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A SIMPLEX-LIKE TECHNTQUE FOR TTIE MAXT:I/ilZATIONOF A CONVEX QUADRATIQUN FUNCTION UNDERLINEAR CONSTRAINTS
ReceiYed,l.IX.l9S:,. by

l. ì[Á.RUçCrAc

(C1uj-Àrapoca)

Insli.h.ttt,tl dc nrin.e Petro;an

l' trntroducúion. we consider the fotowing maximizationpïobrem:(t) max {xr Cx | 2cx: Ax : ø, x > 0},
where A, C are nt, x. n 

-and, 
n X n matrices .respectively and û, c are vec_

;::iiå'::f,åiîi-eiî:" dimentiái' üä;" c i, ;";;;.:á"J'b" simctric and

ique is used to establish
pr.oblcm (l) via qencral

thor in l5l.'Then-a .j__
global maxjmum of the

,'.,,"1,L!.gcncral bilinear prograrnmirìg l)rob]tm considered here is thê

e)- max{f(x, ),) : x7'C1, { ct; + d.y}I bject to the linear constraints
(3) Ax: a,2í > 0(4) By:b,jrÞL,
where A, B, C aÍe
o, b,",,'-d',-*',"y :;: ,l'"å,!r', lr\,1¿ ZÃ,!r;r!'î,,'å"ï",jfspecrivery aud

[r].tt 
what follor¡'s r¡'e sharl use the forlou,ing ertmaìã ,esult given in
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If tima} solution of th'e bil'inear þrogrøm-
' t ic fcøsibLe one.1nL -\ orr'p'oblern (1) can i-¡c consid'ercd'qu

as of ng froblem in which

B-A,b:a,fl:c"
(5) max {xrCY f '(r * f')}

subiect to
(6) Ax:rt, AY-a' x20')'>0'

,rFr lll. Let (r'', 1*) lte.an oþl'irtt'al solutio.n' of the bilinea'r þro-

grrttnnti * ià¡i"þi," ii:'h ,*;r, 
n'iå'. )"? are o¡>tímãt solutions of the

oquød,rat ,o**i'g þrohlem' (l) ønd

x.r cv* :,;_, !.); v*', cv*,

If an øt'd'ition C is þositiue d'efinitc then x*: ]*'
2.Jordaneliminationirrbilinearprograrnmirrg.I-,ettlsconsid'er

ttÞtþ

(7) Í@,9:É-i c¡¡'Y¡-\r¡ + D c¡xi I " + D d¡y¡*Þ
t:,,t t: t ù:

(B) ,o:Ðapax¡ ! aP' h:1'2' " " m

þ

(9) un:Ðbn¡!¡*bn, h:l'2'''"Q

and let b,,* 0 be the pivot elernent în (9)' Then after substituting

)',:+|,-Ðb,Ð'¡ lu,-u'l
Drs \ J+s

in (7) we obtain
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ff we consider the simplex table

tc yl

u:
A
0

0

B
a,

b

(1 1) c 0 d,

Í: 0 d B

0 C 0

tnen after a Jordan elimination step (J.e.s.) we get the table
x lt ,!,tÌ lo I

A 0 ø

ür:

!'- 0 B' b'

(r2)
üq:

c 0

p " (p ci¡i¡ r,;,u,\ iÐ,,,*8í)r¡l-ø* Ddjv¡ * dlu' * þ" f: 0 d'

Í(x' v', w) :
where

0 C'

d¡:d¡-

cij -- c¡¡ -

clrb 7¡

l_¡¡s

c ¡jb rj
bts

,1*s

, j+s,i:1,2,'..,n

1,2, .,., n

where C', b', d'. B',0'are formed. by the eleme_nts_given in (10) and B,is the matrix obtåined t.o--ããtt"t"ä st^oa^rd l-d;;'råp.
^,,.^_.TI?P 

(10)-(12).it_ is seen thar in bitinear progr"-ioi"g';''Tilääellmlnatlon step should be carried out accordi"g to firãîro"t ,,it", t"';ä;hone adds
Ad'd'itionøl rule: if the pivot element is an element of the matrix Bthen

(10) Cß:
ll¡s

,L

brs

g' : ø -d'b'brs

s, c6bt :_1 ()
ô¡::-r't'-tt2t

brs

c,, ¿,:c*gr.

lì - L aral).5c numérique et la théorie de l,approximatior _ Tome 13, Nr. 2/l9gl.

