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1. Let S be the class of functions J2) =2 4 ay® + ..., f(0) =0,
JS(0) = 1 wich are regular and univalent in the unit disk, |z] < 1.

It is known [2] that any circle |z| =7, » < r*—thz 0,65 .

is mappcd by any function of the class S into a starlike curve C, with
respect to the origin, If » > #* there are functions in the class S for which
C, is not stalike, but certain arcs of the curve C, are starlike with res-
pect to the origin.

The aim of this paper is to find, for a given » with » > r*, the
extremal annulus (wich we shall call annulus of starlikeness) such that for
any function in the class S the arcs of C, which lie outside this annulus
are starlike with respect to the origin. Since S is a compact class, there °
exists this extremal annulus. We will determine this extremal annulus
by using the variational method of SCHIFFER — GOLUZIN [1].

2. Analytically, our problem can be written as follows: for a given

7, ¥ > r* find ma‘( [o(2) |, respectively min |p(z)|, where |7| = # and
= [“1=RY
Re 2@ _ ¢
*(2)

Let [z| =7 and let f & S with Re Z';T(j—) = 0 be the extremal function,
Z

for which max |¢(z)| is attained.
p=S

2 — L'analyse numérique et la théorie de l'approximation — Tome 13, Nr. 2/1984.
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i i e of starlikennes.
¢ Fig. 1. Geometrical illustration of the annulus o

Now we consider a variation of the function f given by the Schiffer —
Goluzin’s formula [1]:

: A> 0,

(1) o) = f2) + AV 6o4) 0, (8 <L A>
¢ real number, where 2
1 fHe) A f( \

. . — i p
W“CW)efm4m
2
w 2f J(Q 2 2 v lf(C) ]
TR '{cﬂcfl et S e

. (o
It is known [1] that for a sufficiently small 2, the function f*(2}

belongs to the class S.

Next we consider a variation z* of z:
Jz*
an

H=z4+ M+ 003), b=

(n=0

which satisfies the conditions
C Al Gl
(2> ]Z*I:V and RQW
We have
| 2% |2 = | 2|2 + 21 Re (zh) + 0(2?) = #*
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Since |z| = 7, from the above relation we obtain
(3) Re (zh) = 0.

We can counsider z a real and positive number, because the condition
Re if((—;L = 0 is invariant under rotations.

flz

Therefore our initial condition becomes Re £

Fr)
(2) can be written in the Tollowing form :

Reh=0 or bt} =0

Replacing » by 2% in the expresion of f*(z) we have

R
= = A ] WB - O
o ) + (2%)
where 4 — 26 g M) b W@ Vi U Y st (hf'(2) -+ V (2
) ) 122

Using the relation (2), we obtain the condition

ReB=0 or B-LJ-—0.

Since A = —}, from the above relation we obtain
(4) =240
C+C
where
C—'&+46E @
S(2) /22
and

D — Vi G ) V(s G ) .
/) S¥z)
Since f(z) is extremal, we have
[/ < £,
which is equivalent to
[FE)F + 20Re{f() 1 (2) + V(5 C 9T} -+ 008 < [f(z) ]2
which yields
©) Re {fl)[Wf'(z) + V(z; C; )] <0

~ =0 and the relation

¢ )
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By using (4) and the following notations
z=v, [=f), w =0, L=[f0), m=[f"(r)
V=V G, V=T L)
the condition (5) becomes
vV K] <0,
) Re[2(f f")n—l—f
where
1
= ———
mo By
)
mo oWy v () ]
We note that # is real and that 2 7 (T -+ ?) =2 ll + Re L

We first, suppose that the point at which the tangent from the origin

is drawn is not an inflexion point, that is

~1| 3

1 4+ Re Q‘:-liy—) # 0 or, equivalently 2 4 7 (mT + ] # 0.

fir)
Relation (6) can also be written

Re (xV + yV") <0,

(7)
where )
P f— 2rin and v = rn
r? f
Replacing the expressions of V' and V' in (7) we obtain
8) Re [e¥(E — GF)] <0,
where
E - fi—(f+ Z'y'u,l)w_ I
e
ot ] jlrm(l —r8) + i@ —r918
arll ylrlr — 4 =] o wELL 21_[7_-(1 ry) -7
G=la (-0 S (1 — g
and
F— | w )3
{ tw
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Since ¢ is arbitrary, from (8) we deduce E — GF = 0, By replacing
E, G and F it follows that the extremal function w = f({) must satisfy
the following equation:

