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set of seconcl ca,tegorJr having the Baile ploperl,y. An extension of 1¿l,st

Ìcsrlts to p-conr.ex functions has becn siven by Iì. Deátr [31.
Flo$'everr as thc follos'ing exarnple sltolt,sr the results of A. Osttc¡ u'slri

ancl i\I. R. I{ohdi fail ryhen the consid.erecl functions are onl¡r $'s¿lçl¡r-
coLÌrrex.

Itrnørn,ple 4.6. Tho funotion ,/ : Il r>" Il, definetl by ,[(a) : 1 if ø is
rational ancl,/(ø) : 0 if ø is ilratiolal, satisfics the conditions of A. Ostrot -

slci alrcl lI. D. Mehdi and it is u'cahl]'-corì\¡Lìx. Wc shall sllou' t]rat / is riot
,r-cor.-\-e.x for any p in .]0,1[. Supposing the cotrtlary, tìrerc exits a p in
10,1f such thal, fol c\¡errr u,rt eR the inecluil,lity (1.2) holcls. If 2 is irra-

tional, usc (1.2) rvith ø: : 
1 

ancl 7 -! toa1t'iyeat thecontratlic-
7 -? :t)

'bion

r :.f(2) - ,l(r - p)n ï py) < (1 - t¡) ,l@) I pf'(y) .:0.

If 7r is lational, use (1.2) x,ith r : [2 anù y - 
p - 1 

V, to atlir.e at
p

'bhe contraclictiorr..

1:/(0) :.l.((1 -p)t,-ltty) <(1 -rt).J'@) lp:fj):0
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jÏ;ìlit""t I'a¡' to corrpare our results to u,hat is ar.ailablc¡ i. ¡re lite-

II' The fu,ction¿rr o. A stancrarcr technique for the study of ratcsof a'pp'oximation of contnuouÅ'ä;;ii""- ¡ in tärms'ãt 
"-ì¿ori 

of srnoorr_ness is Jrasecr on ilre use of '/ rar uurr.,¡i ul ttt 
..,i

r(,.(f, t) : inf {ll,l _ sll + t.llg(,)ll : g e Ct)Ì.

O,,,*"(./ ; t, t,., tr,*,) : :
inf {ll/ - Í,ll t l.inf(11fl,,- fl;1,il-lt,.lllÍ!,ll+r,+".ll,fÍîl,)llil,.+,eo,.n") 1,..c,}.o..r+s exp'es$es t*'o trrings. First it crocs tÌre same as rf,. as can be seenfi'orn lhc incqualii,.v

Ar,r*,(l' 1 t, t,., t,.*,) < I(,(Í, t).
seco'dlv, it cont'ors horv smootrr thc smoothing functions are themser'es.I'or instance, for, ¡. C;¡i,-^-ii;"ï;ä

O,,"*,(./ ) L¡ t,, lr*,) I
<ü'inffl¡y,t -.fl;J,ll + r,.ll,f,f?"li # [,*u.ll/,r,¡o ll: Í,+, e o,n,),

1|-ere tfl9 r:ight hancl sicle is basically a slight moclification oI -1f,. for. r"-timesclifferentiable functions rvith 
""*1r""t 

to"such t,, 6,.*". 
-

of solìle

lhi Iror

T r ';+i

Í,{¡tr,t,,.f ;(E,p), (tT,l]1)::in {7t(.f _ rr,\ ttlt({t) *tzp@): g. Li)

ancl ll : [R* X D * IR+ by tho ecluation

I{(L.f ; (D, ?), (U, p)): : inf {p(Í _ il t t.7t1s¡ : ¡¡ e t}}.

