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1. Introduction

AS

2. Goneral formulation of nonlinear minimum risk ploblerr

The general problem described here can be mathematically expressed

Problem P:
(2.1) Minimize f(a(t), ø) subject to x e S,

where the set S c R", the ¡eal vector valued function a : A + B, the real

"åf""a 
function f :B'x S*R, the sets,4. c R and B c R'are assumed

to be deterministic and known (in particulat B rrray be the whole space

Rn, i.e. B= R").
we shal1 make the following rssumption concefning this p_1oblem.

1e.f; Cfrereexists afunctiong:Sl C *e , C ç Rsuchthatfor all t€ S
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and for all t e A
f(a(t), n) < 1ø +l ( g@, w)

where r¡¡ is an arbitrary real numbet in C.
In fact, the above condition assures the separation of f f¡om inequality

fþ(t), tc) < w.

Now, we consider that ú(<o) is a rando[r variable on a given probability
space (o, K, P) rÂ'ith a continuous and strictly increasing tlistribution

this paper we consider stochastic programs with sirnple
ee [i, '12]) that is programs, the random coefficients of
functions of a simple rand'om variable.

The minimum risk approach to the problem (P) is to find the solution
of the following prograrnming problem:

Problern PRM:

(2.2) T3f P {ulf(a(t(o)), x) 4 w}.

Then, as in STANCU-MIN.a.SrAN [6], we can establish a relationship
between the rninimum risk problem associated with the Problem P

corresponding to the level w (Pioblem PRM) and a- deterministic probl_em

which^ does ñot depend on distribution function of the random variable
t(').' From our assumption (,4..) it follows that

P{wlf(ø(t(a)), ,) < u} : pTor¡¡(') < g(", w)} :'r(g(x, w))'

F.urther, according to the fact I is an increasing function, we have :

rnax P{alf(a(t(a)), x) < w}: max T(g(*, w)): T(maxg(x' w)l'
r€S ¡€S ,cS

We have the following theorem.
TEEoRIM l. If tke d'istributi,on function T(") of t(a is continuous

slrictly increasing then th'e minimum rish solwtion to the leael

w of the Problem PRM,
solaing tke d.eterministi,c

d,oes not d.eþend' on T(z) ønd, can lte by

þroblem'
Problem PA

(2.3) la.ax g(x, a)
r€S
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is also presented.. So, it is nece.ssary-to find out characteristic. values-(4)

""ã- "irät."teristic 
soiutions (xt) of th.e parametric program, when in Pro-

blem P, l(<o) is replaced by the parameter )"

3. Stoehastie linear-plus-fraetional programming problem

Consider the following Problem:

^ .(t* * ;")

I. M. STANCU-MINASIAN and $T. IGAN 2

(3.1)

The subsequeut sections of this paper will illustrate this technique
for some speciaî classes of prgblems of 

-mãthernatical programming.as Che-
byshev ptõbl"ms, linear pÎus índefinite (or fractional) progr-arTming pro-
biems. fft" disttibution firnction of the optimal value i.e. of the random
variable

E(t) : mlnf(a(t(a)), x)
t€S

subject to

(3.2) x€S:{xlAx:b, x>-0},

where,4. is an (m x n) matrix þn 1n) of rank /in, c, d', e, x,. ate-(n X. l)
vectors, b ís (rn X 1) íector atlä primä ('), denotes transposition. It arises

when the remuneratíon fund andihe pròfitableness of an economic entre-
prise should. be optimized.

under the assumptions c'x ) 0 and e'x > 0 for all tc e s, a simplex
type algorithm has been proposed. by TETEREV [9]'

Iret
c(<o) : crt',¡ t(a)ct

d'(a) :'d, I t(a)d',

e(a) : e' -l- t(a)e,

where cr, ilr, e,(i : I, 2) are constant (n x l) vectors and l(<o) is a random
variable.

For the stochastic linear-plus-fractional programming problem tile
rnak
(43) S is regular i'e' nonvoid and' bounded"

isgi ctive fùnction preserves the same sign
(t"t' n s, i.e.

P{rll(e' { t(a)er)'x > 0} : I'

A1so, wc assumc that

4 P{i.ll(c1 | t(a)c,)'x } 0} : l.

(C3) Every basic feasible solution it oon-rl9generate.' ' We súall consider the following types of ðtochastical problems associa-
ted to the problem (3.1)-(3.2) :

i) One of the vectors c, d' or ¿ is ¡and.om.

ii,) The vectors c and d or c anð- e or d' ar^d ¿ are rand'om'

¡;, iii) The vectors c, d' and e ate ran:,dom.
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Because l) is a special case of i'i) we shall study the last one.

