
}IÀ'IIfÞMA1'IC¿\ RDVUE D'ANAITYSB NUI{ÉI{IQ TD

ET DE THÉORIE DE IT'APPROXIMATION

L'ANAT,YSE NUMERIQUE ET LA THÉORIE DE L'APPROXIMI\TION
lorne 13, No l, lÐ84, pp. C5-72t

a

r_,p - AppRoxrMATroN BI¿ r,rNEAR coMBrNATroN oF
INTÐGRAI{ BERNSIEIN-IYPE OPERATORS

by

B. V/OOD

(Tucsou)

l. Introduetion

May
bination

[5] and- Rathore [6] have described the follorving linear com-
of a secluence, {Kn}, of positive linear operators:

h

L,(Í(t), h,, x) :Dt(j, h.)K¿,"(f(t), x),
,:0

dL, ...,d.p are h + | arbitrary, fixed and distinct positive inte-

(1.1)

where do,
gers arrd.

(1.2)
k

c(j, t) : lf. . 
d' 

-i:o d,r _ dr
i+j

k. + 0, and c(0, 0) : 1

Recentll' Sinha [7] proved both direct and. inverse rcsults Ïor approxi-
matiorr in the space, Ir(1) (þ > 1), ol þ-th power febesgue integrable
functions ou the interval 1 : [0, 1] by lneans of the linear combination
(1.1) oI the wellknown Bernstein-Kantorovitch polynornials.

Durrmeyer [2] introduced- the following integral version of the Bernstein
polynonrials:

(1.3) M,U(t), x) : (n + r)äþ*f.l\O*Vl Í(t) d.t,

rvhere Þ,,(x):li)*tr- x)n-o ro, 0 <x=01 .rrd. 0 <a <n,. t)erri-
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(1.4)

whcre \\'e \\:rite

u'ith

.>

ennic il] obtaiued interesting results concerning both uniform and-
Z,-approximation by (1.3).

The purpose of this paper is to determine degree of approximation
in Lr(I) by the linear cornbination (1.1) of operators (1.3). Therefore, for
J = LtQ), 7 < :Í, < co, otlr approximation method has the form:

À

L,,(f(t), h, *) :Dt(j, tt)M¿.,,(f(t), x),
j:0

À,t,,(f(t), x) : H,,(x, t) f (t),1t,

ønd
(2.1) X[,,((t - x)tj, x) 3 Crn-i,

wltct'c tlte c.onsLøttt Ct deþertd's orr, j but is in,deþend.ent of x &nd t1'.

r.llìfìI^r\2.3.For eaery r>O and' xeI,
(2 5) M,,(lt - xl', x) < Crn-'tz,

wltcre thc coltsl&?tt C, deþends on r but is ind'eþendent of x q'nd r'.
Proof . Choose a-positivc integer 7 such that' 2j > r' Using Hölder's'

ineclualit,v, (2.2) and (2.4) rve have

i 
, - x,rr,,(x,t)d,t<(: ,, - t)zt tI,,(x, rot)'' 

'(\,u,r. I rl2j

(1.5) H,,(x, t) : (r, + l) | p,,,(r) p,,,,(t).

ï"re clerir.e a g1oba1 estimate in terms ";trr" higher orcler integral modrr-
lus of smoothncss oT the function being approxirnated.

2. Ðcqree of Approxintation

- !"t- li._il, denote the y'-norm in 1 belor,r', \\re denote Tty ct2¡,rr(f, .þ,.),
l? - 0, l,2, ..., 1 < þ {"t, the 2h f 2 order /-moclulus oI snrootiiucss
oi / on 1 [8, p. 103].

'r'Iliol{r,)rl 2.I. If Í= L¡(I),I <þ <ca, llt,en, Jor øtt søtfJ'ic'ientt¡, la,rgc rt,,

(2.1) llL,, (J, h, .) -.fll¡ < Cp,r,(n-th r') ll/ll¡ + o¡znrz(J',Þ,n-rrr¡

zeth.crc tlte cotosta.nt cp,* d.cþend.s on J¿ and þ bwt is indcþendent oJ'J' and n.
the rnethod of proof is to first

of LII) (T,emma 2.5 below) and then
the degree. of approximation h Lr(I
of Sinha in [7 ]. In particular, the
closel¡' ideas developed in [7]. wc recltrire the Îollorving lemmas.

