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Let E be a locally convex Hausforff space over R and let K be a
compact convex metrizable subset of E. Let s € C(K) be a strictly con-
vex function. If g is a probability Radon measure on K, we denote by
x, the barycenter of p (see [1]). Then

(1) SM@du@::hwd
for every affine function 4 < C(K), and
(2) (8te) dute) = g(s)

for every convex function g € C(K).

Formula (1) is referred to as the barycenter formula’.
If feC(K), a<(0, 1) and v, y € K, let us denote

(% a, v; f) = (1 —a) fla) + afly) = A — @)% + @)

We need the following version of a result of T. Popoviciu (see [4]):

THEOREM 1. Let L be a lincar Jumctional on C(K) such that L{u) >0
for amy strictly convex fumction u < C (K). Then for every f = C (K) there
exist x, y € K, x #y and a = (0, 1) such that: |

) L{f) = L(y) = 282,
. (v, @ 9;8)
We need also:
1EMMal([5]). Let L be a bounded linear functional on C(K) with the
supremum norm, L # 0, such that L(g) = 0 for any convex function g
e C(K). Then L(u) > 0 for every strictly convex function u & C(K).
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??;;82;;?2 Tgi?rein bi an(}) Letringla 1 we obtai'u:
such that L(g) 2'.0 Jor any coolnvg,: ?ﬁfﬁcmﬁ:ngEf?@g{?n(]@hey fgr(lgz));arﬁ;fé g,
s;'gfi_(K) there exist x, y & K, x s y and a = (0, 1) such that (3) s sati-
Ij‘;om (2) and Theorem 2 it follows :
ny SR here ety R ko measure on K, then for

(4 76 dute) = 1) + (s dute) — s(x) | Ce2id).
(. a,y;9)
If fis afl’u}c, then (x, a, y; f) =0 and (4) reduces to (1).
LEMMA 2. 1Le£ (E, |I-1]) be a uniformly comvex space, K a compact con-
vex subset of E and xy, = K. For any n = N let p, be a probability Radon

measure on K iz-av-iug X, as barvcenter. If

(5) Jim Sk(z) Apa(2) = h(z,) for all b e E,
(©) lin {1211y (2) = 1o,
then lim ||x, — x,|| = 0.

H—00

Proof. From (1) and (5) we deduce that (x,) con i
t
weak topology of E. From (2) and (6) it folgosgs verges 10 % in he

lim sup [la,][* < fim sup {1122 duy(@) = |15

Thus liﬁ 0soup %]l < [|%]]. Now the uniform convexity of E implies

Lim ||x, — %97 = 0.

Finally, let (E, ||||) be a normed space ;
there exists a real number ¢ > 0 such thgt: over R; we suppose that

(7) (x a y; ') = ca(l — a)|jx — y|]?

for a}gy x,/y € E and any a = (0, 1). '
emark. 1f (7) holds, then ¢ < 1 and E is a uniforml
; olds, c<1la : Yy convex space.
(7) holds with ¢ = 1 if and only if E is an inner-product space (seeP[Z}).

Let K, %), p,, , be as in Lemma 2 and d — su ]
y Xy s Xy = sup {||x]|:7=0,1,...}.
%’inoisbseeciidopﬁe‘f’ iett‘ é{ C (i.C E and f:G—+R a fujnctiou with con}—
; echet derivative. Let M, be real mbers X
1P| = M for vy Bol ag o ‘:3 e real numbers such that

From Corollary 1 we obtain after some calculations

|76 duate) — At | = ({1itidnte) — i) e

b5

2¢
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So we have:
®) |76 e — 7t | = 52| (Ul dnale) = Izl 2|+
(M + 72 Nl — ol

Using (8), Lemma 2 and a Stone-Weierstrass density argument we can
prove Korovkin type theorems (see A. Lupas [3] for the case E = R).
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