ô

þ'
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If we take a pivot element in the matrix A llnen instead of table (11)

õe consider the table

5 -. ¡IMPLEX-Lìr(E TECÌJNIeUE
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Norv if rve consider the sirnplex table

2í xl
fi 4t 1

z A

0

0

A

Ø

a.ll:

A
0

0

B

a.

b 'u,:

c 0 d. l13) c 0 d.

Í: 0 d p f- 0 c d,

C'I 0 0 0 C 0

after a J.e.s. with pivot elemeít &/s + 0 rve get the table

%1.'.27,"Xa i 1

corresponding to the quadratique progranming (r), then after a J.e.s"we get the table

zL
X Xr. . ,'1,1,/. . . Xr¿ 1

A 0 a

tls - A 0 &'
1'l'l

þm-

u- 0 B b fs: 0 A' ø'

C, 0 &'

n
P

¡

Í: 0 d üm:

c"1 0
c+8', 0 d.

Now the additional rule consists in 0 L d,

d' d -t- Y
0 C' 0

(here "t" means the t¡ansformcd. matrix (vector) after a J'e's')-



130 L MARU$CIAC 6

After a new J.e.s., taking the same pjvot eleTfnt on.i! the first ma-

trix A and the 
""tiãJpá"ãi"? 

ãatrix C-'r, theî (14) will be transformed

into the table

xr.,.2t... %nxt.l.zr... %¡ 1

7 A SIMPLEX-LIKE TECHNIQUE 131

we carry out a J.e.s. and we obtain the table

xr..,z¡...frn I

þr -

þl 
-

xs- A' øt

frs: (r7)
A' 0 a.' óm-

c &t
ám-
Ál 

- C' Ò

(15) 0 A' a,
*s-

Ám-

rn view of the additional rule another J,e.s. with the same pivot ele-
n.elr:t a,, will be carried out starting from the table

(, * 8')' 0 x 1

f: 0 c'l\' A

C"T 0 Y (18) ,+ 8't_
C'T

here C" : (C')'.

DÞFrrtrrroN l. Th,e þair of the by ctble (13). is
uøntjîrrniì,a- ¿*jà ttsl trowglt _1i+¡. wl, d. a. an eliminø'
tion steþ (d,.J.e.s.) of tke qwødrøtdqøe ing

REMARK, 1. A d..J.e.s. with the pivor element 6Iß can' be carried out
as follows: starting from the table

x1

After a J.e.s. with pivot element ø,,, we obtain the table

xt,..zr...xn 1

a1 
-

¿s-

.m-

1_

A q,

A a. (te)

(16) d.

t

(r * 8')' t)t
P

Í: C"T ¡

0

(that must be read '! z - Ax I ø, f(x) : f Cx l2cx l2a.
Therefore, after a d.J.e.s. with pivot element a,, table (16) is trans-

formed onto the table

C

c
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hence

(23)
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51,,.2¡"'%n 1

uij 
- 

vjt 
-

cjs dr i Csi Ar i I Css dti øri-1.-;¡-
ars *fs

i, j * szt: Afs

tus- A' a. Similarly \Ye obtain

c'¡i : c¡¡ - 
c¡s ari 

- 
csi atí 

¡
dts drs(20)

Ass dfj øfi

ol,
, i, j * s

Ç" : (c + 8')' d,-
u'-l

Since c¡r' : cj¿ lt follows tlnal c:ri - cii

ff j: s then we have

^,,_ç, _bì, _ ¿si _Lis_uis_ 

^_ ^_

2

C" 0

(24)

{espectively

tr,- O#) lou

1'HÐoRDlr 3. IÍ Cr : C and C is þosit'iae senxíd'efinite, tken

li) (, f 8')' : c' + \'
(ii,) C"r : C".