t.r,tnr-+2.2. lll. I,-or x,t e I, l < þ <cr:, i : I, 2, ..., and. n :
== \, 2, ..., ue h.øae

1l

(2.'2) i u,,(*, t) (tt : \r,,(*, t) dx : r,
00

(2.3) llM"(Í)llt, < llfll¡'

ùd,t <C^n-'lz

r,rillrr:\ 2.1. lìor a : I, 2, ..., 2h' ! 2,

(2.6) sup ll"((l - x)", h, x)l - O(n'tt'+tt¡, n'-'ú),

tut,d

(2.7) L,,(1, h, x) : l, Jor x '= I ctnd tt':7, 2, ..

Proof. Itfoilou,sfrom [1] that, for each x = I and each a : 1,2, .,',
M,((t - 

-:u)' 
, x) can be expressed as a rational function in ø. 'I'hc clegrrrr'

of tire nuincrator is less than th.e degree of the clenominator aud clegrce
of both numerator and deuominator depends on u. 'lhe d.errotlritlator js

indepcndenf ol x and has distinct irteger roots. 'I'he coelTicicrrts oI the

1rollirornial in 11, in the numetator are polynomials iu ,r ol clegree .at
irrost u. IJsing partial fractions and (1.4) u'e obtain pol1'nornials ø,(x'¡
oT degree at móst u and distinct itrtegers c¿"' s - 1, ..., g(u), such that
Tor- ,¡ e I, u: l, 2, ...,2k +2, and all ø sufficíentl1' large,

h cþ)

L,,((t - x)',it, r') :Ðr(i, tr)Ð#;:
cþ)Ø,.À

- Ð,"(,)Ð å n'U, tl d t'.t tt.

'l'lre result (2.6) norv follows from the above, (1.2)-11c1 15, þ. 12'28]' \\rc-

obtain (2.7) fuom (1.4), (2.2), (1.2) and 15, þ. l229l.
For 1 < þ < co let L{fr'vz¡ (1) denote the space oT all functions ./ =

= L¡(I) such that the fiist 2tr, l- I clerivatives of f are absolutcly con-

tinná.ìs and fen+z¡ = Lt,g).Our fi'a1 lemma co'cei.s apptoximation iri
l lrc slracc L(;t' r'¿) 

Q).
LrlrrrlÂ 2'5' If 1) > | and' f e Ltfn+zt Q) ttøen for alt n' sr'(f iciar't'tl'¡t lørge '

(2.8) jlL,,(.f , h, .) - f ll¡ < c.-,(/'+tt,,l.f (2r)2tll¡ f il/ll¡),
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uherc C, is ø consløu,t wloiclt. dc.þends lrL h &nd þ bul is'i'ndeþend'ent of

f and n.
' 

-' 
if Í = Lr(4, f trøs 2h + 1 cleriuat'iaes on' I with Íeh) abs7l'utely con'-

t'intt'oít's" o't' I'à'tt'¡tot't of bouncled' uøriatio'n on I then'

(2.9) llL,,(f , h, .) - .fll, . cli'**t) 1¡17tzt'r+tr¡l¡.r,. trr .l- lll('/t+')ll, + lllll'),

wlrcre c[ is ø constant altíclt, d.eþencls_ on, h bttt _is ind,eþenclcn't oJ f øncl n"

Pråof. Ass'me þ > 1,. \^or-x e 1anc1 t e I, ivith the giveri ass'mpti-
o11s on /, I'e can r'vrite

2h+r 
I

fU) _$t¿- "l'¡ot(x) i _L - \(t- u)ztr''r lekt2t(u)dw.

'u., 
n":", :J ol.r,, 

\'.t ' ¡zn 1 qr r

r.,,U, t;, r) - Í(x): ä Olf..nci, h)M¿ ,,((/ r)', :i) f

It lolloiÌs I'rom Fubini's thcorem, (2'2)' aucl [9' þ' 2441 LhaT
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5

,/ < (const a.ot)tt-,',"(j 
5r,Ur" 

Hn(,,t)'ttdòto <

(2.11)

< lcollst:.ttti) ¡¿--(/' tt) < (constant) n u'rt) llÍ(2ht2)llþ(\ ,,,,," .)
rlþ

Using (i.2), (1.'1) and (2.11)'