We rvrite for sirnplifryltj;tn_((tr, try respectivel¡,, if it iscleal rvhat (1L, tt) ar-Lcl (_I/, 7r) aiô. ï r,c thzrt, ïor fixecl (lr,
úr) e [ft*4, the function¿l ft\trl,,trZ.) is I ; thus \\re ca' use itas the scrnilLolrn þ's.hcn definlne.a f for I e [p*.. \yc 

'o*, corlsir[o' Lho spÍìccii C¡ , i,.e l0l_l , ?]l ol r_lirrrcs. eo¡llillrrrrrLsl),rlifft'r'crrtiirtrle [urre [ions rrr¡tilrr,cr on' 1i.1,1, i,1 u iií, irr""*ì',,,,,,,o,,,,.,.{ , . ,,11.
rrere '(Ð cle'ot.s i-forcr rliffererrtiation. therr, ,,.i.-e. iüã ,"ìrrrrro.r,

ft(tr, tr, /'; (ct, ll.(Ðll), (cr, ll.(2)¡¡)) on c1,
rve have

e(,f ; t, tt, tr) : Iqt,.f ; ((j, ll.ll), (Cr, If ìtr,tr,1.¡¡¡.
rn pzr,r'ticurar, e is zr, sernincrrn on c lepencling upon ¡re trr.ee lrarar'cti:r,st, tr, t2. 'r'hese three parameter.s wil bõ usecr iatöl.to ùc-sår.iue approrima-tion pr.opertie¡ ofi ccrl,aitr line¿r,r, oper-atols.

III' ?llle Roxati¡rr¡shi¡t ltt"ltl'can Q ¡¡rrd So¡nc Ì{oduli ErI Colrfi.r¡i(r."trrt this section o u'ill be oirtimai",ì t,ä,n 
^¡n.,"^¡"'ì '*"ä'ïr^**icat qua'1,i-ti¡rs srrclr as ¡rrorlu.li of conLi rLuil,¡,. .[ll rnajor,,r,ril,*"o"ti f)'rvi ll r"orrbir,irL n,'flee varial¡re'i¿)0 wrrich rnarccs i¿,,rru,,u convenir¿n1, to fintr clear ma,jo,ranfs in cJ:lct,r'Le rrxainplos.

-VYe first considel thi¡ casc of
sinoe 'r,his rvill be usecl l¡llon'. l\ratur
r:rplessions inv'olving the first orcler
lrJ' i¡L(.f', lt) : : srr p 

-{ 
I f'\,t) - .f 

,Qt) 
I

t'li,sl Co;tC't Ve 'it,t.iAl',t;rL, õ,(/', r) Of c,t,(

t
I

ãt(f ', lt) : sup 2, \r()t( f It¿): ,"t, oi\-, Ð ),, - 1.
ì:1,

''ftt" "" 
= /t" ì'' =ol' '' " ''

Botlr quantities alerel¿r,l:ll by tt,(,j,,.) < õr(,i,,.) < 2 .t)t(,1,,, .)



1i)

(i)

dl(f : t, t,t,lr.) <

'(ii)

(i)

(i¿) a(:ï; t, o, t,) .

(ift)
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min(1., tt).lll' ll ï Xro,rl(lt)'max

4 5

'l'u¡onnu 3.1 Let Q be clefitteil u,s ctb,oae. I1 Ç ; t, tr, tr) e Ctla, ól x tRi
is arl¡itruri,\¡ g'iaen,, tl¡en' the follomino ure true for any /¿>0:

Puttiug- (Ð-, p) _ (Çt, ll.(1) ll), (tr, p) : (cr,ll .(r)ll), it is hnorvn ilrat (sce,
J. Peetle [14], B. S. Mil,jagin/Iì. ]t. g"r.r,'¡61' l13l)

t((t' \ I

\ ; '.1';(F), t),(u, o)) -; 'ãlJ', tt)'

cornbining this l'ith oul observations frour a,lror.e rrolr' leacls to

{rnin(r, 
I).nl!¡ f rro,,i tr,t.rnax(J j rr,7) olt,,r¡¡

¡,INEAR, OPER,ÆTORIS 11.

