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I{ence xä : i co. Similarly we obtain

Í(#) - Í(xo) : - 15ú + 5t2 : $¡1¡ - g¡,

and. so xi :3. Therefore the inequality (36) is:

xoÞ3.
Step 6. The new simplex table is the following
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,.9!up. 1. rt is clear that the new problem is inconsistent, since ine-
qualities xE 4 2 anð, xn 2 3 are contradiictory.

Therefore fl : (6,0, z, z) is theoptinal solution to the consid.ered.
problem and, f(xo) : Q.

Thr: paper deals with some as
,nterpolation processes. A series of
most of the results are classical by
results and theorems have been obtái

t important works on this sub-k l4l, tsl, t6l, 171, A.A. Pri-
be mentioned.- A- result on the

1"q ,:. Cobzag [l], using a prin-
uiafttles.

this paper, a result relatecl to the theorem of S. S.
[4] is essentially pointed out. rn the first part of the DaDer
ties on which the proof of the fu'darnent"tit 

"oiãm 
i; ã;;"d

t of a1l real continuous fu
p, a.nd lct f : [o, g]--* R.: 91. I4t ø e lq, pl. Denote by

f3l----R which have the following

(i) f = Cl", gl.
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(ii) & : {ø}.
{iii) There exists à > 0 so that

[ø - Ð, al O lø,, p] and
/ is strictly monotonic on the intervals
Lø, ø i ùl fì [n, g].

\e,mø1h,. fi..f e G(ø, æ,.p), then lfl e G(ø, a., þ)Thc following lemma ii'valid: '"' \

{ - L'analyse numérique et la théorie de l,approximation _ Tome 13, Nr, 2/lgS4.
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I,EMMA. If lø e G(0, 0, l), tken lim h2(t) h(ø

,

)-' d'a 0
Fina1l1', lct':; show that lim hz(t)

It is enough to exist a sequence

(h("))-, d,ø * 0.

x,,), xn e 10, 1] so that ø, -o 0 and(

Proof . Since Ro : {0} and h is continuotis, we have either h(r) > 9,
or lt(x) 10, Vx e 10, 11. Consider the first situation. Fron the hypothesìs
of l,ernrna, it follows that there is a pcint I = ]0, 1] so that lt' is a strictly
increasing J.unction on [0, 3]. There exists two points F-- lt, ò[ and r¡ '
e 18, 1[ (for ò < 1) so that A <h,(t)5tnø,1 1dø:n'p¡jçr1r¡

+h,(t) I {øtul)-' d..o:h(t) lffi ,t -t) +.(1 - s) *^]. ¿(r) [s -t+
ù

+ (1 - u)#]
I,etting t n0, the conclusion follows.

Retnørh 1. The condition (iii) from the definition of G(0, 0, 1) is essen-
tial for thc conclusion of I'emma.

Consider g: 10, 1l *- R, r(:): ", Vr¿ e N, rl+å + ì-): ,, ,

0 < Ð < 1; (4') limh'?(t)
t+0

(h(r))-r d'ø * 0

Iin kz(x,) (lt(a))-tdr * 0
Jf-|æ

Taking *^: 'L, ll'e have--tdzl_ n

1

!r
r

,, iå(**-)
',¿r: Iì i \

ËJlz | )Ir
zk

h(r))

h-l
I
I
I

I
5

+(+*å)

g(z) dz I g('r') d'ø

Si¡cc g(t):2n2(n- 1)z(n + i)l - 2n(n- l)'(nl I) +,' for te

- |l , 111 I f li and s(/) :-')7xzþr- t)zþt,-2)t!2r!(n- t)þt'-2.) t
'rtr'2\" n-l|j '

+11 --I, lctrt-[tlt + t l, --' i,tt'>2,wcobtain:
tz\n ' n-l)'"-tl

i t t ll-'¿u:Løu, rvhere a,,: L Ìt - + * +(+" *- l)g linear on the )l 
and

1,vn-Nn22. h(o)-
l
x = f0, 11, has )I, =1l ; (3') ñ' ís not t0, ò ì,

Yne

[1r1
Lz\"
-n_ rnì
- tvt

r
11

Then,

1,,!¿r,,ç*.¡ 
( frt"tt-' ar: l1¡:-b,r: lt* #" -:1 * t

5
il

Indeed., (1') is obvious. In order to prove (2"), it.suffices to shorv
thath is continuousin øo:0 (sinceg is continuous). I,et ("") Þ9 a-sequence
of numbers such that i,n0 and i, > 0. There exists Þ" = l{, h, ) 2 so

that1, = [;, 
":]. 