Cøse ii). The vectors c and d are random.
Ffu'st, let us determine the distribution function of the optimal value

i.e. of the random variable

(a.g) 
E(.) : ,',u* [1., * l(<u) c,)'t i @' + t(a) d"l'tl

' ;=s--1'' 
t \ t 't ' e'* i

'We assume l(o) : ), is a parameter varying within an interval [8r,8r].
ft is well known that for parametric linear-plus-fractional problem of

the from (3.3) the interval [òr, òrl may be divided into a finite number
of so-called critical regions characterized by the various combinations of
variables forming optimal bases (see [3], t4l). Let l,(1 ( i < þ - l)
be the characteristic values

8r(Àr<Àz<...<
arLd xt (1 < f < y') the characteristic solutions. We denote 8r : Ào and
ò" : À-. Moieovór, due to assumption that the random variable l(<,i) has
a continuous distribution function, the intersection of two such critical
regions has zero probabilitY.

We have the following theorem:
THEoREI\Í 2. Let F(z) ge the d'istribution function' of l(ot) and let

", t"\ _ z(e'*t) - dí xt - (cí*t)(e'zt)
*1\'t - tïxtl þl,xt)(e'xt)

Then
þ

F(z):Dn,@),
j:t

wh.ere
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Proof. Consider the events I : {rollþ) < r} and B, - {o/À,-r (
þ

{ l(co) { À,}.Because,Vr': Q and P(B)> 0 (1 < i <1t) (Bta Bi +

+ 0, i. I j) one can use the formula of total probabilitv:

P(A) : f, oçt1u,1 nçu,1
j:l

that is

. F(r) : I'(A) :f of^ O B,) : f ,,øl
j:t j:t

H,(z) :.4 
{.1[.t1r, 

I t(a)c,)'x. | . "]n
1-) t.l?y-r ( l(<,l)< ÀrlÌ

a) I1 dlrxr { (c'rxr)(e'x') ¡ 0 then

(c{ f /(or) cL)' x'+ !.,

when ll<¡) a z(e'xt) - dlxt --çi4þ'i)- so that
,li *r + (c!, xt)(e' xt)

H'(r):A fi u',(z) ( À1-,

Ht@) : 7-(t,) - r(r¡_r) iÎ u,(z) > t,
and

dL*t + (c'rx!)(e'xt) > 0 and u,(z) > ì"
dLxt + (c'rx')(e'xt) 10 attd'u,,(z) 4 ì'¡-r
dLxt + (c'rxr)(e'xi):A ønd

dí*t + (c'rxt)(e' xt) I z(e' xt)

dLxt + (c'rxt)(e'x') 2 0 ønd u,(z) 4 )'¡ r

dLxt+ (c'rxt)(e'x1) 10 an'd r'r,(z) > x,

dixt + (c'rxt)(e'xt) :0 qnd,

d'rxt + (c'rx!)(t'' xt) 2 z(e'xtj

iÍ \¡-r1 u,(z)1)1 and
dL*' + (c!rxt)(c'xt) 2 0

dL*'+ (c'rxt)(e'xtl <o

r,vhere

when l(<,r) ¡
H'(z) :
(l<i<?)

r(À) - T(ì,¡-) dÍ

iÍ0

z(e'xl) - dixt - (c', xt)(e'*t)
s;o that

dí r1 + (ci tt)(e' rt)

H,@) :0 il u,(z) < ),,

H,(4 : r(À,) - ?'(Ài r) if. u,(z) ( À¡-r

I i I I :i, ' ir;

H,(z) = 7'(À,) - 7'(",@)) if À7 r < a,(z) ('A;,,, ,, ,

and
T(u,(z))-T(t,¡-)
T(^,) - T(",(r))

J

I
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1 (max g(x, w)) ir h@) < 0

1 - 1( ming(x, u)) fi h'@) <0.
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Remarhs : ø) Taking dr: 0 Qr cr:0 'r,r'e obtain the case i).
á) If the vectors d, and e are random, the minimum risk problem corres-

ponding to the problem (3.1)-(3.2) has the form

(3.7) nrax P {^lc'x ¡ Ld' ! t\Ï!a').'t* > *l'
.rcs i Q, I r(a) er)' * )

q(x, u) : t:.?-" - ¿')-.,* (:',x).(:.'2.*)., for all r € s.' (d" - u?,)' x j (c' x)(ei *)

If the assumptions (A.3)- (C3) and

(E3) hr(x)-(d,-uer)'x*(r'x)(e'rx) + 0 for all xeS,
are truc, thc problem (3.7) is equivalent to