A(l ; t;'tr) tz) <t-

this wns thc olairn in (¿).
1ìör' the proof of (ii) wo Ltsc agairr the lact t,hat

Q(f ;t, tr,t2\ < ¿.inf |l/' - fi| + \.|lL| -t- tzi'l;,|:Í2€ c2)

Assurno filst tha,t 0 < /¿ < b - cr,, a,ncl let /, be anv primitir.e of Ur(j',, .),
given'by

_n(fr) t t,

tLI
I

lftr t2

2h
õt(/', /r')

)] 
'''tl" 

"rÌ
r+ [r +f '-"*(o h

t' 1

'ãr(f', lt'),

b-a
IÍet'c 7¡o,t,1is t,l¡e oh,aruaier'ísti,c Junclion of l0,lf.

Conor,r,m,¡r 3.2 llorifr : 0 tlte inequalities,from øboae int'ptly :

f .max

['*# -""(o

l.min max 1,
2t,

' - -:- .)]''"t" '''

h

1

2

t2

l; (8, ?), (u, t,) =

1
t2

lù

io¡(f'r lr,).-t-
h U,,(.f ', n¡ ,.: J- 

I f '(n 1- t) c1t

Proof of Theorcm 3.1. If ./ is continuously cli_fferentiable, then the
clefiuition oT Ç), kreing a special /f-functional, yields

aff;t, tr., tr) . t'7 çtr, tr,,f ; (cØ, ll.r)ll), (cQ" ll.(Ðll)).

Several ploperties of the functionals fr -we.-e investigatecl in 16l. In
particular, il, was sltos'n that two fun ctionals Il and 1l constructed u'ith
tlre aicl of the same pairs (8, p) and ( U, 1t) ate relatecl by the inequality
(tt, tz > o) ñ&1, tr,.f ; (8, p), (U, tt))

<rnin (1, ür,) .1)$) +(1 + A).xro,l(úr) 
"(-ç, 

Í;(E,p), (U,Ð)'

Since for /¿ > 0 the functional Il satisfies the inequality

As n'¿ìs shorvnby \¡. V. Znk and G. I. Natanson [22], ne hÍì,v-r¿

ll'@) - l'"@)l : Il'@) - Lt,(.f', n)l < a,(f',h,),

lll;ll : ll (1,(.f', ') Il < ll./'ll, ancl ltJ;' tl : ll(a,,U,,.))1il <

('- j+;)'.,1¡', r,¡

Fo¡: r'¿ > b - ø r'e put U,,;: U¿-o. In this cascr

il'@) -,Tl@)l<^rff,, b - ø)-olJ,, tt) untt l'J,.-'0.
llris shows the vali<lit)' ori (ij). H

l)ror¡f o[ coloih,r'y 3.2. (¿)u,nr[ (zi) al'e jrrrrnediùl t,r,orLso.c¡ucrrccs oî tìie
collespolclin-g incclualitiel in 'llheolern 3.7. (iii) is a simpie. co,lsec1,...,rõ,,

of (ri) arril (rr,), if one obsr¡rvi¡s i,]iat õr(l',.) < 2.c,r(l'r. .) ri,nrl mot (0, 1 -I
t,\'- ." l<r.Ett--t" ),
Or,n,ilcxt'r,hrutltiur cont¿linsl r,'stitn¿¡tes of O(l;t, (,, tr) fol'ai,irr-ir.:-i,l¡,

cc¡nti¡ruou-s functions clcfinocì on [n, tr l. lhese ar:c s;ir err il tgr,rir-¡r oI i],e
usrlLal fili;b ol'clt:i' nurdulus of coltinuit¡r clr, a riiu,lific¿-¡l,ion of tiris morl¡l'¡i
of contiuuil,). introrluced- by iTI. llalrrelr:n ¡l,nd I. J. Schocnber,¡¿ I 111 aitrl
clcirot'¿¡ci ì.l;- of, and in terürs of l-he ha,:it concave major'¿nt of tii,,ì-iir rtt o;trll:i'
mochilii:i notated- l¡y õr.