wc havc g(ø,) , s[;-l', ltcttcc Q l tt(x,,) 1

< h(#) : 
t: ' Since xn *0, v¿e have hn n @ a'c1 thus h(x'') -'Q'

To prove (3'), suppose (3') is false. Thenthere exists some 8o î "19, 
11,

such thai su/¿ iò monotììic oà [0' ào]' -(ince /¿(0) ==0 and z'(80)¡0' it follows
that lt'this increasing on [0, ào] I,ct ,¿0 c N so that (no- l^) '{ Ðo'

Fro* f . +(:,* 
^=) 

.:= ( Ð6, wc havc h[;l? , (

o, I < {, which is a contradiction.

f;"":))

Rema.rl¡. 2. Tlre condition (iii) frorn the definition of G(0, 0' 1) is not
necessary for tire conclusion of Lemr a'

Indeed, the function h: 10, 1l * R, It(O) : 0, ,(+): *, n = *' '

'(+(+*,,_ t)l 
:**' neN' n > 2 and' hlineat elsewhere' has the pro-

perties :

(1') R, : {0};
(2") lx = C [0, 1] ;

(3") k is not monotonic on any interval [0, ò], where 5 e l0' li;

(4") lim h'(t)
t+0

(k(r))-'dø :0
I



746 A. I. MITREA 4
5

ON TLIE DIVERGENCE 147

ft is clear that (1") holds, To prove (2') it is enough to show tlnat h
is continuous in ø:0. Iret %nn}, x,) 0. There exists ,åu = N, h, > 2
snch that -, = [;, ;-]. we have 0 4 h(x,) * ,1" 

-) 
:;j;. Si,.""

xnt0, it follows llnat h,---+oo and tlnts k(x") ---*0, as'n+6 which shows
tl;rat h is continuous in ø : 0.

fn order to prove (3o), let's suppose that there exists 8o e ]0, 1] so
that l't, is monotonic on [0, 8o]. Since å(80) > 0, it follows that l¿ is increa-
sing on [0, 8o]. Choose øo e N so that (no - 1)-t < ò0. Since ]"a i Ê,*
* å) . #( Do, we have lt(i,) . ,(+(:"* ;_,)) * )". h,
a contradiction.

To prove (4"), 1et %,n0, x,> 0. There exists An = N, k, 2 2 stcln

Proof.In the first case, we define s:.[0, 1] * [-1,- r',,], t1/] :' (-1 
-_ xòt f ø0.,l'he function h : lgl o s satisfies the hypothesis of I,enrma a"lcl

thus

lin kz(t) (h(r))-'dø : 0
t+æ

The change of variables on the integral defined by ø: s-'(u), implies
the first equality, rvhere x : s(t).

In the second case, we define s: [0, li n lxo, li, s(l) : (1 - xo)t Ij xo anð, fu: lgl o s.

coRor,LARy 2. If s= G(xo, -1, 1) and x, * tl, then

that x, =

)

\

11
h,r' h, - 7

We have xo-E 1

r\
)

to*e

t

o^F
Ð(i:2 )

I-I

linr g'(xo - ") ly(t)l-'dt : 0, lim
e+0, e> 0

g'(xo I e) o6 t) -' dt 0
1

f
I

I
Ä

n

e+0, e¡ 0

atod

-1
h'(*,) (h(r))-r dø < h2(x") (k(r))-r dø: kz(x,) (h(z) )-'dø

I
*o+ e

Sincc å(l) )f . \' tl I l
2i " 

= 17' TJI' we obtain

0 < hz(x,) .\,t tol-, ar 4 kz(x,)Ðr,(;-;) - ,r+å=1 *

<2(h,-t): , 
.

(h,-l), hu-l
I,etting n-æ, (4o) follows, since hn-cn.
Remalh 3. The condition (ii) may be replaced by the condition ¡

(ii') The set R, is not empty and contains a finite number of elements,
then formulating for each & e R¡ one condition of the type (iii).