4

Z NG

(9) (C_‘w’lz _fz_‘(f—l—Q-V-ﬂ,-l)w — — k=0 *
w (f — wp® (r — Q1 — r7)?

where

bo = 77,

by = — 2r — 20% 4 xlr® 4 ymrt — gimrt — ilrt — 2908,

ty == 1424 1 — (224 1) (ym —+ «b) + r3(r2 - 2) (y7i -+ xl_) - 721 - 4) Yl — i,
by = — 21 — 20 — 1220+ 1)( 970 - 21) 4 212+ 2) (ym+ x0) —2r (1422 5142 - 1y,
ty = 11+ r(9m + 51— ym — %) - 91 — V.

Using the expression of # and the fact that Re ;l = 0 it is easily

shown that ¢, = 72, ¢, = ¢, and t, is real number.

3. It may be shown [1] that the extremal function = f(€) maps
the unit disk onto the entire w — plane slit along a finite number of analy-
tic arcs. Tet ¢ be the point which is mapped into an end—point of
a slit. The polinominal ¢, -- £, 4 1,8 + 1303 + 4,0 has the double root.
Since £, =, = »* and { = ¢ is the double root for the above polynominal
it follows that the cquation (9) may be written
721 — g1 — 2. kgl 4 ¢*0Y)

(10) (C_w:)ﬂ P2 e
(f — w)? (r— 02l — 7o)

w

where % is real number.

Let ¢ = ¢, where 0 is a real number.

Making {—-7 in (10) and taking the real and imaginary parts we

obtain the relations:
nl ik — 1) sin 0

(11) o
f 1—

and

(12) b o— 2r[2r cos 0 — (1 -+ #%)] cos 0 + (1 — #%)2
27[—2r + (1 - #)? cos 0]

respectively,



MIODRAG IOVANOV
116 6

Tet P({) be the right—side member of the differential equation
(10) i.e
A1 — QL — 28 4 ¢°CY)

r — 91 — 7y

On |¢] =1 we have P({) > 0 ([3]). Let { = ¢, where y is a real
number. The expresslon of P(C) may be written in the following form:

P(C) o 4[cos(y — 0) — 1] - fcos (y + 0) — &3

r 1
l2cosy — [1' + —)
1 v

P(C) =

2

Since P(¢) > 0, for any ¢, || = 1 from (11) we obtain &k > L.
Since £ > 1, we deduce that 0 satisfies the condition

2r
1471

(13) cos O >

We remark that 1—2kg¥ 4+ ¢*C* = 0 has the roots:
o= kj: «/k~ — 1)7. Letting o = & — \/léz — 1, we obtain ; = pg and

¢, == — - §. We note that |{;| < 1and |3] > L
P
Taking ¢ = ¢, in the equation (10) we obtain

£2

(14) ()= Y+ 2

4. The equation (10) can be written in the following form

(c—q)=(c—pq>(c—iq}
p .

3

(15) ( G’ }2 ; S = (f( + i); ml)w — ) 1
w—
! €= (t- |
¥

By integrating the above equation we obtain that the extremal func-
tion w = f(¥) is given implicitly by the equation:
r —_—
SNl

- - ~
— (f — 2ralw

=W

S
pe f+2- vl ('\/—_-Z_WJTJ{_J‘)\/ —2-17
b= £ '\/—Zrnlf—-f

8L
2r —

(16) { N (~/—2- rnU~Jf’—(f+2-vnl)w)1V_ 7 _ 1+ (a-lwr)s‘ y
=2 wmlf + NP = (f 2w

X(T%‘P)s’ =5 p+8..(o’—s)s‘ _,{T—s)s?,
T—p 14+s p—s G+ s

1—plo—op
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where :

12

(17)

(18)

and

(19)

’

o= \/Te=0 o _ r—glr—gq)

ro—g oll — 74
PR W5 el N Y k. | N W3
p—m (1 — 79 g

Taking § = ¢; = p7 in (16) and using the fact that

—f(+ 2 - rul)w(l) = 0, we obtain

fir=—H—.

(I 4 p)?

NEST
—2r— 41
ll—f—Z _, —._f [o—e

Taking {— 7 in (15) we obtain

e " 2 %! L
31*\/— 7?, Sg = — 18,

the expression of f(r) becomes

fo) = i sty [ 2 e e

(1—p)* ‘\ — 1 kc-}-P it —op/
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[Toey

St
nl (U“QJ \t+p!
\/ T, aly

Since p, ¢, 5;, o and ~ in the relation (19) depend on 6 (v is given)
it follows that f = f(r) given by (19) depends on 6.