(2.12) Il)rll¡ < (constant) n-\n'ttt llJ()k+2)llþ'

Conrbirrirr¡1- (2.10)' (2.1'2) anð' rrsiug 13, þ' 5l' rvc obtairr (? Sl Notc that

thc corista'ts o* tr," ììãírtlr"¿ ti¿? or'cstirnatcs (2.10) a'd (2 12) clr'pencl

ou À and. y'.

l{os, asstLrl rc þ :- 1 ancl X is the char-acteristic Îtinctiolr oI -I' With

trr" gìi,ä"'"r...,-r.päi""s on / we can u'rite, for a1'rost aII x = 1 ancl ali

2k)111 ..,\¿ , '

il,) i:;"'-, ,l' 1tt1x1i .,, ï \u -'r' 
t ¿1\'ztt t\('ia)'

'iiie prool r¡1 (2'9) proccccls exactly n' tn^' ol (2'S) ' except thart. we

estimate
ft lollorls frorn (2.6) and 13, þ. 5) LhaL

(2.10) ll>rll¡ < (constant) n-tt'+tt ' (lll('?/i+1)llr, T lllll¡).
ln orclel to estimate ), N'e first estimate

ll rit t \ìl

il ^,,|. i) 
, _rat,* rt|a*.ztlra) tr*,, "lll, /, say

I.eL lr, denote the Hardl'-I,itt1el'oocl majorant 19, p' 244) ol .f(zr'+z\' Using
Hölrlc'r's ineqtr.ality and (2.4) rve have

,llt, - a)2k1'tÍt2h zt(w) d.zu dt - Lt -l-)r, say

(j

(t "^ ulzn i | (l.f(zh- 1)(w) dl

ln (

)ii
'/"(L) It - tal2t'- tld,ÍQL+l)(7a)1, x' - JL, say

I

\
1)

TT It -- Lpllz/tt-t I 
jt2h t'))(u)l dw dL H,,(x, t)(t - v¡"r'tz hÅt) dt < For cacir n, IeL r -. r(t¿) == jtltz.l, so that (r -¡ I)ro-uz > 1' We havc' slnce

X is thc char¿rctcristic Iuttction oI [0, 1:],
j

{

L).L

0

X(t) H,(:u, t)lt - xlz*'rt

\ t(u)lt -- 7el2h+1 | flJ \zn rt\ (ut)l dt d t <
1l

[ ( z.t¿l H,,(u, t)
_l _'

00
(j

I

It, - t')Pt'tz¡,H,,(x,l) dt
J'
0

llq

llrr(t)l' I:I,,(x, l) ilt

< lconsta¡t\ n- w+r) lh,(t)|" H"(x, t) clt d'x

1

i

rlþ

J'

rlþ

\
I 1

I

( ) - rl')

I l')

r1 (L lr) ¡t '11')

\\r
.,.J
/:0

'/"(tu) 
ldJ r')t'' 

tt (tu) 
|

dt+

0
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Wc use (2.5) and Fubini's theorem to obtain

7l

ì

II

I X(t) H,,(x, t)lt - v7n+t X(tu) ldfrzr' t tt(zø) 
|

(1. t dx.

l5t'. t','{a) dfzr'+ttlrr¡ tlx !
0il

t-U-l-t\il-t12 r-(l+l\ tL-112 ,fl < (constant)'n ('¿h4'1\l'¿ f'r-.r
/-t '

I.et xt,,¿(zø) denote the characteristic function of the intcrval Lx - c'n-trz,
r ! dn I/z] r,vhere c, cl are non-negatit'e intcgers. 'lhen u,e liar.e

+ jj x,,, ,, t,) d,ftzn+rt1*¡ o.)*ji ," ' 't,l df t" r (x) d.\
I
,

J

r | (t.1-t! n-rl2

.I É
¿--l

X(t)H,,(x, t)l-;a n'2ll - xlzh'rs

^: 
+ ln'l12

' '[i(i ,.,, ,,,p)a*) ctrr!" 1tþa)i'f(1 I't)1¡ -1/2 : (constant) n, Qnt r\tz ÉT:Iy.(za) 7 
" 
,o,r t t (ztt) | df {2t'+ 1) (ta) 

|
dt

l2 . j(j 7'' "1"¡a*\
-',(,) ì.j (j y,,,ç,,¡a*\

I
J

.F
5

y(t)H,,(x, t)l -r ru¿lt - xlzh+;
clrzn I clft¿k- t\(za) 

|

t (t1 1) tt-t12

(

\..