Remørh 4. If the hypothesis of l,emma holds, it can be proved that
1

t:i ,"tl . 
\Øt"D-raó 

:0, Vc¿ > 1 ; lor u: 1, the statement is false.

ao*o"i.o*-. l. I.f g e G(xo, -1, l), then;

lirn
e+0, e¡ 0

g(t) dt:0
fro-E

Proof. The first two equalities follow from Corollar¡'' 1, putting

- x: e, respcctively x - xs: e, and the last one from therela

r.+e

0< [ ls(rllctt<2a.ntax{ls(ø)l :x=l-1, 1]}.
J

xo-
tion:

II. I,et ,sr¿ bc o ,rlon*r.t.r infinite matrix of uodes in the interval

[- 1, 1], -1 < r,1< x?,< xl,<... <
[-1, 1] *R. We put ot,(x) : p,W - *1,), tf,(m; x): o,,(x)la!,ø!,)Ø - -

- x';) J-',

!,
1

5

fr

L,,(ar; f ; x) -r¡çx'i) . tf;çm; x¡,
È-1

It'!,@; x)1, d": rnin{lrf+t - *!,1,1 < å ( rø - 1}'lirr' gz(x
t+Xa
Í 1*o

lg(¿)l-t dt:0, for xo * -I and L,(ut; ,) : ÐÀ:l

lim
u+ra
z) Íc

s'@) lg(¿)l-t dt :0, for xo I I Sirr".. f [,1m; t;):1, Yne IN, Vø= [-1, li, we have
h -_1

(1) L,,(*; x) >- l, Yn:1,2,3, ..., Yx e l-1, 1].
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Inl4l, S. S. Pilipðukshowsthatthereisaset E: E(úL), E g [-1,1],
n(E) :2, so tt,,at for every point øo e E, there exists a function / e
- C[-1, 1] which has the properties:

(2) f(xo):O,

(r,iii) DlL,,(ffi; rJl ' <r

(t.iu) L,,(an i xo) 
oh*rL-r@ 

; xo)l f, a t, vø e N'

(rr.2) Let n,be given Since xo * x!,,, vÞ =.'{1, " ', /1,} (otherwise (l'iii)

rvill be false), there exists 1¡ = N such that Ì*', a *o a *ol,* (we put ø1, :

: -1, iÎ xl,,> -1, and *i',t 
t 

1, iÎ xi,'n< l¡'
r,ct geG(xo, -1, 1) and po:min{lg(xl,r)l,t *¿ çø'}'
By the continuity of g, there is a Ðí > 0, so that Yx = ¡xf;r- 8i'

xX,+ Eil, 1 < A ( ø,, we have lg(ø)l)2-''þn'
Put 8o :2-r nún {d',,, ,o - *0,,': }'*!-'- *0, S;, (2'u)-t ' þ,}'

Thcn we have :

(2.1) .ii, ,Yx - l*1,,- 8,, xl,,* 3,1, I < å < nn: lg(x)l-' < 2P, t

(2.2) 4no Eu pu-t ç 1'

By Corollary 2 (of I), by the continuity of g at xo and bv the fact

that g(x): 0, there exists E¿ e R so that :

ar) 0, xo - Et, u *!,"* à¿, ,o * e¿ ( 4"-'r'
gr(xo - er) < lL,,(mi xo)f-t, g'(xol er) < lL",(urci xo)f-t,

(t

ó

(3)

and

(4)

j ll@)@ - xo)-tldx 1æ,

lim sup lL,,(u¿; f ; xo)l: *co
,t+@

In the same paper, the following remark has been made : for matricies
ü¿ which have the propcrty that for infinite seqtlences (n) anð, for every

" = 10, ]l , tfr" following inequality holds :

I rt
nax{lt!,(m,x)l:-1 f o (ø < 1-"} < C, 1<È {n¿,i:1,2,3,...,
there exists a set E:E(ar), ECL-l, ll, m(E)>2- 3s so that for
every point xo e .E there is a nonnegal-ive fuirction /< Cl-|, 1], which
satisfies (2), (3), (4).

fn connection with these statements, we will prove thc Îolloi,r'ing
theorern :

TrrEoREM tf on is ø triøngular 'infinilc mqtr'íx of notlcs i'n tlt,¿ ìu,Lcraøl

[-1, 1], then there exists ø set E C l-I, ll uith m.(E):2, so lh'ut for
eaery 'xn = E øncl for eaery /unction 8 - G(xo, -1, 1), 'tltcre cxisls a ftt'ttction
-f : l- 1, 1l * f,l uh'ícl't' søti'sfies the follouing þroþerties :