5. For determining |f()| as a function of § we notice that

R

(20) Nl AR EA R EA R

where e

e = T Er O R
b s — 1) 6+ p! T—p

We shall distinguish two cases:

a) it 0 = [0, n], we obtain

a2 1 - 4a?
14+4gt | —m——8M8™
Ty [(2a2-—2a+ 1y

(23 + 53) (22 + 5%) f L 0,

P
1+
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where :
T
a =\ —)
192
Hur vew {5 4
e N,N,
2
2y = ) 1= —
N, _ o N, — P
1 9N.. + A4 ——+\/2N +44e
N, + ! \/ NNy i N, 1 Nu N,
(23)
& o
Ny —» = \/2 Nz\/ 4 — 4
N, N,N,
x2: > y2 = e -
N, /5 P N, 5 v P
_JaN SR —42N +4+
N, A ! N,N, + Fe N, «/ i NN, f

U'1 — arctg (20® — 1) (%91 — %19%) + 2a(xyy, + Y1)
(2% — 1) (%23 + 919) + 2a(%19, + 9, %))

m_v” ,M—Vh———'
V. 7202 — 2rpcos 0 + 1 72— Zrgcos 0 + ¢

4 = o(1 + 7°) — #(1 + ¢?) cos 0.

b) if 0 =(n, 2=n), we obtain

e b

YV VPN i (U S O £ [P
. (1 + o (2v* — 264+ 12 24 vl

where

Y=
:(25) 1 — 2

(2% — 1) (%91 + #195) + 20(— x5, -+ y1 )
(20% — 1) (wxy — 3190) |+ 20 (31, + #9y)

U, = arctg

and the expressions of %, ,, #, and y, are the same as in the case a ).

6. For obtaining 0 which occurs in the expression of |f(r)| given by
(22) and (24) we shall use (16) and the fact that # is a real number.
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Taking {7 in (16) we obtain

o —rglre —7) AN
o= LTE T r = 35
2r(1 = p) ( o f” J =

14
(6 = o) (1 + o) |°

! r——
i !\/__),’_j[ — 1}3 (o4 ¢)(1 — o)

where 7—?15 given in (11)

(26);

X

Because # is a real number it results that I 1
. ' ! 1t res at Im(n) = 0 or ar =
where #, s an integer. T'he equation in 0 will be given)by Bl = g

Inlfw),. 1L 9,M) (74 oyt
; l 2l — ) [ i f} (’T — 0o x
(27) nl FL
(\/‘27-74—1).(0—_‘3)(1_‘_01 sli
— L= 0.

X, of W 0T FTVY
_fV-w§—Q-w+mu—® !

Since # > th ::—“:0,65 ... and cos 0>——2-1-'- it
1 2

follows that 6 must
+ 7 s

satisfy the condition : cos § > 0,913 ...

Fig. 2. The possibie po ition of 0.
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7. Next we consider the case when the point in which the tangen
trom the origin is drawn is an inflexion point, that is

1—|—Rey—f:,—(r):0 01‘2—[—7“‘.’%—{-%):0'

)

In this case, proceeding like in 2, we obtain the differential equation
of the extremal function w = f(g} in th= form

w'*  lw — (dy 4+ da€ + 4383 - ¢
(28) (I’ (f — wp (r — QA1 — vy
where
! - R L . ,
dlr.i’(l-—}’z)?'jﬁ, d, = (1 V)f(l P)
%) / I m
d3=7’(1——}’2)7(p—2), P;—?i?_TJ

i i t 3, let
i tremal function has the property enunciated a 5,
|71 :S-nllcesutckﬁ3 Eflcat w'(q) = 0. Then the trinomial d, 4 4, + 'd3Cl has
d%uble solution § = ¢. Then condition d3 — 4 d,d; = 0 becomes:

(1= 79t =21 = P2 + (L 7 = 0,

The above equation has the roots:

2y
2 d p,=1—1
— - Ps 1 —#

751=1“|‘i1

We shall further distinguish two cases:

1 42
Dp=1+i""
and
: 1 -2
2) fb = — 1 — 92
In the case 1) the differential equation (28) becomes:
: (L + X1 — g8
Wwe W f
wl (e - g —
Integrating the above equation, we obtain
ft+Aw _Jr +4E ;(1 + \/EJ" .
et NF—Nw =T 1 - el
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From (30) we obtain the extremal function in the form