-' (ry.*)

1

lt,

K

< m&x 1,

rve alrive at

A(l ; t, tr, t) <t

tz .2 .l',
1-1_ úr h 2

" (+,t; @, p), (u, ù),2t,
(Lltr)h,

min (1, tt).p(,f) -F Xro,u(úr).max 1*frt 2t,
h

I
I

" (+, l; (D,p), (rt,e))Ï



lì
712 FtrEINZ Il. GONSKA I,INEAR OPEIiATORTS

11
It, lt - a,

1 1

)] ',,r, r,.

13

Tunonnu 3.8 Let,ebe"clefi.n,ecl qs ab^oue_. tÍ^ll; t, tt, tz) e Clu,¿,lXnfis arbitrurily giaett,, th,er, ,for" crny h-)0 th;"fuìíowl,trrg",t;r'rquotit,íes t¿ord,:

Q(Í ; t,,tr,tz) <

l
f '.,(,f-,.er, h)!t.tr.lcl :cep|,r --J

I

l'rr(.f,lt).
I

An imrnecliate consecluence is

Conor,l,rny 3.4

a(l; t, o, t,) < 
[r + f -r" (0, , - ,\) .l.,ft¿ 

,1,

rvlrere co{(f , h): : inf {.r(./ - c.er,lt): c e [N].

._ ProoJ of flheorem 3.8. fn order to arrive athe corresponding part of the proof of Theorem
that

A(Í;t,tt,t)<I{(t,l; e, ll. ll), (qr, llr.or¡¡¡¡

,.'**(r, +) "(+,.f ; c, c,):-,*(l +) + ^,ff,h),

ì:ïtiti.liiiî:again 
from the wor.k of B. s. lVritjagin ancl E. M. somenov,

(ii) is obi,ained as follorvs. x'or a fixed tripre (t, tL, t) the functionara(. ; t, tr, tr) is a seminorm on c. Thus, if t is;;))"'"ïi"ä11,, function, then
Q(Í;, t, tt, t) 3 o(/_ t; t, t,, t) 1_ Q(t; t, tt, tz).

an estirnate for the filst tertn on the riq_ht-hancl side can be gir.en by usingthe idca af ùuk and Natans'on agai,r.-ilÌus

o(/- t1 t,t1, r,l= 
[t +f '''*'(o,t - *)].a,(f - t,tt).

si'ce z is conti^uously differentiable, it follows from Theorr¡m 8.1 that
Q(l; t, tr, tr) < t.\.lll,ll.

'rlrus,.if l-is given b5r l: ç.t, I cl.en, then the combinati.n of troth ine-clualities leads bo

Qff; t,t,,t,) < 
l, * *.-o"þ, , - ,\)j .,,t - c.€t¡ tL) | t.t,.lct.

Passing to the infimurn oyer all such nurnbers gives the estirnate in (ii).(iir:) Substituting c:0 irrr,o (ij) givcs lhe majõrant

l, **.n,o*(0, '-i+)]..,,r, /,)= ('"+).a,(r, tt).

Moreover. !uÈi"g thc inequatitv ar(f rt) < 2'..r(f , h,) into account shorysthat the rig-ht hancl side of (i)- can be esTiriiaie¿ from above bt
rn*" (r, ?r;)'^rrr,b).4 cornbination of these observations gives (iii). I

..{h9 igguuality jn corollary 8.4 is a tri'ial consccluence of inequa-
Iít¡, (ü) in Theorem 3.3.