(1") /(ro) : 0

(2") "f(r) > A, Yx = [-1, ll, x I x,,

(3') f = c[-1, 1],
I

(4") \tøl ' le@)l-'d'x1æ,
-1

(5') lias.up lL",(rn; f ; xo)l: +oo,

Proof. We shall divide the proof into five steps.
(IL1) There exists a set .E C l-1, 1[ with rn(E):2 so thal- Ior every
x e E we have lim sup L,(srr; ø) : f co (see 12] and [3])

fr+@

I.et xoe E.It is easily seen that there is a subsecFrence (2,, (an; ro))
of (L"(wt; øo)) so that:

(1.i.) L,,.,(m i xo) 1 L,r"(ffi; x), yír 1 ir,
(l.ii) L",(un; xo) ) (4i + l)2, Vi e N, :, ,

I(2.3) g'(xo - ur) le(¿)l-'fl¡ 4J-t.2r

g'(xo i "t)
2-L

Ar: {x!,,11,!,,{urc; *ò < 0, 1 < å < þ}, for þ¿ 7 |

,a,: p!,,ltkr(m; *o) 10, þr+ 1 < h { n¿}, lor þa { nt - |

4:{xl,,lt!,,{m; *ò > 0, 1 < A < þ¿}, f-or hÞ L

,l,n:1xf;,1t1,,{nn; *o)} O, þ¿ + 1 <,Þ 4 n¿}, lot þ1 { h- |

t et¿l -Ldt <3--L'2-.', i sttt dt<3-L
xo* et x¡- tl

Irct
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lII.3) Next, we define the functions p;r i l-1, 1l *R,
g¿z: L-1, ll * R, gti l-1, 1l *R,

tol et 
1

+ \ sØ) ax + \ s,@o + st) s(x) -t dx -r
ro- Et ¡o.l_ e¡

9a'(x):
gtþo - e¡), for x e l-1, xo - e¿l
g'(x), for x e lxo - er, x, { e¡l
8'@o t e¡), for x e lxo + er, 1.1

"*rn u'

Í
¡r\'

| ¿-J

*o- El

\

na

þ)rl*!,, - 8,, rj,-¡ 8r¡

ee(x) lg(x)l-t d.x : gz(xo - st) 
5 lg(x)l-r dxI

0, for x e [-1, 1,]
h
IL

Ò'-
I

lLi,(st(,;

LL"',(sft:

lL",(srL;

LL",(srL ;

xo)t-t - E'(xo -
øo)l-t - g'@oi

1

xòl'-g'(*o-
1

2 ^,xill - 8"\xot

e¡),

er),

e¿),

sr),

for xe At
lor xe Az

for xe Aa

lor xe At

ro-l- el

g(x) d,^t * g'(øo 1- e¡) \ stù -t dx *
rot et

+

9;z(r) :
*o-- € |

tt

Þ_
'r, f òt

1

+Ð
^l

vn(ï) lg(x)l-'dt

linear, ' for the rest

ya e [-1, 1].

"j, - u,

,^__^Tt P.l), (2.2), (2.3), (3.4) and cp¡2(x) < q, (ø), \ye f-r, til, weIlave :ç,(x): w@) * pn(x),

We have:

(3.1)

(3.2)

(3.3)

gt(xo) : 0,

%e c i-1, 1Ù

qlx) ) 0, Yx = [-1, 1], x I xo,

1

J,
ç,(x)l7@)l-r dx 4 3-r . 2-¿ + B-t . 2-, + g-L . 2-¿ +

I
2

-1 
,t.

I lL,,(0ru; xòl' . D 2 . p,r. 28r:
(3.4) max {9t@): x e l- 1, il} : \L,,,(sfl; xòl

13.5) \ v,:@

-1

) ' le@)l-, dx < 2-' + lL",(ffi; xo)l

:2-'1- lL,,(srLi x,)f " 4n, à, , ¡r,'-r < 2-,+ 1.L,,,(ffi; xo)l 1.

(rr'4) Next, wc will construct, similarly as in_ [4], the function,/.r,et usconsidcr thc sccrucncc (nr). We put fri,: îtz arrd'wå'ruppã." that the num_bers n¡,, ni", . .'., nr^_, ärc detfrrnirråt"¿.
We define:

(rtf{ (:"a th_l(4.L) Fn,_ti [-1, 1! *R, F-_r(x): Ð.9i,(x), vx = l_1, Il.
rf lim.sup lL,(uq F,n-t, xr)l : f oo, thcn u,c put tx¡-:0, -f : F,n_ttl+6 ñaud 'I'heorenr is provcd.
Supposc that rve havc:

(4.2) lirn srrp lL,,(yt,; l;,,, ; .r.r,)j -= C,, < ø.

