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1. I,et S be the class of functions -f(r): z | ørz2 + ... , f(0) :0,
f'(0) :1 wich are regular and univalent in the unit ãisk, Izl < l.

It is known l2l that any circle lrl: r, r < r*:tha :0,65 ...
is mapped by any function of the class s into a starlike curve c, r,vith
respect to the origin. rn r > r* there are functions in the class s for r,vhich
c, is not stalike, but certain arcs of the cu.rve c, are starlike with res-
pect to the origin.

The aim of this paper is to fi'd, for a given r rvith .t,;> r*, the
extremal annulüs (wich we shail call annulus of størlihenøss) slch that for
any function in the class s the arcs of c, rvhich 1ie outside this annulus
are starlike rvith respect to ilre origirr.. since s is a corlpact c1ass, there "

exists this extremal annulus. we r,vill d.etermine this &tremal annulusby using the variational method of scurrnDR _ cor,uzrN [1].
2. Analytically, our problem can be written as folror,vs: fo¡ a given

r, r> z8 find max l,j(z) l, respectively rnin lçØ1, where lzl:r atd,pes q€s

Re 
ze'(')

q(z)

I.et I zl : r andlet f e S rvith Re

-0.

{3 :0 be the extremal function,
f(z)

for which rnax l9(z) | is attained.
ges

2 - L'anall'se uuDéricluc ct la théorie de l,approximation _ Tome 13, Nr. 2/f981.
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Y€S
(3)

Since lzl: r, from the above relation we obtain
Re (zlz) : Q.

C
n

!l

\\rc ca' co'sicler z a rear and positive number, because the conclition
B" !!J4-: 0 is in,",ariant und.er rotations.

JØ

Thcr-eIore ou' i'ìtial conditio' becomes R" _¿g : 0 a'c1 trrc rclatio'
(2) can be rvr-itten ,rr the lollorving forrn: 

J?)

Rr/¿:0 or ¡, ¡h=0.
Rcplaciri¡¡ : b¡r 7t, in the cxpresion ol f.E(z) r,r,c have

1#:!:A+)ßio().2)J*þ*)

rvircrc u - t'ì,,,' , ß /'J'Ø-!49f;'v"k:(; 
Ot - ,tjrrU,f,(z) lvþ., (.,,yyt.

Using the relatior, (2), u,e obtain the condition

ReB:0 or B+B:0.
Since å .- -Jt,, from the aborrc ¡elation rve obtain

(4) /t.:2-ra
C+C

R ,)
L

(rl

lFig.l.Geometricalillustrationoftheanlrrrlris;ofstarlikennes.

Nowweconsideravariationofthefunction/givenbytheSchiffer-
Goluzin's formula [1]:
(1) Í*(r) :fØ + ),V(z; (; ,1,) + 0(À'), l(l < 1, )' > 0'

Q real ntlmber, where

V (, ; C; 4,) : ,or 
t', !'('):;;, - ''+ f 

(z) f +q^. l' -Þ'Y/ lþ)-J(l) "'l(l'(()l

-,nrllg , [#ll'+rt+:'!('),-( m'
It is known [1] that for a sufliciently small ),, the luuctioo r^'(e]

belongs to the class S.
' Next s,e consider a variation z* o1 z:

2¡* : 2+ À¿ + O().'z), l, : 4l¿)' h:0

which satisfies the conditions

(2) lr*l: r anð' Re '*l*'('*) :0'
J*þn)

We have

lz*l': lzl'* 2)' Re (zh) + oQ'z¡: tz'

where

C Í'(z) -l zf'(z) zJ'þ)

Jþ) J'þ)
and

P - 
zviþ: '(;'J¿) _ ,f'(z) v (z; C; Q)

Í(z) J"þ)

Since /(z) is extremal, u,e have

If'r(,,*)l < IÍØ1,
which is cquivalent to

IfØ1, f 2rRef@Lhf,(r) + V(r; (; ù)lj + o(),,) < l-f@)¡"
which yields

(5) Re {/(e)Lhf'(') + V(z; (; þ)l} < 0.

