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1. Introduetion

In this rilofk we considef a parametrical procedure for solving a

fractional discrete max-min problem. We shall apply this procedure to
a fractional max-min problem on glaphs'

2. Discrete fraetional max'min problem

Let X and Y be two finite and nonvoid sets, and let / and g be
two real functions defined on X X Y. We suppose tbal g(x, !) + 0, for
every (x, y) e X XY.

The fractional discrete max-min problem under consideration is:
FD. Find

, :*X* 
T:if#,L)

I.et h:X x Y*R be the objective functíon of the FD problem,
that is :

(2.1) h(*, y) : m, V(x, y) e X xY.

Following the papers l2l or [10], we consider:



168 v. PETEANU and S TIGAN 2

DÞFrNrTroN 2'l' A þøir (x', 1') = X X X is an oþtimøl solution for
lhc FD þroblem íf the foll'owing cond,itions:

(i) u: lr(*', y') > min h(*, y), Vx e X;

(ii) h(x' , y') : ijy h(*' , t),

arc saLisfied'.
On the FD problem we make the following hypothesis:

(ã1) g@, y) 7 0, Y(x, y) e X xY.

3. Preliminary results

For every I e R, lve consid.er the following max-rnin nonfractional
problem:

PA(t). Finð.

(3.1) F(t): Tji il"" (f@, y) -t s@, Y)).

The pararnetrical methods which $'i11 be presented .in the next sec-
tions invólve the solving of the PA(t) problem, for a finite sequence of
values of the parametei L Next, rve' ',vill give some useful properties of
the optimal value function F.

,,it*o 3.1, (ll2)) Il the ttyþot¡'csis 111 ¡,old's, tken the function F is
d,ecrea.sing.

Tr{EoRrl}r 3.1. Let ws suþþose tlt'

(x', 1u') e X X Y is an oþtimø|,
iï (x', y') is an oþtimøl sol'ution

Proof . Strfficiency: SuPPose
tine PA(i') problem, r,vhere l' :
(3.2) .f(*', y') - t'g(x', ,') : tl:+ (f(x', t) - t'g(x', y)),

(3.3) T@',y') - t's(x',y') > ^:lU@,y) - t'g(x,y)), Yx e X.

Since

f(x', y') - t'g(x', Y') : -f (x', Y') - t+ ' 8þi', t') : O

cb1, v')

from (3.2) and (3.3), it results:

(3.4) rlrrín (f(x', y) - t' ' g(x', 3l)) :0,
!cY

(3.5) :min (f(x, y) -t''g(x, y)) <O, Yx e X.
yeY
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But (3.4) is equivalent to :

.(3.6) f(x', y) - t' ' g(x', Y) > o, YY =Y,
and (3.5) is equivaleut to the fact that for every x e x, there exists

j" e Y, such that :

'n,)

(3.8)

(3.e)

(3.7) -f (*' , Y,) - t' g(*' , Y") < 0'

By I11, from (3.6) and (3'7), it follows:

f(r',Y) > f :f('"Y') , yy =y,
sØ', Y) e@" Y')

I(*, Y,) . ,,, yx e X.
g(t' Y'\

Therefore, from (3.8) and' (3'9), we obtain:

It.(x', y') : min h(x', Y),
yeY

and

h(r,, y,) ,_ h(x,l,S ,_ y)î k(x, y), yx = X,

what means, by Definition 2.1, l:nat (*" y') is an optimal solution for
the FD problem.

The necessity part of this theorem can þe_ proved in a similar manner.

r'HÊ)oREr{ 3.2'' IÍ the assumþtion III lt'old's, then 
"

(ù F(t) : 0 if ønd onIY if tt : t i

(ii) ,F(/) > 0 if anrllonlY if a > t;
(itù F(t) <0 if ønd ont'Y if a 1t'
Proof. The statement (i) results by Theorem l, J2l' We prove now

tn" ,tãtã-""t-t7rl. t¡.r., ùí (3.1), the_ inequality F(t) > 0 is equivalent

to the existencè of an element x' t X, such that :

TJi f¡ø" Y) --ts(x" Y)) > o'

rvhich, in its turn, is equivalent to :

(3.10) .f(x', Y) - t'g(x', Y) > o' YY =Y'
But by rr1, the ,""n.i1"ï 

:;ï.="quivarent 

to:

g(r" Y)

or

(3.11) r,1inf-l\t''Ð > t.
y=Y g(.v" Yl



170 V. PETEANU ild g. TIGAN 4

From Definition 2.I and (3.11), holds:

(3.12) !, , ryil l,t,(x', y) > t.

.^ -^Þio9", by. part (i.), u:i is equivalent to F(t):0, it results, from
(3.12) that F(t) > 0 if and only if u ) t.

The part (iii) of the theorem is an obvious consequence of the parts(ù and (ü).

4. Paramelrieal procedurc

The algorithm below is similar to that used in the case of the usual
nonlinear fractional programming [g], l7), [B] or of nonlinear piecewise
fractional programming tgj.

Algorithm I
Initial phase :

Step 1. Choose xo e X and take k,::0.
Step" 2, Find lo e R and lo = Y such that :

(4.1) to : h(xo, j,o) : pi;L lo(xo, I.
General phase:

Ste_p_ 3. Find the optimal solution (xL+r, !,n+r) of the following max-min
problem:

(4.2) F(th) : 
n1* Ë,1 U@, y) _ h e@, y)).