. The. follorving theo'em-provid.es us rvith an estimate for o(/; t, tr, tz)
using mainly the seconcl order modulus of continuity .'s(.f , .) òi ùi f '."cancl again involving a (free r.ariable' h,> 0. Here cor(/, .) i"siþívén bV r

@zÇ, h):: sup{lÍ@ - 8)- 2f(n) iÍ@ f à)l: n¡ü t I e [n, á],0<ò<t¿].
llunon,nr,r 3.5 I'et Qbe clefined as aboae. Il ff;t, t' rr) e O la, ¿l X Riis urbitrar'il"y gi'uen, then, for øray h,) 0 tttc fcttitwinç¡ énà'yr,cittty noús i '--

Q(f ; t, tr, tr)

=lå r2t,.*^"(+, *+)].,r¿r,r -t (i) we pr.oceed as in
3.1 observing ini;his case

+ Zttr.max

An imrnecliate consequence is

Conor,unr- 3.6 Il úr.: 0, th,en th,e aboae estimate red,u,ces to

aff; t, o, t,) < 
[-} r 2uz.max(

t

1

ltz (l¡ - a), )]'^^'' n''

Proof of rheorem 3.5. rrrom the definition of o it follorvs that
aff ;t, t,, tz) < inf {ll/ - hll I t.(tr.lllill ! tz.ll/i, ll) : f, e c2}.

Thus it remains to shorv th¿t-for any h, ) 0 there is an ./, : ln e c2 whish
yields the cstimate claimed above. The idea used. to otítãin"such a func-
tion is diffelenl, from the one usecl in Theorems 3.1 and 8.3. x'irst we

Òl and then use Steklov means with
onof/
ous for

Assume first that 0 <h < b - ø. We define

.ir:lø-lt,,b{-hl-Rby
l@ +h) -Í(a +h) +lGù lor nefct, -h, al,
l@) lor n e la, bl,

Í(n - tt) - f(b - h) + lQ) lor n e lbl b + hl.
l,@)' :



Then i,,@) is rvell tlefined and continuous.For æ e fa, bl r,ve consicler ¿Ufeiìnãeî of the form
.f,,(* + ,¡) - 2¡,,(n) I "f o@ _ r.), 0 ,{ t. < h,.

(1) , t t', ?,n - ts e la, bl.rn ilris case the ar¡solute varue of trre ¿l,boveexpression is eclual to ::

l,Í'(n + r) - zf(n) +,f(n- ?),1 < .r(Í, h).
:l

(2) ç;lr,¡reltr,,bl,fr-t, urnclø< of ó 
T],"r'L

2

', ' 
"fr(* -l r) *,zj,,(n) I f,,(n _ r¡'

74 HEIÍNZ II. coñs<a

,* l@ - r' * It) - f(zn _ &) + zJ

This inrplies

li,,@ r r) '- 2.io@) I f Ár - t')l

t,
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(7) Tlre-special case r : lt't n -- rt,, r e la, bl, n ! Ir,)á is similar to theone undel (4).

(8) ø -r < ü, fi -lr >b. Obviousl¡r this implies r., lt;, L - o. go""
we lrave 2

lf,,(n + r) - 2f ,,(r) I f,,(n - r)l

t - r + tù) - 2Í(n) * l@ -f r - tt) - lþ_h) +

. r(=!)- t@ + /¿) +¡ør - ,(+!)+ rkùl

<øt,(f, lr - hl) I o,z 
V,+þ - o'- r,,1)* .,(/, +)

= 
., (/, +). 2,',( f , tt):

(9) n'ol the special case ?, : tt tine assumptionrs fr _ lt { üt n, ¡a,'b1,
# + h> a(i'". u , +)ruaa to the ineclualty

l_f,,(u + tt) - ziu@) I fo(* - h)l

: 
| 
- Íþ - IL) + 2Í (+!)- t@ + h) + Í(b) - r(+!)+/(,)l

= ^,U,|ry - b +rl 
) 
* ^,V, +) = ..,, (,, +) + orzu,h).

The observations made unde-r'(l),'...,(g) 
'vilI 

now be *sed to constructthe functions that we 
^wele_ 

lo_oklng tor. 'for 0 < h _= t: q, foe second.order steklov me*n or f e cla, ür1 (wittr respect to flre u"tu"*iåirili. ilii":ed by

I

(,,* *) - fla -r h).