: 't --
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By using (4) and. the follor'ving notations

z - 1,, .f -.f(r), u : Í(e), I : f(r), m : f"(r)

V : V(r; (; ù), Y' : l/''(r; (; ü)'

the condition (5) becomes

4
Since ù. is arbitrary, from (B) we deduce E - GF : O, lly replacingE, G and F it Tollo'r's that the extremal f'nction ,¿u:"f(() ni'st'satisff

the l'ollorvirrg eqrration :

4

(e) g
1t)

,.fr-U-i-2.r.n..1.)a )^ ¿,,r,.¿-) "'h:0
(f - .)' (r.-(),(1-r()z

(6)

rvhere

*"[, (+-+).*;] * o,

rvhele

I _-2to 
- 

| ,

tt : - 2r - 2rB * xlrz I ynr.rz - jtntrt - Ìlra - 2jlrl,

tz:1'41-4tt*7-r(2r2-lt)(ym,*xt)-fr'(rrl2)(tn¡_l:tt)1_rr(r,14)gt_yt.,

/s: -2r-2y3-r2(2rz+t)(tu,+.tt)l-rr(r212)(ynt,lxt)_2r(t_l t.r)rj1_2.ry,t,

tE: rzll -l r(tn + il - ynx - x.t) _l_ lt _ ytl.

llsing the expression of n and the fact that Re j : O it is casily
J

shou,n that tn: t2, tt: ts and /, is real nur¡ber.

3. It ma1' be shou'n f1l that t
thc unit disk onto the entire a - pTar
tic arcs. LeL q be thc point which
a slit. 'l'he polinominal lu -f tt( I
Since lo - t4 y2 and C : g is the
it follou,s that the cclnation (9) may

11,:-
1n ,n

ll
2 + t

Wc note that tøis real and. that z +'(î * ?) 
: 

'lt * Re î#l
We first, stlppose that the point at which the tangent from the origin

is drau'n is not an inflexion point, that is

1 f Re 4? + 0 or, equivalentlY 2)-'(' Í,(r)

Relation (6) can also be rvritten

17) Re (xV I YV') 4 0'

where 
x : I - 2'lu 

arÌ -' -. 2rn

Í2 
dY--

'n|"t
t,

+0

(10) l*',
u

J,-U!2.rn.t)u
(f - ,o)"

r'z(l - r1()r(1 - 2, nqf, I tt,C,)

(v - (), (1 - re),

Replacing the expressions of V ar'd V' in (7) rve obtain

Re [øtü(E - Gr')] < 0,

rvhere /¿ is real number.

l.cL q : ct0, r,vhere 0 is a real ¡ur.¡ber-. i

- l{aking Cn-r in (10) and taking the real ancl inraginary parts rne
obtain the relations:

(B)

rvhere
¡z- (fl2rtú)tu (11)

and

(12)

respcctivcll,.

ttl, * i(h - 1) sin 0

E- Í 7 -12(f - a)'

xrzl( ,lt'*( 1 - rC) -¡ rt (2 - r()1(

1-r( (1 - z()' h- 2rl2r cos 0 - (1 -t rr)l cos 0 f (l - rz¡z

2rl-2r + (l -l- z)2 cos 0l

I

I

l

and

F- !

i

1U

\11)
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I,et P(() be the right-side member of the differeiltial equation

(10) i.e.

^ t y\ rz(l - q()z(l - 2hqC * q'C')rlsl = 
@_ cr\L-t'q'

o" l(l:1 we have P(() .? 0 ([3]). r,et C:.r''t.rvh519 f .is a real
nlmber. 'Tir" 

""pt"ssion 
of P(() may be written in the following form:

where

6 V
rP _ E?,

lP -q
(- pQ

I(--E
p

P(() : 4[cos(1 - 0) - 1] . [cos (r f 0) - È]

2cos1 - I
i

,T
f

Taking (: (r: pd in (16) and using the factthat
f'-f(!2.rnl)u((r) :0, we obtain

Since P(() ) 0, for aty (, l(l: 1 lrom (11) rve obLain h> l'
Since /¿ > 1, we deduce that 0 satisfies the condition

(13) cos 0> ,.,
W'e remark that 1-2hq( I clt\': 0 has the rocts:

tt,z: W+Jtèz - l)f' Letting P: ¡, - tln'' - t, 
"vc 

obtaiir (, : pq and
I(r: !. 4. W" note that l(rl < 1 and i (rl > l.
P

'Iaking C: Crin the equation (10) we obtain

(t4) ø(i|t:+
J -l Zrni

4. The equation (10) can be written in the foliorving fotrn

\

V
nl

-2r- ll
J

t-1
(17) t?): Tf* .|.t * ,, î] nl

-2r- -7Í

[=J"tfil"'

Iaking C- r in (15) we obtain

(w' 2 Jr-U*2.rnl)ut
(C-,ì'G-Pq) 1

?

