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t. In l2j the author presented an algorithrn for solving the Îo11ot'ing
time-criterion assignement problem TCAP: 1et 81,82,..., En 1tc rr,

seudirig centcrs, cach. of therl having one unit Trom a product and let
D1, D2, ..., D, be rø receiving centers, each asking one unit îrom the samc
product (thc product unit being indivisiblc).

T,et 7 be the sqtlare matrix
(1) 7:(t¡¡);,t--ra t¡¡Þ0
where /¿ represellts the necessiary time 1or shipping oi thc procluct tinit
lrorn En to D¡. Ìiind the matrix
(2)

yii
r.t:

X : (x,¡)¡,¡:t* where

1 if it is a transportation bets'een Et and D¡

0 contrarily

so that the total time ailocated to the lvhole plogrant be rnrnrmum.
Same as in the price-criterion assignement problem, each acimissible

solution ol TCAP is a Boolean matrix rvith exactly n ltee elcments ec1ual

to 1 (that means each element belong to clifferent rox,s and_c^olunrns) .

'l'he problem is to find that aclmissible solution X of a TCAP Ì-or

which
(3) ,u : 

T:*{max 
(117,, tzi,, ., t,¡,)}

where (jr, !r, ..., j,) is a permutation oI {1, 2,...,n}, l,¡ being the cor-
responding- tjmes o1 those components ot tbe solution X u,hich are equal
to 1.
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In the present note, the author gives a new algorithm for solving
"I'CAP using the graph theory.

2. T'el- be tlie TCAP problem. We can attach to this problem the
gralrlr (GA) by using the general lreans of the associated graph to a trans-
portation problem [1].'l'hen :

pr{oposrTrox L The surn of th,e heynels of ø grøþlt, ttssociated to ø

lrmøsþortatiott, þroblem, for tuo anluøtions X ønd Y, X and' Y beitr'g 
-ttuo

d'tffcicrøt sinrþîc solut'iotøs of the trønsþortation þroblem, is n graþl't' 'ahich
contni,n s at leøst a c'ircle.

pRoposrlroN 2. 'f hc 'nccessaryl ønd sr'tfficient condition .[or n grøþh
to lte eaen,,ís tlt,øt,its set of uertexes could be growþed in tzao clctses, so tJtøt

euery cfl,g¿ of the graþk linhs aerlexes from, d'ifferent classes'

.[he clefinitious and theorerns from [i ] are true in the assignement
problem, too. But lrom the ch.aracteristics of the problem, onc can prove
other properties, as follows :

rrDr\(MA l. Att ødmissible solutioto of assigroetncn,t þroblent are si,rnþle,'
'i/ tlte grøþlt' (GA) has 2n uertexes, tke øclwt'issible solutions numberis n,!

r,ÐMMA 2. TÌt'e surn of the hernels of th,e grøþh (CA) for the aalurt'tions
x ønd Y, ulrere x ctnd Y are two different solutions of tke øssignement

þt'oblents, is ø graþh, ukich contqins at leøst one euen circle.

I,EMMA 3. Let X be rttc ødmissible solution of øn øssignentent þroblern
A) corresþonding to th'e solution X.

, so th'at euery edge of the circle I'inhs
o.f th'e circle one meets exøctly tao

lY (X), iruþlicatcd. in tkc resþectiue
sibl,e sol'wlion Y øssoc'ia.ted' with' X.

Using these results one can prove:

rrlÐoRÞA,r 1. a'dmissible tke øssignøt'ion

þroblenr,, oioe cû.'n ( tke þroced th,e Lemmn' 3)

1o øn;, oth,er ød,m o Y of tloe bl'em.

Proof . From the l,errma 2, if X anð' Y are two different admissible
solutions- of the assignement problem, N(X) + N(y) contains at least
one even circle.

I1 it contains exactly one, by the procedure, rvhich was pfesented in
thc lrcmma 3, we fcan arrive at Y from X in a single step.