(3.8) nax q(x, w) if h,(x) < 0

c) 11 d,'rxt t (c'rxt)(e'x') : 0 the

H,(z) : o iÎ dixt | (c'rxt)(e'xt) 2 z(e'xt)
and

H'(z) :1(À,) - î(ì¡-r) iÎ d"rxt | (cixt)(e'xt) < z(e'x')'

Summadzing, we get the theorern.
In the iemainder of the paragraph we sha1l consider thc rninimum

risk approach to the problem (3.1) - (3,2) wich consists in find.ing the
optirnal solution of the following programming problem :

(3.4) u(w) : rn¿x Ptr/(t,+ t(a)c,)' . *gi#43 , ,l
We sha11 rnake a further assurnption

(D 3) h(*) : (c'rx)(e'x) * dLx * 0 for all ø e S.

I,ct

p (x. w\ _ @e - d'')' x - (cí x)(c' t¡) 
,o\ ' ' þLr)(e'x)td[*

Iret

reS

of

(3.e) nh q(x, w)

For c : 0 r.'r'e obtain the rninimum li-.k problem corresponding to linear
fractional programming probleni. In t6], t7l is studied the problem of
the distribution function of thc random variable

(d, ! t(a) d.,)' x

if ltr(x) s 0

F(x, u): P 
i'o/(', 

f l(') c,)' x I ""2W '- *l:
_lP{<olt(a) < s(ø, u)\ iî h(x) <0 _l T(g(x, w)) it tt(x) <0

f ,e1.p1.¡ >s(x,w)\ i{ tt(x)2 0 ì1-T(g(x,'u) it k(x)>0
and therefore, using the assumption that 1(z) is strictly increasing:

t

Obviously it is truc that

t€S

Tþt) : max (min)
,e.S (e, )- t(a) er)' x

Cøse ii.i,). The minimum risk approach to the
the following problem

I
I
I

problem (3.1), (3.2) is

ntax F(x, a) :

We then have:
*r. 3. If tke øssumþtions ø a'nd' tke d,istri-
on T(i) of i(<o) 'is-continu in then tke rnini-
ution'of þrobiern (3.4) corre th d,oes not d'eþend.

on T(z) nnd cøn be determined, by sol,aing thc deter'ministic þrobl'em

(3.5) nax g(x, u) iÍ h(x) < 0

or

(3.6) *t eþ;, w) if tt(x) > 0.

'l'hus the minimum risk approach to linear-plus-fractional programtning
lead.s to a nonlinear fractional programming problem.

(3.10) u(u) : Tj;: P{./(c, f l(co) c,)' x i W*n 
4^¡ ry * , *l

In this case it can not be found a deterministic problern indepcrrderrt
of the distribution functior. of the random variable l(co) whose solution
could be a solution oT the rrinimum risk problem (3.10) . 'Iherefore, ¡vc shall
find the distribution fnnction of the optimal value i.e. of the landom varia-
ble

1(.) :'ilft: [(c, 
f l(<o) c,)'x * *+H#l

As in the casc ii) 've asstlme ¿(.) : 7. arrd lct À, (1 < i < ?) u
r/(1 ( j < 1ù be the characteristic I'alucs and solutiorrs rcspectively
the pararlctric program.

Fronr

lc, _r Àc.), yt ¡ lti M)Z : 7' (q ! ),r'r)' xt

nd
of



18,2

and (83) it results
, , : ;ì i ,' r ;r

ut\' * a,(z)ì, ! u,(z) : g,

whcre

u, : (c!, :vr)(e'2 xl)

u,(z): (c'rx,)(e'rx') + (cíxt)(e'rxr) - dLxt- z(e'rx')

a,(z): (c'rxt)(e'rxt) - z.(tí*') -,L'r*t.
I.et ñ¡(z), Àj(z) be thc roots oi thís equation. We assurne, wnenthese

r:oots are rcal, that

\"(4 < 
^l(4'the foilowing theorenr :

4. Let F(z) bc the d.isivibution. function of ((a) ønd uj'(z) -þ

I THE MINIMUM RTSK

Iret

Sr: {À = [8r, }rflu,],z I u,(z)t I w,(z) 10 ønd. ì7_r ( À< \].
{t is easy to see that
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lrr1,,^,)Ì 
o ú@)(i : 7,2) are complex or equal ^'u {i},'.

lii 1)u ri,-,, ¿rr Ì ir I:'.31

0

0

Then l¡(z):ì)U,t¿), 'ruJ¡,¿re ue houe
J:L

t!:trrin (\, r](r)), ,j:mo*(x¡ ,, \(r)), (1 < j <'þ), i: r,2

T(t? - T(r)) uheru u; > 0 and r1<tl
1(À,)- rQ+ TQ))- 1(À,-r) 'øhua øt,,.(0, ,l:< \, ^j t< ttj

f[^,-', 
min[ . i,ìlì

I [-",. ( :li, ^,-,) 
, ;ii " %'¡: o '"u { 7,1,','.2

{"-ä 
n'} n u,: a,(z): o and' lïii:å',

Taking into account these evaluations in H,(z) the theorem results
inrmediately.