(18) r, : tri - Zr 4, sz: - isrv.f
and the expression of f (r) l¡ecomes

(re) .f(,):,r%.(1_,i) .f :' tIl" [";t]"'.I"+p,*,.(t-p). ir,_l/ t"*pi ¡.c_pt

Since p, Ç, s1, o and r in the relation (19) depend, on 0 (r is given)
it lollows tinat f : fþ) given by (19) deoends on 0.

5. For determining l/(r) | as a function of 0 we notice that 
,.., :,;i;;*ùËt(20) lfØl: 

u * ,*- 
'lu,l .lu',l 'lual'lutl

wherc lrjí I

(¿t) ?r, : I _ q,,, : (T+f,, u": 
[ :frj", %4 :(=)" .

Wc shall distinguish t.uvo cas:s:

a), rl 0 e 10, nl, r,ve obtain

(1s)
u) (*-fl' (r-r)"[,-;i

By integrating the above equation we obtain that the extretnal Iunc-
tion u : f(e) is given implicitly by the equation:

pq Jl2.rnl
1-P' Jz

^l-z.rø+¡ \'-r',+ ¡+^l¡'-U+z.,rtl*,
J_^lf,_(f_,r/,,r)1ù- 2rnl,J - J

(16)
*(^l-z-. ,ø¡-^l¡'- t¡+z' rnnr\i'-"' , 

-, 
* o ¡ol r,')'' ,r

\"1-2.tnu +^lF=U+2'lnt)u ) t - P \c-ei

"(H) frË(ffi)" il)'"' i')')) lJØ I : .j P), ^trr* |
| -¡ 44t

@i -f y?) (xi I y',)
4

(2ø2-2a¡l\z c'u,
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Taking (*r in (16) rve obtain

119

a
(å-1)sin0 ,, - 

(p - vq)(rç -rt)
2r(l - ozl

(, * ',;r)(-j-'.7*r"
(26)i ll -''; * ' (" - p)(1 J- o) ;;

AI.'1

N2
nEw' o

-1NrN,
X

x7: t J7- ll -",t;- 1i (o -r p)(1 - o)

ff+^lzw, V* +A+p
lvt

^lr
p

NtN,
where l'¿l is givcn in

useøisarc
is an intcgel.

+ N1 f-A*p (1r)
N2 f

't23)
Beca

where øo

127)

al nurnbcr it rcsults that lm 1,t 0 or arg'(n) : %o1t.l- lrc eqrratiotr in 0 r,r,ill be grven by
N2 I ,n, t(p -.t,¡)(t'p - Q)

i 2r(1 - rz¡
I ¡-'2r'lt jr -to -7

,ll N,
o

N,N,
X

tu2- ¡ J2-

V -2,.!!¡r
tâ
.'{

f
t

ft-t,*,1
p

N,N, *A-lp
Àr -l"' -^llw,I/ .-= * A -r e¡¡r'^vNrN,

(o-p)(1*o
X -0.

V --2r 
t'l 

- l I

l
("*p)(I-")

rr ^--.- (2a' - 7\(x,¿yt - xûz) ¡ 2a(x¡t2 -l hyz)It-:A1.lTo' "
(2a2 - l)(xrx, + hyz) | 2a(try, * yt xz) . 