Proof . Accord.ing to the relations (10) we have

x'.- -cisøt, cij: c¡i -Ôi"ari, j + r, cir:L,oi 
- - &¡ ttrs ars

cä : b'r¡ - br¿ - 
bss dri 

- ci" - 
!l-!L :

@rs &ts

- 
"it

dss ati : ("'- ffllo"'ats &rs ars

ci : ci -'#, ,l :-atjd':-
øts

(,,, - '#)o,lo,,

hence ci! : cü.

REÌ\{aRK 1. F'ormulae (21)-(24) can be looked as ruics of a d..J.e.s.
for the quadratique programming problem. Ilence a d.J.e.s. is a transfor-
mation òt ttre table (16) onto table (29), where matrix A' and vector ø'
are obtained. frotn A a:nð. ø respectively by a usual J.e.s. and C", c" af,d.
d." aÍe calculated as follorvs :

Therefore

cj': (c¡ + 8;)': c¡ f 8í- (0" ¡ àí)ørr' _ ^ 
csatj ojsa, 

t

"rt
(2r) r,.1.1 : c,, - 

cis a¡j 
- 

csi arì 1- css ari ørj i i l su¡j-u¡j 

- 

| -----;l-, "'./
e¡s û¡s *f"

+ : ,'i - (t,, -'l)o,lo,,: cl I ^ri, i * s,
(2s)

SlIlCe C¡s - Csi,

(22) ci : (c,+ 8;)'- c"* 8": j" 
-'t?: ci*yi,

d,rc [+rs Afs

i.e, (i) holds.
If we denote: B : C'r, thqn from (10) it follows that

c'j, : bi, : b,, - bj"o!! ' 'i'o"'r v-J arc - cii - -;;:

,t::ï-jt, i +s, r:;:ri

cs ari cis at ¡ css dtj Qt
uj . .rj ...- 

_ ---- -f-"r-
Ats drs 'ls

1+s
(26)

t t cs css ar

ots oL

C;"At¡
c¡1 - ::--:-: ^ cssari

t"{--
a.f s

atj
afs

('27)
,, cs&r, t"o|

u. : ot l- -;.:s-
&rs o* 

"a4s
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REMARK 2. The rules of a d.J.e.s d.o not change if instead of the
simplex table (16) we start with the table

-x I

11 A slMpLEX-Llr(E rECHNreuE 
13b

REMARK g. Siill:I tabl,e .(?gl corresponds to the fotlowing cano_nical form of the coivex qu"ar"ùîþrogramming problem:
l1') max {f(x) : Xr DX - 2þX + 2p}

subject to

BX<b,X>0,
where X : (x,,,+t, ..,, xo)r,
. Therefore, if thc convex quadri" ",;;;i;;i'ri,ä ¡i;; 'hJ,i" ä"1i' iåiTÏ,i'å,T"ni?l',Ëi,oå rr*iiT,EMMA þ xo : (b,0) L n" is ct locø|, møxi_tnum_of the þ,proof. is :2p anð,

.f(*):-2f .þ,*,i f f d.n*n*,+2p-:tt-+t 
¡_Ttu+t

Therefore

(30)f(n) 
--f(xo) : ,â,,*o(;,Ð.,d¿ix¡ - u,)* ,ä,*,(+ ,ä,d * -þ,)

Now, if þ > 0 then (30) shows that

f(x)-f(*o) <0

*;":åîT"i ,?, 
Oi 

ír: 
m, { t, . . ., n, sufficiently smatl, i.e. xo is a local

O:{øeR,,:Ax:a,xÞA}.
THEoRElvr 4. Lt] *o 

= 
Q", 0). be ø nondcgenerøte b.f.s. Thett. xo is alocal m.øxirnum o/ f on e i¡' ""h o"fi .,¡

(ù þ > o;
(¿ù d¡¡ { o, V ,i = ¡0,
uhere

Io : {i e I :þi: 0}, I : {nr. { I, rn + 2, ...,n}.
Proof. (=) L"t x0 be a local maximum of / on O and consider

f31) x¿:(b,0,...,ri,...,0), x¿:t>0, i ef.
ft is easy to see form (30) thet

A a,

I

I

C d.
r

C 0

rn this case we have to use the modified Jordan elimination step (i.e. the
pivot line rests unchanged but pivot column changes sign).