+l

i
\ x('a) /.r,t'rt,o(a) ¡ rt¡r''r' ' tr(t''') I

(ti r) L'-t12

1i-¡t 1l'2

I

j x(¡) H,,(r, t) | t '- v, ¡''t rr

dt t

I

< (constant) ru I'zr''t't)lz r
L .t

,'(j( d:v
I

I d,JPt, 1) (ta) 
ldx

ru (t'1-l'1n -112

i(' 
"-

1)rÌ

I

-112

o*)toÍo,,,,(,) r 

) 
+ l:. \',,' 

",*),n,.,,.,,r,,) 
rlI

¡

r_ t12 tù

t ll2 (2.13) < (constanL) rt, (r''t-rt ¡1¡tzt t1)llr:.r, 
rrr

Using (1.2), (1.4) and (2.13) lve har.e7-(tu) y,,r,r(tu) | clf t2t't ttQa) 
l

tlt il x
t ,, 112

(2.14) )ä r < (constant) 7'¡ &1t) f(2h1t) n v U

É
l=-t I

I

.,"i(
0\

vi. ltl t)r 112

rvhere the constant on the right hand side of (2.14) depencls on iì.
Cornbinilg (2.14) rvith the analog to (2.10) lor ¡:1 co¡rpletcs the"

proof of (2.9).
Proof of T'lteorent' 2.1. I.eL | < 1 {nr, f =Zr(1) rirrcl, = Lf''tt)g¡.

It l'olloivs Irom (1 .2), (I.4) and (2.3) llnat {L,,} is a uniformlt' bouucled sequ-
ence of linear operators on LrQ). I.et R1,,r, ) 0 be a ttnitotm borrncl for
{tr,,} ancl apply femrna 2.5 and t3, p 5l to obtain

llL,,(f', lt, .) - ftlr < (1 ¡ R¡,,n)llf - sll¡ I Tp,oe-&tr) (llg('zÀr2)ll¡ -l- lsll¡)
Tor all r¿ sufficiently large, rvhere 7'1,,t, is a constant incleperrclcnl of f , g

and.n.Iake the infimnin over all g = L(;' f')11¡ and usc lreetre's 1(-ILrnctio-
nal [4, þ. 300] to obtain (2.1).

'lhe choicé h:0 in (1.-a) and (2.1) yielcls an estiniatc for aDp¡oxinra-
tinn in ¿r1t, by the operators (1 3) (see also l1).

y(t)H,,(x, t)lt - xlzk+;

(i'"' r :t(ø) dfehl'I)P')\ ¿'

t lt¿ ll2

j
i:
T)

I

i
II

I y"(t)H,(x, t)lt - y3n t s
Xr,t -r t,o (u) 

| 
df {zr' t t) (tu) | d t di

i-(t1-1) n-t 12

1I¡¡ 112

I y(t)H,(x, t)lt - ylzt' t r /,^,¡¡(a)idJtzt t t)(tu) 
I

dtdt¡,
t-112
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Ourcrassical h$'à:'i,ï,i,:lì:
cal so1.t done b¡' means oI ;
co ntinuo h r,ve show that itcot\/erges in L,' to the exact one (Theorern 5.2) .

One dimensional_ problems of in [3],
1101. The e_xplicit diffeience scheme ¡V îLr"euthor in [11-14.l but under mor
úa-ely ,p."onr."*, lio ,of "lass 

c t'å;r!r!:i

attentiorr is devotecl in $ 3, to ontoge_
neo11s bonndary ancl initial co

I. The diflorential problcnr

'l'he problem \\¡e ate concerncd \\,ith can be v,rittcn as

(l'1) *: or(,t) | o.(x, y, t) on Q -a x lo, 7't
¿'¿

(1.2) u(x, y, 0) : uo@, ),) (x, t,) = ç
(1.3) u(x, jt,4l,,: r,r,r(x, y, t) S: d12 x [0, 7'],
where o e R2 is a boundecl, convex domain, 0 < r ( fco. we co'sicler.
trvo spatial variables on11., Tor the sake of siurplicity.