Since r>th i:o,ut...and cos0>, "it follorvs that0must
satisfy the conditioll: cos 0 > 0,g1g .. . 

r + vo

N1 v rzp2-2rpcos0fl'
Nz:

r2 - 2rg cos () -f o2 v

A : p(l * rr) - r(7 + p2) cos 0.

b) iÎ 0 e@, 2n), we obtain

lf(r) I : .fo,
,'lt+* 7+4b4 . x?-lli

I
J

l);f'24) _l) U

(2b2 - 2b + l), .2 -l vZ

where

b: \f (Ä - 1) ' (-sin 0)

(25) l-yz
(21:2 - \)(xry, -l ßtyz) j 2b(- xrr, -l' yLyz)Uz: arctg
(2b' - 1) (rrr, - !tJ,z) -1,2b (rtyz -f tzlt)

and the expressions of x1, !1, x, and ))2 ate the same as in the case a).
G. For obtaining 0 u,hich occnrs ir the cxpression ol lf(r)J givcn l>1-

(22) and (24) u,e shall use (16) arrcl thc iact that n is a rcai uumbcr.
I¡ig. 2. 'l'he possi'b.t: po ítion of Q,
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7. Next we consider thc case when th¡: point in rvhich the tangent
from. the origin is dra',vn is an infiexion point, tirat is

THE ANNULUS OF STARLII(ENESS

From (30) we obtain the extremal function in the form

11

(31)

where

727

lfRe*:0or2+r.l
J',(,)

In this case, proceeding like in l, we obtain the differential equation
of tlre exbremal function w : f (C) in the form

(2s) (U f .=lt 
." - (ù 

,+ 
dzc + qcz) ' <

\, I lJ - u)' (r - Ç),(I - r(),

o(r) : {+ (t + ^l;' t\t .

^lì-t \t_^l;.,) '

From (30) we obtain

(32) v?)l: *_
fn the case (2) the differential equation (28) becomes

Cu'I

;) (Í - w)"

I
j r(t - ir)z(t _ qç¡z

'" +ñ\:ot ¿)
W:f f ot./el - rì'

t;',dð - ,l

where

(30)

(2e)
ü: r(r -fr) í' tr, d,,: (I - r') | e -
ds: r(l - r')+Ø -2), þ: t'{,+ -?)

Since the extremal function has the properby enunciated at 3, let
lql: I such that u'(q) :0. Then the trinomial dr* dre I d"(2 ]nas
d.ouble solution (: rl. Then condttion d,l - 4 dLü: 0 becomes:

(l - rz1'tpt - 2(1 - r")rþ + (1 + /r), :0.
'Ihe above equation has the roots :

þt: | +i-?- and þz: | -i -?-.' l-y2 l- yz

We shall further distinguish trvo cases:

l\ b:l +i 2'-
' l-rz

and

2\ þ:l-i 2'
1-rz

In the case 1) the diÊferential equation (28) becornes

I
j ,(t + ir)z(r - qo,

By integrating the aboye equation we obtain

(3g) ^17-^l'-í;-,le /r+^/Cl,
^17 

+ ^l* ^l;+ ^l( 'rL- 
^1,( )

tr'orm (33) we obtain the folrowing form for the extremal function

(34) u:.f .lv(Je )- r l'
Lv'(r/l) +ri

where

\v(r) : +I.(r-^ln\'.
^lr_t \t+^lìt)

Proceding as in case r) we also obtain in this case

(35) v?)t;,fi.
B. l,"t

(36) R,(r) : minlf(r)|, Rr(r): 
Ë"" lf?)|.

R,(") (lwl<Rr(r).

çu .' tu

-l 

-:

u t (f-w), (r-C)z(l-rï\z

Integrating the above equation, we obtain

^l¡ + ^1. _^l; + ^l( .

^ll- ^1, ^l;- ^l( .

1,

' I,u

(/-Ç)2(t-re),
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\A,re thtis obtain the lollorving result:

,rHEORElr. For r e (th -, l)' "f e S, the aalues of Rr(r) and' RrIr) o, : + !nçu, ¡ a,) + 2 arctg u l,4oL " rtj

1l :'t!,{,1,21,t,B 
-,U{)yL.)B - t{,2ul)B 

-,t!,rU2U1,

ü : - urura" ! ut1,t,21t| f aruru, - u3r,L{02,

arc giuen bY the reløtion:

(37) R'(t') : min {E', Er, E"}, Rr(') : ruax {2,' E'" E")

The exþressions 81, 82, Es haae lhe follouing ¡orm 
"

E,:Tï 
pt, 4r+ræl -#ffi @?+ v?)@r t ñili aø4,

2a2-7u1 -_' 2az-2all'
o-

u1 
- 

-- '' 2ar-2ø!l

ultere N1

,19[/r : a¡ctg (2a2 - 7)(:vrYt - xttz\ | 2a(t'rx" i !ú,")
(2a2 - 7)(t'rx, * ),ú,2) | 2a(xrY, I !úz)