4. Stochastie Chebyshev problem

Given the functions

z,(x): ct'x I a' (i: l, 2, ..., r)

wlrcrc c'(i: l, 2, ..., r) are constant vectors and u'(i:7, 2, ..., r)
are constants, we consider the function

z(x) : ma-x {zo(ø)}

lly thr Chebyshev probleur rve usually understand a problem of 1"he

type :

(4.1) 
"r1" i."Lî {zo@)}

snbjcct to

øe S:{xlAx:9, x>0}.
The notatious have the same meaning as in previous paragraphs,.
f,r:t us consider:

c'(r)l- c\ ¡ t(¡,t\ ci

a'(co) : qf a l(,o) "i 
ì

sr:

We havc
TIIEORIfM

: -utþ)at@)

H,(z) -,(1<r<r')

Î(min (r',' (r), 4¡¡ - f(17-r)
r(\)- î(nrax (uj'(r), 

^¡-))

V,(r) > 0, À7 , -- ui'@)

u,(z) 10, wj'(z) < t,zalt,en u,: Q

TU') - 7-(À; r) uh,cn u,10 and 4 ( r, ,

r( t)rj(z) ara comþlcx or cr1tt,ol. utt.':I t,t,.< ()

\) - r(r; 1) ahen lu,: o, a,(z) : o and. w,(z) < o

^ r I x',(z) (i: l, 2) øre comþlex ç¡ 3,qualu,) U ,"0 
\ t'; ü

u,10 ancl ),, < r1, t){ Ài-r0 uken

ut:O and
f
I
I
I\

u,(z) > 0 and, \¡,r 2 ttj'þ\
a,(z) 10 ctnd uj'(z) > 't 

,

a,(z) :0 ønd w,(z) > 0.

Proof. 'lhc proof is simila¡ to that of 'I'heorcrn 2. I{erc rvc have

H,(z) : P{ [, I u,\' I a,(z)x ! u,(z) < o] )
ll [.]À;-r ( À < À,]](1 <i <1,).
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afe constant vectofs, oi, oL (i : l, 2, . . ., rJ

is a random variable.
assumption:

ll 
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where c\, ci(i - 7, 2, ..., r).

are scalar constants ancl l(<'l)
'We make the following

(,{4) izx * d.:] + 0, fði all x e S a.ad i e M : {7, 2' " " r}'

TheminimumriskapproachtotheChebyshevproblem(4.1)'(4,,2\

"oori.i, 
in tiodiog the oþîimal solution of the following programmlng

problem:

f4.3) u(w) : Ëi" P{./Êax [(c'(o))' x I oi(a)] < 
'¿]'

T.et zi'(x): cI x i a.L,

gr(x, u):t--''"i'--ni, for all xe S anð' it M'
ctr,x + "i

Then we have :

F(x, u) : P{^1.t1i l('i + t(a)ci)'x a "i+ t(a)øl,l < zø}:

: P{al{{t@)clz)'x + "!] + t(<;)o'i < u' Yi = M|:
P{ri,lt(a) { gÅx, w), Yi'= M} il z!¡'(x) > 0:
P{.i,lt(a) 2 gn@,lw), Vi = M} il zi'(x') <0
p{.,lt(ø) *r.tp sn@, u)} 

.il,r;,i:øl 
>' o :

P{<o/r(<r) > 
".1is,@, 

w)} iÎ zi'(x) <0

T(min go@, u)) if- .z'¡'(x) 2 0
ieM

1 - ?(max 8n@, u) if z'¡'(x) <0'
ieM

Ilence our problem will be

rorraxF(x, w):
max T(min gu@, w)) tf z'¡'(x) 2 0
Ìres ¡l ie ltI

1 - nrin Î(max goþc, w)) il zi'(x) <0,
tes ¿eM

But if the distribution functiot T(z) of the random variable l(o) is
continuous and strictly increasing, we have :

a(w) : maxp(x, w) :
t€S

Î(max mirr g,(x, tu), iL z'¡'(x) s 0
r€.\ 1É lll

r€S ìeIl

(4.4) l1]ax m1n
xeS ieII

. - 
.,i'^' - "i if ¡i(l s o

cix ! al

o/
ì't

, u_(1 .\._ d1
lììln max
res ieilf c'"'l;laL

Retnorþs 1) The piecervicc linear fractional progralnmlng
Ø.4\ or 14.5) cáu bc sóh'cd by a palametrical algorithm.(sec [10

ìå irrã- ôiìrd"tb;.h's algorithm fo-r fractional programniing (see

(4.5) if zi'(x) <0

probletrs
l) similar
tsl).

