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1. Introduetion

The fundamental bilinear interpolant of Mangerol l2l,

{1.1) Mlfl@, y) : (r - y)f(x, Q I yf @,1) + (1 - 'c)f(0, 
y) -f xf(L, y)

- (1 - 'r)(r -y)f(O,0) -. ø(1 -y)f0,0) -y (r - x)f(o,r) - xyf(r,r),
which interpolates to f on the bound.ary of
R:{(x,y) :0 ( ø ( 1;0 <_y ( 1}, has had wide spread influence in
the area of approximation of bivariate f unctions. While M lfl and its genera-
lizrtion to include interpolation to normal derivatives s3rves well for a
rectangular domain, many applications recluire approximations which
are not inherently recbangular and. consequentllr there is interest ín develo-
ping analogous rnethod-¡ for other do¡nrins. Of particular interest, d.ue
to the application in finite elernent analysis and scattered data interpola-
tiou, is atriango.lar domain. In this reporl, we present methods for a trian-
gular d.omain which are pattem:d atber the following two ecluivalent pro-
perties that characterize Mlfl.

Characterization 1. Mlfl is the uniclue function rn C2i¿ (R) which lies
in the kernel of the operator âtf 0Ìây) and interpolatcs b f on the boun-
dary of R.

Cíaracterization 2, Among ail fLrnctions in C2'2 (R) rvhich interpolate
to f on the boundary of R, Mlfl ::ntt ,.tely ninirnizes the pseud.onorm

vfi i s, t)l.t dsdi
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2. Linear hrterpoìation for Tl,ianç¡les"

e rvill use the standard triangular do_
, and (1,0). Any other trian[ular do_
ltlt the use oI an affine transfõrmation.

;: å|ft Posses:j continuous Partial

; i." I Jl':í 
o,ï 

i,.j :,i, l: LHI'ls.,.l'a #
il4 can be viewcd as thJboolean sunr']iÏl 

åL"l?:"u 
uPon lineat inter-

rvhere Ì[ : fui, @ XI y : À,1, -f A,I y - M,tr[ y

AtI,lf)(x. -r,) : (1 - x)f (0, y) 1_ rf (1, y)
M,L"fl@, y) : (1 - y)"f (x,o) t yf @, r).

f'lrc corresuonrlirrg rinea' iutcrporatior operators for thc cronlain r ha¡,.c¡ational, *äigr,t rï,,i"'tãì.'îoì "ãffi,r",
r,l"fl(0, y) : L0 - x - )Ò10 - ilÍ(o, y) * Lxll _ y))Í(1 _ y, !)

al1e1 to the ø-axis
Boolean sum of these
ow proceed to develop

aracterization L MIfl,the general
the property that ¿'i¡'¡¿*z¿rz": g i<

t (x, y) : gr(x) _F s,U) _l y&(x) + xq4u)
for ar-bitrary, trvice diffe¡entiablc Tunctions g,,,i,: I,2, g, 4. I:f \\¡e rìowserect &¡, ,i: t.2.s,4 bt-ã;i;';; i,,t",i;i.; i; ì;" the boundaryof Z, u'c obtain túc equaiions

s,@) * s,(o) + xs4p) :.f (x, o)
s,(o) * e,U) I, ys"e) -,f (0, y)
gíx) 1_8r0 - x) + (t _ x)&(x) + xs4e _ x):f(x,r _ x).

Solving these equations, leads to

t'lÍl@, t¡ :2--t-2 .f@,0) + ffiÍe, y) + ,r #rJ, .i(0,0)

+ 
"(, -, Lf(r - y, y) -.f(r - !,0)l + #_ ,, lf(x, | - x) -Ï (0, r-*)l+

(2.r) tutlg(x)-s(t -y)l

:, 
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rvhich interpolate:; to f on the boundary of ? for arbifiaty g. In order
to eliminatc the ratioiral tcight functions, r've choose

.l2x
e( x)

\x(l- x) '" '

which leads to the interpolation formnla

(2.2) I3lfl@,9: l-),)-f(x,O) + (1-x)fP'iv) - (1 - 'v-i)Í(0,0)
+ xlfl - ),,y) -:f(r - y,0)l -'. l,lÍ@,1- *) -"f(A'r - *)1.