. 3. o¡tirnality eriteria. To obtain a basic feasible solutiou (b.f.s.) to
the problem (l), we shall use the d.J.e.s. described at the secti'on 2.' To
simplify the notation we assume that matrix z4 js of the full rank. Then
startind from the table

-x I

0- A 0

128) -.c 0

f:
C 0

an_d assuming (without loss of generality) that the pivot elements were
taken from the first m column of 24, then after m d.J.e-.s. we get the table

-Xmir ,,, -Xn 1

frL:

B b

'(2e) 4n-

þ P
Í:

D 0 (32)
"f 

(xn) -.f (xo) : clont,, i e lo
(dol-2þi)t,i+p,b > 0.
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and.therefore f(xi) -l@o) < 0 for each x¿) 0, ie I, srnall enough,
implies (ù - (iù.

(<) Assume that (ù-(iù hold. 'Ihen (32) shou,s that
(33) f@u) -_f(xo) < 0, \i e I,
for each I > 0 small enough. Norv u'e choose / > 0 such that the convex
hull V S-o1" iryo, x,'tl, ..:,c.,] ç O, rvhere øi is defined as in (31).
Any x V lnas the representation

13 A SIMPLEX-LIKE TECI{NTQUE
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ß"ä, 
K¡,- -be¡t10, for every t>0, that means xi *dù, for every

Now, since xi = Ç) it is necessary that
ó¿¡ ( 0, l, = J,

x - ),oxo * ),.rx,,-tr + ... | ),,,_,,r,,, À; ) 0,

and from (32) it is seen that f(xt) _ .f(xo) ( 0 irnpties

rl¡,, ( 0, Yi = I"¿,

ôJ@o)

ôv¡
<0, Yi=7

i.e. (i) - (ii)¿ hold.
(e) Thc proof of thc^sullicicucy oI th.e co'ditions (l) _ (ii)o is simirar

*,,,?:,'pååiT,,î'" iå,ijtä:"n"v-ãi "o"diti*.*'(ii':ií'a- oì, 1,"o,",,, i,
/r' Glob¿rl rnaximur'. Assume that xo : (!,9) e e) is a rocal rnaxim'rnof ,/ on o' Then it forlows äit ø">'"0 a'd (l) - (iù or (l) - (ií)¿ 

'tord.
For xí defined as in (S1) .r* ha;" 

" - '

f(*n) : - 2þ¡x¡ + 2P I d¡¡xî, 
ff,t*,) : - 2Þi ! 2d.¿¡x¡.

Condition (i) implies

,, nt

D
il:0

1À,

Consider the convex funclion g : Iì', * R,

s@) :.f(x) - "f(x')
l{ence

1L --

f(x) -f(xo) - g(r) < Àog(ro) + Ð À,g(:v,,,r-') (

< max {S@o), g(x"'Ft) , . . ., g(x")}.

Obviously g(xo) :0 and (33) shorvs that

g(øn) ( 0, ,i e L
'l'hus f(x) -"f(xo) < 0, Y * = I/, t.e. xo is a local maxirnurn of /on f).
Now let xo : (b,0) be a dege'erate b.f.s. of (l) and let 

's 
d.enote:

J : {i e {1,2, . . ,, nt}: b,: g¡.

l'rrpoRÞùr 5. Degenerøte b.f.s. xo : (h,0) = O is a local møximum, of
f on Q i.f ønd. only i,f

(ù þ>o
(iù d,n{O, \i=Io1
'tuJt,eyc

I'd : {ie Io :ó*; ( 0, h = J}.

",P^r.oo.f. ^(+) Il xo :.(b, 0) 1l n,local maximum for / on O, tine.f(x) -- "f 
(xo) ( 0 in a certain 

'eighborhood 
of ø0. consider øt dåfirreci àJ i"

(91) As f @.') -.f @o) .< 0 foi ¿ > 0 small enougtr, from (82) it toitows
Lhat þ, > 0, i É .I0 i.e. þ >- 0. Hence (i) holds.

