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In this paper an one - parameter family of sixth .- ord-er methods
for the iterátive solution of nonlinear opefatof equations of the form ¡

(r) P(*) :0
where P maps the Banach space x into a Banach space Y, is d.escribed.
For non-zèro values of tht parameter, each application of each family
member requires no explicit evaluations of derivatives. The convefgence
of these mêthods is prõved und.er several assumptions, and. a numerical
example is given.

1. An one - parameter fnmily oI sixth-order itorative rnethods

In order to obtain solutions of (1), rve consider a family óf iterative
methods clefinecl by the formula | -

(2) %nrr: !u+t - lP(!"-rt, zn+r)l-L P(y,+)

where:

zttt!: !nrr - t31 - 1,,(P(x,, ),,+t) * P(y*+t, u,))]f" P(y"+t);

!t*L: xo - lnP(x,) ; l:n: lP(xu, a"))-L;

1)'v: frn - CP(X") ;

P(*, y) - first clivid.ed. difference oi P(x) ltf, c - real parameter,
1 - unit operator.
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condifions of the convergence of processes (2) are given by the;fol-
lowing.

THEoREM. Let us qssulne thøt the fol,lowing conditions are fulfil.l,ed. ;

l) Equation (1) lossessøs a solution x* uhich belongs to sþhere:
So: {ø:llx - xoll < d}, d> 0;

2) lllP(x', x"))-rlj < B; llp(x', ø") ll < N;
llP(x', x", x"')rl I < M; tlP(x', x", :v"')nll < Ã[;

ll P(x', x", x"')r- P(x"", x", x')rl I < Z., llx' - x,,,,ll I Lrllx,,,- x'll
for eucry x', %", x"', xttt' of sþlt.ere S : {*: llx - #o j I ( (1 -l- 

")¿},u/øere :
c{ : max {1 + l,lN, BM(l I lclN)d., I{BM(\ + lc lN)rt3} ;

P(x, y, z)r, P(r, y, z), - rcc0nd.-old.er doaided. d.ifferences of p(x) 
Lf I ;

3) nod { \, wltere:

ln- 83M3K(

from ¡n'hich it follorvs that:
(4) llx,-r' - x'Nll < B3M3K(1 * IrlN),llx" - x*ll": mullx, - x*llo
and

llx"+t - xoll ( llø,+' - x*ll * llø* - xoll < (1 | nfdß)d.

Thus the s(cpi€ncc {r,,} definccl bS, Q) rcmains in S, and 1iÍn x,,: y*'

From (4) we obtain (3). 'r1ú

Finally, we prove that the equation (1) has a unique solution x* ín
So. Suppose that r*'t is a solution of equatiou (1) in So and *** 1x*.
The same proof shows that 7im x,, : y**. By the uniqueness of the limit
poirrt of convergent ,".1o"o"'ifr,], it follows that xx : x** and hence the
uniqueness of ø* in So could haie be,en concluded from that fact.

Thus the theorem is completely ptoved.
REMARK 1. One special case of (2) is that for c:0. We have:

(5) x,1-1 : !n*r - lP(y"rt, z,-i.t)l-tP(y,+r)
where:

z*ir: jn*t - [31 - 1,,(P(x,, !,+) I ]?(y,rt, x,))ll,,p(!,+t) i

!n+t : x,, - T,"P(x,,); 1,, : lP'(x,)l-t
REM-A.RK 2. Î1:'e iterative proce ìs proves useful for finding solutions

of f (x) : 0, where f is a real-valued function oT one variable. In this case,
we obtain, from (2) and (5), the follorving methods:

(6) tn-r.t : ),u.rt - --"::1:l!l- .t'U,,*r)
J \ã1,.t t) _ ll.!,r+tl

rvhere

+ lc
I{ : 3z1y1zN(2lt f jc l) (1 + BN + lc lN) + B2M2(1 * lr lN) t

+ BN(a + lc l) (LLBN I Lr(r J- BN)).

. _ T-h:y the_ eq.uation (l) h.as a unique solution x* in So, th.c seq,iten,ce

{!,} .definea by Q) conaelges to x* and, tl,te røte of conuergence is giaen by
tl'te follouing inequøl,ity :

(3) llx,-r*ll< !g'a¡ú

Proof. The tbeorcm is proved. by mathematical inductior. IL is
easy to see that llxo - n* ll < el, xo e S and ¡¡'e observc that the ile:
quality (3) holds lor n :0. We nerv obtain by induction that i

llx,- r*ll < )Und,)'" and ll,'n-xol l< (1 {m|d.s)d.

. fn fact, if these are true up to sonre Ø ) 1, then using the Newton
interpolating formula l1], the conditions of theorem ana þ) we geb :,

frn*r - x* : lP(g,t+t, zn+t)l-lP(yr+t, 2,,¡1, x*)r(zu+t- x*) (1,+t- xx))

zn*t - x"F : {1,,P(%,,,ln¡t,u,,)rl,P(xn, x*) (x, - x*)lnlp(x,,, a,) - , I

- P(yn*r, r*) ] + l,P(y,,¡r, t),, x*)rl,,lP(x,, u,,) - p(x,,, x*)) (x,- xr.) +
I l"LP(y"rtt att x'r)r- P(x,,,, u,,, y*+ìl lT,,- cllp(x,,, x,F) (x, - xr,ì t
I l,,P(x,, an, j,-rt)tll,, - cIlP(x,,, x*)(x,,_ x*)l,,LP(x,, u,,)-P(y,+t #*)]]
(!n+t - x*);

!n+t - x*' : l,P(x,, Du, x*)tll - cP(x,,, xn)l@^ - x*)(x, - x*);

Jn*l - 
Ln 

-
_ atl-_rrl

f(u")-f(x,,)
and

(7)

where

Xn-i1: jry+t -

-n11 - Jnll-

.f (r,,,¡) - lØn1.1)

þ+z|-ff)

zt-¡l - tr41
.f (Y, t t)

f (y ,, t,t)

f'(t")

7 - 
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It is of interest to note that (6) is a very economical family of sixth-
order methods, each requiring only four function evaluations per iteration,
and. that (7) requires no more than three function and- one derir.ative eva-
luations per iteration.

2. Nurnelic¿rl illustratiol.

W'e now give a numerical example, using the forrnula (6), which not
only illustrates the method practically but also serves to check the vali-
d.ity of the theoretical results rve have deri¡'ed.

T,et us fincl the solution of the equation :

f@)=xs-2x-5:0
by the Newbon-Raphson method. and the method. (6) rvith c : 0.1,
using the starting value øo : 2. Ihe root correct to 13 decimal places
is l2l :

I

'!

q

x* : 2.0945514815423.

The successive approximations are set cloi'vn in table 1.

'I'able 1

The Newton-Raphson method The method (6) with c :0.1
^, _o1*1 

- 
a, t

xr:2.0945681
xz:2.0945514

xr: 2.0945514
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