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3400 Clttj-Nøþoaa rn this paper we consider a co'''mutative ring with unity and, bylreans..ol two properly chosen subrings, rve will intioduce the notions ófneglrgrble element related to another or an ele_

for the
partióu-
sympto-

r'et A be a commutative ring, r,vith unity erement, r,vhere we notethe nul element by ,,0", and the"'urrity elemÉ"t ,I;.-L.t N and C be
tr,vo subrings or A, so as c shoulcl'ct cóntain divisárs of zero and so asthe following conditions should be satisfied :

(l) 1 ec
(2) Nn c: {o}
(3) c.r/qN

Rernark. F'rorn (1) aud (2) it folloivs

(4) 1+ÀI
DEFrNrrroN 1. I(e søy tloøt cl,e¡neni xe A is N-negtígible' reløtecl toy e A, if exists v e N, so &s x: yy. We shail notelhis by xi : n(y).
pRoposrrroN 1. For any x e A, x * 0 ctnd x d,ifferettt from ø diuisorof zero, tahes þlace x I n(x).I
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due to the evident telation x : lx,
: 0. As ø is not a divisor of zero,

contradicting the relation (4)'

anc cf thctt¿ is ciiffcrtnL frcm 0 and

t thc ntost ottc o¡ the rektttons : x :

o
p1

o'

x : n(),) art¿L ¡' : nk), thcn t;-: n('z)'

t ,esuii:t that exists 'r1' t/''.G lV' so as r 
"-t]'

ancl ;tùti;;t; t'e c1"c1ucc v :'("i')z and' as v'v' À 
'

itt
pRorosrl'roN 4' If x.:11(!) cmi x',¿: n(!)' lhert' x'i xt: nb')'

From the hypothåsis it rc-sults Lhalc v'"/A € N.e><ist:;' so as tíy- "tJ'
and xr: vt!. w" ä.i.å'"-i+ 'li iu { u')y ard' as \:r -¡ 'rr e /v' the

conciusion results'
PRoPoSrTroN 5' # x: n(y) and c e C' then cv: n(1')'

From the hypothånsis it results that v e N exists so as ø _- v1u. Frorn

this, cx : c(vy): i:iËäå";t';;;tdtng to relation (3) ¿v e /V' the con-

clusion results.
pROPOSTTTON 6. ¿r t;r: rt(yr) at'tel x': n(j'2)' then x-frt: nuJ)¿,

' ,ï ,-=",î'r:iiîï¿ ;î"1':ï;, ì,ji .i:1

A a senti-
clt' løin the

s þ'ot'!',:
e :r:\' )

l'HEoREl,r l. A N-scale is ø semigrouþ ord'et'cd' by tke reløt'ion

5) xa-y when x : n(Y)'

nrembres of this equality by e' 1\'c

is to saY ee"x.ee".
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pRoposrTro¡l 7, The rel,a'tion ce: n(e), uhere c = C, e e E imþlies
u 

- 
w,

',1; According to the hypothesis, v € N exists, so as ce: \e' that is to
say (c - ,)t 10. As 0 + E anó, E d,oes not contain divisors of. zeto, it
reðulis t:nat c - v -:0, that is to say c: v. According to relatiot (2),

it results c:4.
DEFTNTTToN 3. We nøme þrinc þøl' þart of tlte el,ernent x = A uith

resþect to N-scale E, tke elemeni ce, ukere-c e c, c + 0 e e E, ukich satis-

-fies tke rel'øtion

(6) x : ce -f n(e)'

Tr{DoRÐM 2. If tke elemetøt x e A ltas ø þrinciþøl þart with' resþect to
l'tr-scalc E, then this þrinciþal' þørt is uniquc.