%2:
¡¡t

J- ^,12

l-N'V'j;*.,*o
wJtcn 0 occut's in, rcgion I in fig. 2, N2

o,-Tj;,, ir + *i'l *i'#¡ )i -t yi
,"*l tg

b

t e-bu^ Inll w,
p

NtN,
_A

a2
wJt,cre N, -l

f+Vzru, y(2b'z -' 1) (.r " 1'' I x,1tr\ -l- 2b( r{z I !ûz) P lAlpU z : t\rctg
(2tt2 l)(r:r;r'x * ),t!z) -l 2b(ttry, -l- tíú'\) NrN,

wltcto 0 occr!t's it't' rcgion, II in iig' 2,, tntl rcsþcclrlueli',

.- r

", 
-" --, 

I ,"
'l'ltc trtl,ttc oJ' 0 iu, lltc cxþrcss/r¡us o-f E, und. E, is giuen by tke equa.-

/,'ion.s

(38) sin (0' | 0, l- 0s + 04) '- 0

'wh,en 0 bcktrtgs to thL: firsl rcgion in' fig 2 arlll rcsþcctiaeLy :

(39) sin (0' -1 0, -l- 0r + 0i) : 0,

whcn 0 bclon,gs lo th'c sccot't,d rcgíon infig. 2, wltcre 
"

%s:
N,

l-o-
tt 2

,noff -Jtw,/ri,,.,
t-

^rzw,N¡ft;-e
and

, n of -./i-¡,-,

0r: arctg -2r -l (1 -l- z)2 cos 0

(1 - rz) sitr 0

(-2r cos 0 + I -l- ¡'2)2 sin 0
t- ' al'C1 g 'L e (-r2) l,2rt (1f zr) cos 0l

the rrariabl: rv'rich :.r ) )l1r il t'r r b.-r:or¡.n rrlilLain th:ir pr:vioLr
signifìcations.

9. rn order to Tind the extremal r,alues Rr(r) a'd Rr(r)rve elabor-ated
a programme and rve uscd the comlruter I.-ELIX C_256.

rn the Table I are presented- sor re or tr-re results obtained by ruuning
thc programme for rrarious rralues of r:

I (1 -l- -22 cos 0 -þ 1r2h2 - cos2 0 |or---ln
(r - r1Jw-- r

cos 0'À*(1-1
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ln"_ïAî,,'1. 0,664152
2. 0,727453
3. 0,748531

0,2398
0,2437
0,2448

0,6107
0,6472
0,6533

1,9493
2,0298
3,8312

5,BBB1
9,7931

11,8369

Table 1
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A SIMPLEX-LIKE TECHNTQUE FOR TTIE MAXT:I/ilZATIONOF A CONVEX QUADRATIQUN FUNCTION UNDERLINEAR CONSTRAINTS
ReceiYed,l.IX.l9S:,. by

l. ì[Á.RUçCrAc

(C1uj-Àrapoca)

Insli.h.ttt,tl dc nrin.e Petro;an

l' trntroducúion. we consider the fotowing maximizationpïobrem:(t) max {xr Cx | 2cx: Ax : ø, x > 0},
where A, C are nt, x. n 

-and, 
n X n matrices .respectively and û, c are vec_

;::iiå'::f,åiîi-eiî:" dimentiái' üä;" c i, ;";;;.:á"J'b" simctric and

ique is used to establish
pr.oblcm (l) via qencral

thor in l5l.'Then-a .j__
global maxjmum of the

,'.,,"1,L!.gcncral bilinear prograrnmirìg l)rob]tm considered here is thê

e)- max{f(x, ),) : x7'C1, { ct; + d.y}I bject to the linear constraints
(3) Ax: a,2í > 0(4) By:b,jrÞL,
where A, B, C aÍe
o, b,",,'-d',-*',"y :;: ,l'"å,!r', lr\,1¿ ZÃ,!r;r!'î,,'å"ï",jfspecrivery aud

[r].tt 
what follor¡'s r¡'e sharl use the forlou,ing ertmaìã ,esult given in