If it contains l¿ circles, rvith the sam: proced-ure we can build up a

string of admissible solutions of TCAP, Xr, X", ' '., X¡-çr, rvhcrc

XL: X, X*+, : 1-

anci N(Xu) * N(X,+t) contains exactly one even circlc.

3. Now we can give an algorithm for solr'ing of TCAP. We sha1l
rvork rvith the time matrix (1) of the considerated. problen, the clirect
treatment on the graph being morc difficult.
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I"et X be an admissible solution of TCAP. We superpose the matrix
X over the matrix ?, enclosing the elements t¡¡, correspond.ing to %¿j : l,
and 1et unenclosed the other elements, /¿¡. 'Ihus for each admissible
solution, on each rorv and column, it rvill exist exactly one enclosed. ele-
tnent t¡¡, corresponding to the edge (E¿, D), fuom the kernel of the solu-
tion X. 'l'hese l;7 lies on dilferent rows and. columns, and so they are free.
\À¡e sha1l note this matrix by T*.

Starting from the rratrix Ty, in a circle built as in the l,emma 3
,and replacing the unenclosed vertexes, one obtains a new matrix Y, with
.¡t, ftee enclosed elements, corresponding to a new ad.missible solution Y.

Using this procedure we can pass frorr an admissible solution to ano-
thcr, and thc maximurl tirres

(4) lx : max t¡j
(i,j)e lt\i,j)ixij:1\

sirould. be decreased ancl in this way alter a finite number ol steps we
arrive to the solution having minimurn l¡, which is optimum solution of
TCAP.

Using this remark, \\¡e cllllnciate the lo1lowing aigorithrn for optirni-
zrng TCAP:

l. One d.etern'tines øn ødmissible solution X of the þroblcm (for exarnple
by Hungarian method);

2. One comþutes t* ahich corresþoncl to X, by (4);
3. One rezarites tloe rt'atrix ;7, encl'osing eøcJt, elements t¡¡, clïresþonding

fo tí¡i: l, front' X, ønd lctting emþlies (rve nark rvith a ð'ot) any other

þositions (i, j), wloere t¡¡ Þ tx, so it'is obtøinecl tlt'e nr,atrix T*.
4. It is mnrked' (bv an asterisk) tlte enclosetl elements t¡¡ for which

t hh - 
þx.

If there exist more tltøn one element of this hinrl tn¡ ue mørh ,only_ o_lxc

o.f th,inr.. If, s from' th,e t¡,¡, ae cøn bui/,d' uþ q circle (CX),
io thøn none its uertex s aith øn emþty þosí,tion frorn T*''
th,a,n enclosing tenclosecl th,e circle ønd uiceaersã., tll'e mat:f ix
X lt'øs the ele x¡j: l, ng to tlce etocl'osed el'etnents t¿¡ and'-
tJøe oth,er elemettts equøl aith zero, wltich, is a. meu ødmissibl'e sol,ution 9f
TCAP. Tlte ctlgorithm restnrts øfter th,is at tloe steþ 2. I.f ue cøn't builcl
øt'þ llt'is círclc, tlie solttt'ion, 'is oþtimum c¿wd' th,e ølgoritlun en'ds-

F'or this algorithm we can pro\/e the following theorem:
Tlreore,m 2. The øboae clescribetl ølgoritknr. is finite ønd' tke obtøinerl

so'.ution is oþt'ínoum.

Proof.'Ihere are a finite number ol admissible solutions of TCAP
(fron thä I,emma 1, nl). So, from the 4-th step of the-algorithm, -there
cxists a finite number oI possibilitics to build a new admissible solution
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of TCAP associated with the starting
pãii ti succesive solutions XL and X

solution Also, because for each

, lve have
3. One build

(5) tx, )' tx,

(i|tx.: t¡",àt'eachiterationiseliminatedavcltex (þ'.q-){ot which tÞ': t'"
ìï"ft L iî'a finite number of steps one arrive at 1S¡¡, in this algorithm

none of soiution """'t 
;;ñ;t Ànd åft"t u fi'ite 

'umber 
of steps we. arrive

at the situation tnat-firË aigorithm ca''t returled, thus the algorithm is

finite.
we assume 11O\1r that the obtained solution isn't optimum' Resúlt

that there exist a .äloiio" Y, so that t" 1 t* and Y is different by X at

ieast two components different at 0'