Dem,onstrøíion. We suppose that exists c' = C, c' + 0 and e' e 'E so

AS

(7) Y:çt¿'ln(,')'

'lhe relations (6) and (7) imPlY

(B) ce I n(e) : çtst I n'(e')'

the ideas, should be e' : n(e). On
results that both c'e' aîd- n(e') are
consideration proposition 4, relation

osition 7, is possible only
. In conclusion, the sup-
a similar way we empha-

place. So to say, e' + e can not
ión (B), we find (t - t') e: n(e),
g Ç : Nt . By this we have demon-

al Part ce'

DEFTMTToN^ . We name d'eueloþment of the el.ement x e A uith res-

þrúi;];;'ñ:;;øte E, of e, þrecizion, a. reþiezentation of x und.er tke form

(9) ,:\ì ceeefn(e,)
h:t

wkere .for øny nøturø|, nwrnbers ¿, i, ! < i <i ( s, e¿, ei e E ønd e¡&e¿

ønd, aheve for h': l, 2, ,.., s, cn e C, cn * A'

lHEoREiì 3. Tke d,eael'oþment of øn element x e A' with resþect to tke

N-scale E, o.f e, þrecision, is unique'
Devnonstration. Êrom the d.evel

principal part of x,
Cpa¡h :3, 4, . . ., S,

with respect to the
basis of the uniquene
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the uniclucllcss of the development of a given precision, with respect to
the N-s,:rìe E.

The procedure used in the demonstration of theorem 3 !l"y sefve ior
the effcctivc Iinding of a development with respect to a N-scale.

I,et be y e A and its development with respect to the N-scale E"
of¡the precision ei

(10) ), : Ðd,e', ¡ n(e',)

I(nor¡,ing the d.er¡elopments (9) ""; (10) of the t; respcctiveiy J,, rvith r:,;
pect to the N-scale -8, we may obtain the development oJ the sum x + y
ãnd of the product xy, witt' respect to the same N-scale.

In order to obtain the development of tlne x l i/ stlm, shouid adcl up,
member by member, the (9) and (10) eclualities, then they should arrallge
the terms of the obtained sum in a dccreasing order of the elements fronl
-Ð, operation possible due to theorem 1. As the sum should contain the
terms n(e,) and n(ei), thepr-ecision of the devlopment should be max (t', rl).

In order to obtain the development of the :ry product, lve shottld
mu1tip1y, member by member, the (9) and (10) equalities. 'lhe products
euej, 'i:1, 2, ..., s, j :1, 2,...,1 so obtained should belong to .Ð. Ac-
coiding to theorem 1, these products may be arranged in a decreasirrg
order. Thc sum oT the terms under the form e'¡u,(e,), i : I, 2, ...,t and
ern(ei), i: l, 2, ..., s will be negligible related- to max (erei, e,ei) and so,
the' precision of the development of this product rvill by equal to this
maxlmum.

We shall parlrctTarrze the theory exposed- so as to find again the
asyrnptotical clevelopments of the functions. In older to do this, u'e sirall
consider the follor,ving sets :

A : t.¡.e set of the functions defined over a neighbourhood of point
a e ll;

C : the set of constant lunctious;
N : the set of the functions r'vhich in point ø have the limit 0:
Evidentl;., A is a ring, C and À/ are subrings ol A, C does not cou-

tain divisors of zero and the conditions (1), (2) and (3) are satisfied.
The relation f : n(g), tnttoduced by the definition 1, is reduced in

strch a case, to the relation Í: o(Ð, rvhele ,,o" is the notation of Lanclau.
Should .E be an asymptotical scale, in the ciasical sensc of the s.orclì,

knor,vn in analysis, that is to say a subset of A, having the properties
(i ) All the functions of E are positive
(ii ) In point ø, every functíon from -Ð has the linrit 0 or co.

(iii) The product of two functions ftom.E'belongs to E. Il .f = þ),
and if À is a real number, thcn f^ = E (in particular, it resttlts that the
quotient of ts'o functions of Z', belongs to E).

they can easy check that a deverop'rent of an element frorn ,4, withrespect to the N-scale -Ð, de'elopment intràd.r¡¿Jîy'à;ii"rtior, 4, reducesitself to an us,al asymptotic"t'd"""rtpment of a iunction, rvith resJrectto the asymptotical sca-le ,Ð.
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