It is interesting that thís choicc of g not only yields an ilterpolant
with linear weights, but it also leads to an approximation which has a

property analogous to the sccond characte-¡ization of Mlfl.
rHEonDrr 2.1. Am,ong øll, funct'íons in 6z'z(T) wJoiclø inlerþolatc 1r,t

f on the boundøry of 7-, Blfl uniquely m'inint'izes { ' , ' > ukere

¡'r
1 lr, g > : \l ¿* (t, l) g,, (s, t) ds d't'

T

Proof .. Itirst let lt, bc any function in c2p (7-) r,vhich is zcro on the
boundary of Z; then by using integration by parts rve have

tt,(r -,,,) +,:i 0 - t, t)dt

(2.3)

- \ knq,ù î# (0, r)dr

- \\ ,,ß, t) ## þ, t) d.sd.t

t

{to, B [,f]> : \ \ ,-(', r) !!l^u: þ, t)d'sd't

c¡0

I

where

(2.4) a'PVt (s, Ð : .fnß, 1- s) - fr(t, r - s) - 1"(t, 0) *
âsôt

I ÍrQ,1 - t) -l fr(l - t, t) -.f.(I - r, L) - fn(0, t) + "f,(l - t, 0)'
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Since /z(0, l) :0 '"ve have that kr(0,t) :0 and from (2.4), we can see
that '!!J!! e - t, t) : 0 and so the first two terms of the right sid.e

of (2.3) r.anish. Using integration by parts again, r,ve have

.4. TRIANGLE INTERPOLANT 159

Proof :j,Lpplying B directly and using

g(x, 0) : Br@) * er(O) + rgs(O)

g(0, v) : szj) * gr(o) Ì ye.(l)

g(0, 0) : Br(0) * er(O)

s(1 - y, y) - g(1 - y,0): sz\) I sr}) - sr(O) - (l -y)er(O)
g(x, l-x)-g(0, 1- x):gr(x) +ga(l -x) -g,(0) - (l - ø)gu(l)

will yield this result.

In order to analyze the error and. rate of convergence of this appro-
ximation ,we introduce the triangular domain T6 with vertices (0, 0),
(O, k) and (k,0) and the corresponding ooerator

BrLfl(x,y) : Blf (xk, y]ù(;, +!

:irw-y)Í(x,0) + (h- x)f(0,y) - (k- x-y)f(o,o) + "{l, ',

-l xlf(k - y, y) -f(h - y,0)l -f yj(x, h - *) -"f(0,k - *)1.

'rrrEoREM 2.3. FoY f e Çr'r(T¡)

lBnlfl@,y) -f(x, y) I < Çtlf,rllr, (x, !) e Tn;

wkere tke norm is the uniform on T¡,.

Proof : Since it is true in general lor f e C(l't)(?r) that

it follows that

5 L andl_vsc nunróLjque cl lo thêorie de I'opproxination 
- Tome f3, Nr. 2/19&1.

4 5

<k,Bl,fl>:_

0

h,uþ, /) H þ, t)dtrts
(
1

0

1

{
I

0

:-[hþ,t-ù##(s, 1_-s)ds

l^,
-l- \ ø¡', o) ¿',+4 

(s, o)ds
d ôs2ât

+fiø1', ÐHg,t)dtds.

The first two terms are zero because .k :0 on the boundary of ?. Thelast term is zero because A4BlfllAsnt, ir r"róòn 
".- 

""--
Let g = c2'z (?) have the property that it interporates to / on theboundary of ?. Then,

<9, s> _ <B Efl, Blfl> : <g _ Bl..fl, g _ BlÍl>

:r.r 
_ Btfl, Btfl>

:<s-BV),s-Bl"fl>>v
arrd so we have e minimum property of Blfl.In ord.er toshorv unicl'eness, e existe'ce .i ;;;lü"r"Lñi,rririrrg interpo_7ant, say- !, and erÍo:. e: ! - affl. Sincå both minimizethe pseudonorm,

<e, e> : <g _ Blfl, g _ B[,/]> :0,
whiclr |nplies that. e,r:0 on ?. This, along ,,vith the fact that e:0on the. boundary of ?, implies that e :'0 ," 7 ;hì;h 

^ãorr"t,_,d"s 
the ar-gument.

coRorr',AR'¿ 2.2. '[he operator B is exact for any function of the forrn
g(r, y) : Et@) -f sr\) + x&(y) + lgr(r _ x)

for arbitrary functiorrs g¡, i :1, 2, g.

fry

f(x, y) - f(*,0) -,/(0, y) +.f(0,0) : I l/rtr, t)dsitt,
00

h-y t

5 5 
t- þ, t)d's d't

- i j "r,,(s' t)d's d't.

.*+-
h
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Therefore

lBolÍl@, Y)
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I
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Fig. 1. These are examples
version

of surface irterpolauts basetl upon a Triangular
of the Mangeron,.Interpolant.

Fig. 2. These are eramples of surface interpolants based upon a lriangular-
verslon of the Mangeron Interpolant,