If lve asume tjnat Y is diffete

n /rr trn'o eiements differcnt by z'ero,

rvhich contraclicts its admissitrility'
There result tb.at Y is diffelent by x, s'ith r cotrponents dilferents

by zeto, lvhere r > I'
Buildingthecirclewhichlinksteserl¡ettexesofXwiththezcom-

po"""lr-ãl-?, ,o th;i-";;h-adge links an occupated vertex from X with

one from Y, rve obtaine an "v"n circie' By l, { l" resuit that X ísn't

optimum.
4.Forexemplificationofthealgorithmwerecallanexarnplefrom

¡21, oohicft it ttt"'TCAP, defined' by the time matrix:

T'O : 1 5 4 l3l

lzl 4 5

2l -s

4. One marks in Tx, the element t-B:6. Starting from this we
build (CXr), on Tx,. Bnclosing the unenclosed vertexes of the circle and
with the reverse we obtain

X2

0
0

0
I
0

l.f 0

00
00
00
01

0
1
I

0
0
0

0
0
1

0
0

7 l2l to

loì 4 I
4 B lnl

and the algorithm is restarted at the step 2

2. tx,: max {5, 4, 3, 2, 2} : 5

,.).
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5 154 iollol
8 l2l 45

1. By Flungarian method we obtain
.) isi

vlrl 
-

00010
00100
00001
10000
0i000

One mark in T, the eiement trz: 5.

4. One remark that u'e can't build up another circle, corresponding
to tp, X, which is an optimum solution of the problem, where lx,: 5

is the minimum time in which \ ¡e can perform the whole transportation
using this solution.

I
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and. t*: tïlâX {2, 6, 3, 2, 2} :6.
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Reycørh. B1ild.ing the citcle (cxr) on 7^¡,, we can obtain a new optimum
solution :

01000
00010

X 10000
00001
00100

RI.)FBRENCDS

[1]I.Bily, M. Fied. ler, F. N inAnuend'ungat't'f das
'1' ran sþort- P r obl em, Cect*

t2l R. ,s.vraûl-Ñiç"tti, About I'he blem (irt Roumauian)'
Stutlia Univ.,,Babe'-Bo1

TNTRODUCING Otr THE NOTION OF DEVELOPMENT
WITH RESPECT TO A SCALE IN A COMMUTATIVE

RING WITFI UNITY
by

GIIÞORGHE IIAI]IC
(Aracì)

I{eceivcil 10.III.19S3.

liactùlatea de çtiinlc econom'iae
Lin iuevsitat¿a din CI'ui-N øþoce
Str. I{ogäl'niceøt'tu I
3400 Clttj-Nøþoaa rn this paper we consider a co'''mutative ring with unity and, bylreans..ol two properly chosen subrings, rve will intioduce the notions ófneglrgrble element related to another or an ele_

for the
partióu-
sympto-

r'et A be a commutative ring, r,vith unity erement, r,vhere we notethe nul element by ,,0", and the"'urrity elemÉ"t ,I;.-L.t N and C be
tr,vo subrings or A, so as c shoulcl'ct cóntain divisárs of zero and so asthe following conditions should be satisfied :

(l) 1 ec
(2) Nn c: {o}
(3) c.r/qN

Rernark. F'rorn (1) aud (2) it folloivs

(4) 1+ÀI
DEFrNrrroN 1. I(e søy tloøt cl,e¡neni xe A is N-negtígible' reløtecl toy e A, if exists v e N, so &s x: yy. We shail notelhis by xi : n(y).
pRoposrrroN 1. For any x e A, x * 0 ctnd x d,ifferettt from ø diuisorof zero, tahes þlace x I n(x).I
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