I,F)MùIA 2. Let fro: (b,0) = O be ø clegenerøte b.f.s. If tkerc is b¡¡2 0,
/, = .1, tken. for eaery t > 0, xi is ,not fcasibti solution," "

Proof. Consider øt defined in (31) aud let b¡¡ ) 0, k, = J.

x¡ : t¡tin{l > 0 : f(x,) _ -f(xo) : 0}

ff there is i e 1 such that f(xî) - f (xo):O as no positive solution,then one takes ø,1 : + co.
Consider the inequality

(35) l.'! . ,,:+\¡

('-l'hc tcrrns corresponding to *i : + .o arc rnissins in /3.i1\Sincc iunctioir ¡ reaõnes irs rnaxi;,ä iä'i'tirÞ.r.'l i(t"lllionu. *,"t
tnax {f (x) : r = e,} : .f (ru),

ô

Definc

(34)

rvherc x¿ : t.

rvherc

Qr:C)[)lr=¡¡" F.y¡ /A;- 1

That is rvhv. irr ord-er to deternrine a ngw 1ocal rnaximum, r,ve shallfi'd a tocal maiim.r* oi-i ; ö\ö;,'ì.". oddi,rg i" tir" iiitial constraints
Ax:ø, x)0
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the constraint

(36)

Now, from (27) we have

.b-b. d"^b2

f@,):2p _ 
-+#:2p +D:f(xo)!D.

ufs ou ts

thereforeWith this ns$r quadlatique programrning probiem- v'e proceed simi-

t"rf' ""ïil ifr" 
ptotf"ü becomäs ifcon-sist"nt. Hence we have I

THEOREIT 6. Let xo:(b,O) = o be o local møxirnum of f on Ç) and xl'
i = I defin zd' as in (34). If

then xo is ø globøI solution to the þroblenx (1)''Ë,

6. Description o1 the algorithm. From above we conclude with the
following algdrithm for the gtótat maximum of the couvex quadratique
programming problem.

Steþ. 7. Starting from the table (28) find a b.f's. ø0'

St;þ 2. fi U)-Ui) or (i)-(ii)a hgld (yhe^tl:' ,l is a nondegenerate

or itls ä a"g"o"ì.áte b,î.s.) titên go'to Step'5. Otherwise go to tep 3.

Steþ 3. ComPute

(JB) D : d*!? 
- !! : ^^*l9jL -' 

o',u' , oI
2b?, b,, i l'?b?, b,, 

J

Steþa.Doad.J.e.s.bychoosingapivotelementb,,inthecolumn
s and go to SteP 2.

Steþ 5. ComPute xi as in (34)' i";'

steþ 6. Add the inequality (36) to the initial constraints and go to
Step l.

The algorithm is terminated rvhen the new quadratique programmlng
problem beãomes inconsistent (Theorem 6)'

TTEMMA 3, Let f : (b,0) e O be a bas'ic feøsibte solution of (l) ønd'

*' J(ø', O) øn ad.jacent b.i.s. óbtaitoerl from x0 in Steþ 4.

Tktn

Í(*') > f(*o).

a local maximum b.f.s.

.f (x') > "f(xo).

THÞoRDM 7. If O # Ø is bound¿d. then the þroþosed, ølgorithm hølts
in finitel,y many steþs generøting øn oþtimøl b.f .s. to'tkä þrobleni 1\,\.

P r o o f. ft follows imrnediately from the following facts:
1) By simplex method Step I converges in finitely many steps;
2) I, e m m a 3 shows that whenever we pass Step 4 Llne value of

the objective function f is improved by D > 0.
3) ;There are only finitely maîy b.f.s. for Q.

RÞMARK 4. In ord.er to improve the cutting plane given in (36) we
can use an iterative procedure given by coNNo, H. l2l, which geneiates
a cut which is generally deeper than the cut used hele. gut in the other
ha''d. thís proced.ure involves to solve n-m subsidiary linear programming
problems at{each iterations.

. 7. E¡ample. To illustrate the algorithm we solve the following exam-
ple:maximize

f (x) : - 9xr- l1x, + 2t4 | íxrx, -f íxl
subject to

xr ].-xa - 2

tcz ixa:2, x¡70, j:1,2,3,4.