2) J I{TNASTAN determincs the distribution func-

tion oT 1 Tor stochastic Chebyshev problem cousidering

the same thc random coefficients are affine functions of

a single
3) When

c'(co) : ci* t'(a)ci' i e IVI' ø':0' (ie M)'

and. l,((l)) (i e M) arc iildepcndent randonr variablcs with thc distlibutjon
i"rìiià"! i, .ooí;nunus stiictly incrcasing then the minjmum risk solution

of problern-(4.3) depend on 1', as follows:
/ l- - ti'r\

T."I 1'(', ,) : T:î !,1,,,\-: )

4) \Ãihcn the ftrnctiorts zo (i = IVI) 
,

z are îonlinear such as linear fract onal
olus-indefiníte functions, the minimurn

þroblem can be restatecl and solved 1r

s-imiltt Íranner to the linear case'

5. Stochastic linetrr-plus-indefinilc protlrammin.t¡

Consider the followiug Problcrn

nrin (c'r -l- cl'x c'x)(5 1)

subjcct to

(5.2)

I
I

í

I

,eS

.rr c ,S ..- {x e. lt'..'1.",' -' b, r 7 ()I
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where the notations have the same meaning as irr $3, Also, as in 3, we
consid.ef that the vectors c, d, and e ate affitte functions of a single ran-
d.om variable l(<o), about which we nakc the same assumptions^as in $2.

Then the àioi-u* risk approach to the problem (5.1)-(5.2) consists
in finding the optimal solution of the following problem:

(5.3) \Zl P{rlt(^)'x I d'(a)'x ' e(ø)'x 4 u}

we shali consider the following cases : (i) c ts random ; (i,i) t]ne vectors
c and d, or c arld c are rand.om ; (iii) the vectors d artd ¿ are rancl.om ;

(iu) t1ne vectors c, d' and ¿ are rand-om.' In order to simplify the exposition we make the following assumptions :

(45) c'rx ;, 0, for- all x e S ;

(B5) cix + d'rx ' e'x > 0, for all * e S.

Only in the cases (i) and (ü), tlne solution of the problem (S.3).does
not depãnd. on the distribution function of l(o) ancl is got by solving.a
d.etermìnistic fractional programming problern. The cases (iiø) and, (iu)
has not yet been solved.

Cøse- (i). Using the assumption (45) and' the hypothesis that 7 is
continuous strictly increasing, we have :

F(x, u) : P{^lc(a)'x ! d"x e'x 4 u} :
: P{alclx * ¿(t) cix I d"x e'x 4 u}:

T2 13

u - clx - d', ' e'x(56) T?i],;ffi'

: ,e 
{.p1.¡ 

<

Therefore

troax F(x, a) : max T
rcs t€S

(5.1)

w-cix-il'x.e' _'T',
-a

Remørh.. The problem of finding the distribution function of the opti-
mal value i.e. of the random variable

6(.) : min [c(ro)'r I d'(a)'x ' e'(a)xl

carr be done in any of the cases (i), (ii), similar to the previous paragraphs'
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I{ence, it follows the theorem:
THDORÞM 6. If c(a) : 4 * t(a)cr, ønd øssumþtion (AS) ho.l'ds ø-nd'

if the d.istribution funct'ion T(z) of l(co) is cont'inuoøts strictly increøsing, -th'e'n
íke minimum rish" solution o¡' þriUteìn (5.3) d.oes not deþcnd on T(z) ønd' cam

be dctertn'ined' by sol'uing the following þrobleno':
c'.2-d,'x'e'*

tnAX -j-

ILcmarh'.Inthe special case when cz: a the problem (5'4) carr be recltt-
ced. to a linear-plus-fractionai programming probiern

Case (i,i.). Thê vcctors c and 7 aie random. The miuimunr risk problem
associated.'wittr ttre problem (5.1)-(5.2) has the Ïollowing lorm:

(5.5) rnax P{alc|x } t(a)c'rx + (d'r* | t(co)d'rx)e'x { w}-
r€S


