ¡l: EIZ?,) - Uilzil)r: 1 _- 'í(hlu)lM l, < 1 for a1i /¿ > A. L{encc by-1tt¡

r{Dr¡rr)1rrì}ICtls

æ

Ii. l] o ¡" -", lì P. ancl ll t c k, .tì. C., Polyulu:tial, E)vþcLilsioils of Attatyli.c i;'zrrrllors, lìprin-
fl.'!Ìr-\/erlâg, llerlin, (196.1).

f2 l D e v o r t', R. .A., Thc Aþþro:vitnation o;f Contiu.r,toxt,s FLuictio)t.t b.,, i'tstlíut. Lr;rcay
Aixrctlors,Sptiirgcr-Ver1ag, Berlin, (1972).

[3] ìf i t z i tt tt, 2., Conucrgcncc of seque n.ces of liitcnr þosifr.ue oþcyoto.:'!ì : !ll:rq.ylic anil aþ-
þlicutiotts, J r\ppro:<irnatiou lheo-ry, 14 2tG-3O1.. (I975) ,

I il f:l I t1 ó i -¡ i, ¡t., Dd., IJigher Trønscc¡tdcntal .[ìuncliotts, Ì\fc(]rnn-l--lili, iicI. -k (10ã51.
:5.1 JaliirirovshiA. an.Jf,eviatLr:n,D., ()eneralizetl Szci-sz o.þtjatùi'sJùi cr,þþro:vi-

nt.Ltio¡t in, the in,fittite interual, ÌIathematica, l,j, 97 - 103, (196Ðì.
[6] i( a 

"r'a 
t a, T , Fouviey An.alysis i,n Probabitity Tltcory, Ac¿denic Ple.r.;, lil'¡rv York,
(1e72)

!71 Korovkin, P. P., L'incarOþeratovs anrJ Aþþrox'itnatiort. Theory,Ilinclustr-,r Publishiug
Corp, Delhi, (1960).ancl

Var lf,,(t)) < M, Ðk-o
l'Ln ut)

\\'c estimatc thc sr11n in (26) as Îollo*.s : B1' (3ø) ri.ith z - ¿r:). .u"
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Deþ&Irnettl of Elcctricctl
Dngìneering aøtl Com.þu.lt.r Scien_
ces, Uniue rsi.ty of Ca.lifornia,
San. .Diego, Lo Joila, C,,1 920%:

U.S A.
AI,GEI]RAICAI, STRUCTURBS IN THE NETWORK

THI')ORY
1>y

VASII]I,) TETEANU
(Cluj-Napoca)

A network is defined as. being a finite, directed., loopless graplì i1r
rryhich each arc has an associated rneasure. 'r'he measurei associatè.l tothe arcs belong to a certain algebraical structure. The existence of a'
one-to-one map .between a netlvork and a square lc_
ments tlie associated measures of the netwoik, n unof all. important class of problems from graph a1r
algebrical language. The number of probleri.rs i,el is
1arge.-lr'he.n the algebraical structut" îs very ge1leral.

'rhe lirst rnatricial representatior of a graph had a boolean charac-ter."lhe elements ø¡¡ of the matrix.4, associatéd io the graph, are clefinecl,
as follorvs :

atij
1 if the arc (i,i) exists
0 if it does not.

- ^. 
T4" subject ttnder discussion refers to geueral algebraical structureÉ,

defined axionratically, which constitute meaðtlres for ãhe arcs of the net-
work in the broadest meaning possible. The measure of a path of the
netrvork is definerl as being given by the product of the ri.easures (irr
the algebraical strncture r''eãning) attached tb ttre arcs which rnake the
respective path.

'l'he first rvho cleiincd an algebraical strllcture axiomatically arrcl
'r'r'ho used it for the study of pãths in netr,vorks r,vas crì.. c. r,rorsrrj
[13.] i' 1960. His papel is the basii of a' actual "waterfall" 

"f ¿"";.;1i-zations and st.dies ancl the recent articles [1], [g], L2gl, [27] hãr,e pro-
ved that the subject ttnder discussion has noï tj"é" ã"Jt ìvitl exharìsti-
rtely.