Step 4. op. By 'Iheorem 3.2, (xe, y¡) is an opti-
mal sol m.

iù_ xt,t_t : x|,¡1 and. go to Step 5.
Step 5. t eY, such thatl
(4.3) t*+t : h(xo+r, !x+ì : yi¡ h(xw, ù.
Step 6. Take ¡Þ : : h * 1 and go to Step 3.

ã. Corn,cr,gcnee o,[ thc algorithm I

rn this section some sufficient conditions for the convergence of the
parametrical procedgre presented in the preceding section ãre derived..

rlrEoRrrvr 5.1. (t121) If the assumþtion HI hõtds, then:

(5.1) t¡t.t - t, > *ffi*,1 .
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THEoRÞM 5.2. If tke øssurnþtion HL hold.s then the ølgorith'm I end.s
aJter ø finite nwmber of iterøtions.

Proof. By Theorem 5.1, for every natt::.al h, such that F(tþ) > 0,
we have, from (5.1), the inequality:te¡1y te.

Then from (4.1) and (4.3), it follows that the algorithm 1 generates
a sequence of points:

(5.2) (xo, yo), (xr, !t), . . ., (xp, yr), . . .

having the property:

(5.3) h(xo, yò t h(x,,, yt) 1 ... <

5

Since the set X x Y is a finite set, then by the inequalities (5
it results that the sequence (5.2) is finite. Therefore the algorithm
ends after a finite number of iterations.

(6.1)

.3)
I

6. Fractional max-min problems in graphs

lç$f,et G: (X,W) be a finite graph, where X denotes the vertices
set and. W the arcs set. Let Ø and I be two nonvoid. sets containing
some subgraphs of the graph G. For instance, Ø and 6 car- be the sets
of all the paths between the vertices þ, q(þ e X, I € X) antl þí, qí(þ', =- X, 4l e X) respectivelY'

On the set W there are given the functions þ' : W -R,, þ" : W -*R*, q':W---+R,8":W-R+, i.e. each arc of the graph G is weightecl
with four real weights.

In the following to simplify the notation, iÎ w is an arc of a sub-
graph H of. G, we will write w = H.

We consider the following fractional max-min problem on the graph G :

PG. Find

?r: max m1n
>þ'

øeD
(u) I 2 c'@)

ueE

DéØ Eeg 
,ÐoÞ"(u) 

I 
,2u4"@)

For solving the PG problem a variant of the algorithm I will be
presented..

Al'gorith,m 2

Initial phase:
Step 1. Choose Dt, e Ð and take Þ: : 0.
Step 2. Find lo e R, such that:

4+ 2 c'@)
, øeE,v : nlln

De6 aK +2 c'@l
t"



V. PETEANU .rnd $. TIGAN þ, 7 DISCREI'E FRACTIONAL MAX-MIN PROI]LEMS 173

.

I

i

772

wherc

(6.2) a'n : D þ'@), n,í : Ð þ"(*),
0-DL ileDk

t3l

14)
t5l

t6l

L7l

tBl
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for every natural number A.

Let Eo be an optimal solution of the problcm (6.i),
General phase:

Step 3. Find

(6.3) t' - :rrrax Ð (þ'(*) - to ' þ" (u)).
I)eÐ weD )

I,et D¡,*, e Ð be an optirnal solution of--thc probiem (6.3)
Step 4. Find
irs 

ai+t'r Z'q,(u)
(6,4) tn+t: n'iî 

-----':!-,' ¡=tô¿írrl Lq"(*)

t10l

tl1l
lt2)

aeD

where (¿L+t, c//,+t are defined bV (6.2),
Step 5. i) I1 th+t - tt :0, then stop
solution of the PG problem.

Ihe pair (Dn, Eo) is an optinal

ii) I1 tk+l - tn ) 0, then go to Step 6.

Step 6. 'l'akc /¿ : - /t. I 1 ancl go to Step 3.

ll.cm&rh,s

1. 'l'he algorithln 2 has sonÌe ilLrllro\/erne1lt in respect to the algo-
rithm 1. 'l'hus, at the step 3 of the algorithrn 2, or.ly a maximunr sLlb-
graph problerrr (see, thc probleln (6.3)) ntrst be solved, r,vhile in the algo-
rithlrl 1, it must be solr'ed a rnax-min problcm (see, the problem (4.'20.

Also, the decision steps (i.". Step 4 in the algorithur 1 and Step
5 in tlie algorithm 2) are diffcrently lorrnuiated in these algorithms, Lrut
thcl' ¿1.' equivalent by thc theorerns 3.2 and 5.1.

'2.'l7te pr--obiern (6.a) (or (6.1)) at thc: stcp 4 (or the stcp 2) oT the
algorithm 2 is a lractional ninimum subgraph problenr, for rvhich, in
some particular cases, such as when ti is the set of all paths betw'een
tr,r'o given vertices of a graph G .,r,ithont circuits (or the set of all span-
ning trees) there exists efficient algorithms (see, [1], [4], [5], [6], [11])"
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