It is clear that (3.1) and (3.2) hold. Next, (3.3) and (3.4) follow frorn
(l), (2.3) and the definition of gr.

Let us establish (3.5). We have :

ll

\ v;@) lg(*)l-' o* : \ er(x) lg(x)l-'dx *
-l -l

1 ,o-e 
¡

* | v,r(")lg(x)l-t d.x: \ s'(",, - e,) ls(,r)l -t tlx -t-
1 -t
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'lhen,
,.

(4 3) L,,n(ütL; ert xo) : p_, ,?t@1,,)t1,.@r,; xo) :

- >+ çn@f,,)t!,,(m , xo) + >- 
'uçx!,.)t,,@n; 

xo)

Vl e N, where ),- refers to the terrrrs of surn for lvhich t\,(tn; *o) ) 0

ancl E 'ieferä to thc t"ims''åt surn for;hi;h t:'ir;","-;,;i o. rt is easily
sr.'(:n .ihât both sums contain effcctively the terms.

Ì{ow, we put
fl,

ç\
LJ

¡:t, lÀ (ûÌ¿;*") >o

t!,,(m; xo),

11
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Next, suppose that for all the numbers ln we have (4.2). Then, we
define :

(4.5) f : l-1, 1l * R, f(r): å *,, (x), Yx€ [-1, 1].
j:r

By (3.a) and (7.üi), it follows that this definition is correct.
(II.5) Finally, let us show that this function / has the desired properties
(1 ') - (5 ").' ' 

Tùe properties (1") and (2") fo1low from the definition of f, (3.1) ancl
(3.3)' 'The 

achievement of (3") is proved similarly to that in [4], wing (l'ii'i),
(3.4) and (3,2).

Referìng to (4"), using thc rcspective arguments from [4] and the
reiations (3.5) and (l.iii) we obtain

\ru, le(ø)l-'ctx <2<æ'
-1

The property (5') follows from the linearity ol L,,tnand the relations

(4.4), (4.5), $.2), (l.iu), (3 4) More precisely, it is shown as in [4] tha
lì,L,,^(oii f ; xo)l> i-- L Now, letting tn+Ø, we obLain tt,l*.lo L,,l(n

f ; xr)l : *co, which completes the proof-

Rernarh.. A similar argument, but simpier, shows that under the hypo-
thesis of Theorem, there is a set E -l-I, ll, m(E) <2, so that Vøo-e
e E, Yg e G(xç, -1, 1) Jr= C [-1, 1], which satisfies the properties (1'),
(5') and

1

\ttøll ' le(ø)l-' d'x 1æ.
-1
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BILINEAR INTERPOLANT OF MANGERON
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I
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1. Introduetion

The fundamental bilinear interpolant of Mangerol l2l,

{1.1) Mlfl@, y) : (r - y)f(x, Q I yf @,1) + (1 - 'c)f(0, 
y) -f xf(L, y)

- (1 - 'r)(r -y)f(O,0) -. ø(1 -y)f0,0) -y (r - x)f(o,r) - xyf(r,r),
which interpolates to f on the bound.ary of
R:{(x,y) :0 ( ø ( 1;0 <_y ( 1}, has had wide spread influence in
the area of approximation of bivariate f unctions. While M lfl and its genera-
lizrtion to include interpolation to normal derivatives s3rves well for a
rectangular domain, many applications recluire approximations which
are not inherently recbangular and. consequentllr there is interest ín develo-
ping analogous rnethod-¡ for other do¡nrins. Of particular interest, d.ue
to the application in finite elernent analysis and scattered data interpola-
tiou, is atriango.lar domain. In this reporl, we present methods for a trian-
gular d.omain which are pattem:d atber the following two ecluivalent pro-
perties that characterize Mlfl.

Characterization 1. Mlfl is the uniclue function rn C2i¿ (R) which lies
in the kernel of the operator âtf 0Ìây) and interpolatcs b f on the boun-
dary of R.

Cíaracterization 2, Among ail fLrnctions in C2'2 (R) rvhich interpolate
to f on the boundary of R, Mlfl ::ntt ,.tely ninirnizes the pseud.onorm

vfi i s, t)l.t dsdi