Step 1. The initial table is:

xL -t62 -)h -x4 1

0
0-

0

f:

ø = Ili , ,1* :ict,I

ì

\-ii''l
?,'i?L

\-\ r'i

i€I -i
> rlr: ,r,

2
2

t512

512

5
0
0

s12

2

l2
0
0

5

0

0
0
0
0

0

0
0
0
0

0
0
0
0

0
I

1

0
0
I

1

0
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After eliminating the O-column and the corresponding line in C,, the
new d.J.e.s. starts with the table

-xz -xB -x4 1

Aftcr a J.e.s. rvith marked pivot element we get the table

0 -x, -xB -x4 I

xt:
0:

1

0

0
1

1

0
0
1

2
2

-el2 1512 -el2 0 -9
%L:
0-

0
1

1

0
0
I

2
2

2

5
0
0

õ l2
5

0
0

o

-clz
0
0

0
0
0
0

-4
-5

0
0

512 -rl2 0 -5f-
l2 5 512

2

0

0
0
0

0
0

0

f-

-512
0

In vier'v oT the additional rule s'e continue with the table

-xL -x2 -xB -x4 1

After a d.J.e.s. lve get

-x3 -x4 1

0 1

0
0
i

1

0

0
1

I

2
frt:
%z:

1

0
0
I

2
20-

rl2 slz 0 0 0 sl2 r5l2 0

')

512
o

0

-s12 0

0
0

0

0

0
0
0

0
0

0
0

f-
2

512

512 0

0
1- 5

Ð

-5f2
0

After a J.e.s. u'e get the table

0 -xz -xt -xE I

This table corresponds to the canonical quadratique programming
problem:

- 9x, - l1xn I 2x3 | íx"xo * Sx|+ max

subject to
xs <2

x042, xr)0, x020.

Step 2. It is seen that (i) holc1s (9/2 > 0, tíl2l2> 0).

. pincg Io : Ø, (ii') is-automatically 5¿1ir,'i"d. Hcnce xo : (0,0,2,2)
is a local maximum and f (xo) : 0.

Step 5. We have

Í(,') -"f(*'') : - er l- (-/ q(: - sl:z t(-t\ : - r,.\5i2 s i \ o /

xt:
0:

1

0

0
I

1

0
0
1

2
2

-rl2 sl2 -rl2 0

Í:
2 -512512 s
2 -51200

2

s12

2

0

0

0

0
0

4

-5
4

0

1
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I{ence xä : i co. Similarly we obtain

Í(#) - Í(xo) : - 15ú + 5t2 : $¡1¡ - g¡,

and. so xi :3. Therefore the inequality (36) is:

xoÞ3.
Step 6. The new simplex table is the following

-ry
tt4 I

tul-

%2:
%6:

I
0
0

0
1

I

2
2

-3
ON THE DIVERGENCB OF I,AGRANGB INTERPOI,ATION

el2 r5l2
PROCESSES

0
by

Í: 2

512

512 0
0

AI,EXANDRU-]OAN MITRÐA
(Cluj-Napoca)

5

,.9!up. 1. rt is clear that the new problem is inconsistent, since ine-
qualities xE 4 2 anð, xn 2 3 are contradiictory.

Therefore fl : (6,0, z, z) is theoptinal solution to the consid.ered.
problem and, f(xo) : Q.

Thr: paper deals with some as
,nterpolation processes. A series of
most of the results are classical by
results and theorems have been obtái

t important works on this sub-k l4l, tsl, t6l, 171, A.A. Pri-
be mentioned.- A- result on the

1"q ,:. Cobzag [l], using a prin-
uiafttles.

this paper, a result relatecl to the theorem of S. S.
[4] is essentially pointed out. rn the first part of the DaDer
ties on which the proof of the fu'darnent"tit 

"oiãm 
i; ã;;"d

t of a1l real continuous fu
p, a.nd lct f : [o, g]--* R.: 91. I4t ø e lq, pl. Denote by

f3l----R which have the following

(i) f = Cl", gl.
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(ii) & : {ø}.
{iii) There exists à > 0 so that

[ø - Ð, al O lø,, p] and
/ is strictly monotonic on the intervals
Lø, ø i ùl fì [n, g].

\e,mø1h,. fi..f e G(ø, æ,.p), then lfl e G(ø, a., þ)Thc following lemma ii'valid: '"' \

{ - L'analyse numérique et la théorie de l,approximation _ Tome 13, Nr, 2/lgS4.