(31) w:f,lgm«/i)—l“
oWY + 11
where

() =L“.(1+J;. ;)i

Vr—t )
From (30) we obtain
(32) )| =

14

In the case (2) the differential equation (28) becomes

(Lw) w f P(1 — i1 — gy

w

(f — wp (r — (1 — #Y)2
By integrating the above equation we obtain

(33) \/f—x/gzx/;—x/f”{l-}-«/r—t)"
Vit Ny T 1 e

Form (33) we obtain the following form for the extremal function

34 g [EWY -1y
& i [wwml
where

Y — It (M)

Vr—t \1+yn
Proceding as in case 1) we also obtain in this case
35 = .
(35) 1) =
8. Let
(36) Ry(r) = r;lei? [F#) ], Ry(r) = max [f(7) 1.

_ The extremal annulus of stralikeness will be just the annulus
Ri(r) < ] < Ry(r).
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We thus obtain the following result:

raTOREM. For v € (th ;:, 1), f €S, the values of R,(r) and Ry(r)

are given by the relation :

(37) R\(r) = min {E,, Ey, E5}, R,(#) = max {Ey, E,, Eg}.
The expressions Eq, E,, Eg have the Jfollowing form .
;o P T dat [ L4 ey g2 22’]Z,wl
By et T [ DU 4D e
where

(24 — 1) (w91 — %195) + 2a(x1 % + $179)
(2a2 — 1) (x5 + y150) + 2a(x1Y2 + Y15,)

U, = arctg -

when § occurs 1 region I in fig. 2,

b

g,= T T 4
; F VT !(2b2—2b+1)2 2+ 4

1+

where
(2% — D){xoyy + ¥1%) -F 20(— ¥y %g -+ Y159)
(207 — 1) (v, + y1y8) -+ 201y Hg31)

U, = arctg

when O occurs in region 11 in fig. 2, and vespectively,

JONPA
| 1 42

The walue of O in the expressions of E; and E, 1s given by the equa~

lons

(58) sin (0, + 0, + 0; 4 0,) =0
when © belongs to the first region in fig 2 and respectively :
(39) sin (0,4 0, - 0, 4+ 07) =0,

when © belongs lo the second region in fig. 2, where:
fzr' . 1 I 2
01 — al‘ctg—)l—_(.ﬂo_,

(1 — ¥ sin 0
(=27 cos 0+ 1 --r)?sin 0
(1—72) [—2¢+(1-+#*) cos 0]

0, = arctg

[(1-+ #28)k—27 cos 6 - ‘J4ﬂk274r[1—|—r2} cos 0. k- (1 —#2j24-dp* cost 0|

(1 — ) flr =1

0= —1In
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11
0, =— tlln(u2 4 v?) 4 2 arctg i-l ’

4da 2 |
! U = Ulglhy — U010y — UV 0y — UV,
U= U005 o Uylgly - Dylgthy — gttty
2a% — 1
T
202 — 2aq 1 2a2 — 2a 41
N,
——
Uy = d F]
Nyl /
L 4.2 1 P
sz/ Nl\/ At
_ /
Vo, \/ e 4
7. 5% NN,
2 — === !
N
Lo JaN \/ il 4
N, vV N, AT
N
1—-» Nl
%3 = - 2 ’
N
14+ o —%_ 2N \/ e Y
N, ! NN, +
VZN, '\/ ‘
N,N,

— 4

| K o —
A/'

{ 14— —Jon A

| N, v N, N, -4 -

’ 1 S
‘ 0; = W [— In(u? 4 v2) + 2 arctg %] .

718 H
The variab!> which : it '

S oy ad)32Ar a2 thr thoren maintain thai Favi
e b3 20ra. hair pre
signitications. e

9 i -
- In order to find the extremal values Ry (r) and R,(r)we elaborated
a programme and we used the computer FELIX C—256

In the Table 1 are presented somes of the results obtained by ruuning
the programme for various values of # :
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14
Nr. 7 r[{1 - 7)? R (7) Ry(7) rj(1 — 7)?
1.  0,664152 0,2398 0,6107 1,9493 5,8881
2. 0,727453 0,2437 0,6472 2,0298 9,7931
3. 0,748531 0,2448 0,6533 3,8312 11,8369
Table 1.
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