< ¿o¿(.f, lr-at) *.,(, 
/ -, * i.D* ,r(

3 62(l, r) ! ,i,tr(f, n ¡Z¡ ¡ a"(f, Itl2),
since 0 {r < h,, ct - fr < r ancl ct, - n <0.

lo-*+ol2

l

I

l

rl

il

r'i

rì

I

(3) Tlre catsefr]-rr'nefu,bl, n-r,(øancl n'a,r!b ca¡not occur
gilcg-t\is would be a cont.aclictio' to thc conclitio\ ,, +2, = lr.
G) We consider norv the particular.case where r : h. '

u"49L the assur4ptions ø-f h,, r e La, bl, * - l, < ã' ."" obtain ilre ine-qualities
lf ,,(g + tr,) _ zflu) i -f o@ _ h)1,

+-f(a),,f(n) n ,r(frP)lø +ntl

= ^rV,
< 6z(f, h) | cor(,t', hl2).

(5) n-,ì.ruelo,,bl,ffiïr>b a'clør"!1, This case is a'alo_
2

gous to the one in (2).

(6) The càse n-r't frelø,br, n lr >b and n = 
ct'll¡ 

carurot occu'
(cf. case (3)). 2

h
n,l lt, j- u

,

ol) 
'u,

hhnz
l,@),:# \\,,r^*rsrr) ds dr, nefa, bl.

22

1¡hnzfr
\ \ lfn@-t s !t){i,,@-.s .- ú)l crs dr
J J.

-T -Z

Ilecause of

11
.I n\fr) : 2h2
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this follori's frorn (4), (7), and (9).
The first clerivative of the seconcl orcler Steklov rneans calr l¡e estirnatecl
as folìorvs :

t1 LINEAR, OPER,ATOR]S t7

In 1,his c¿ìise ìve have 1,he inequalities

ll] -.f,,ll* -- Il/ - Iu-,||*< ¿ 
^r(Lb_ ù <-3 ',l,r(f, tt'),

,q
ll,fi'll* :lllí'-,,11*< ,,4 ^, 

.or(.1',b - a) < -^t.^, 'lor(.1', tL),
:(D - o)' \o - 

q,)

ll/;ll- =: llli-,,¡*= . 2 'c,t(l,b - a) < =2- 
,or(.[, tr).

t¡-ct, b-a
Cornbining these ineclualities l'ith the ones plo\¡ed befolc for 0 ( l¿ <
< b - ø n'e alrivc at the estinate claimecl in llheorem 3.5. I

Retnørk.In vielv of lheorems 3.3 ancl 3.5 it is natural to ash what
the lel&tion;ship between of and o, is since both annihilate lineal functions.
It has to l¡e notecl that thcre is no constant c ) 0 such l,hat of (/' ò) <
< c.t:r([, ò) for alt,/ancl I]0. 'Ihis canbe, seenfrom looking at,f(n):
: n2 on l--1,11; for instance. Florver-er, it is possible to sholy that there
exists a'constant d> 0 satisf¡'ing <of(/, 8) < d:lor(j, ò1/2) for .f e Cla, bl
ancl 3 > 0.

lV. tssfiurafes for the Ap¡rrorirnatiolt of Almost La[fiee ]It¡rnotnor-
phisrns by Certairr Linc¿rr Operutors. IIcrc u'e present somo estimal,es fol
the apploximation of so-callecl almost lattice homomorphisms (,42-H) b]'cer-
tain linea opclators in terrns of the tunctional O intlotlucecl in Section
If. As is clea,r from the last serction suc.h estimâtes cân immed.iatelj' l¡e
turned into inequalities containing clifterent kinds of rnoduli of conti-
nuit¡'. Examples rvill be givcn in Section \r.

I)nprrqrtroN l.L IIY is ct, tr'on-ernpt'¡¡ set, B(Y)'is tlt'e Ba,naclt' sltu'ce o,l'

rettl-oaluecl boutrcleil .fu'rtctiott's ttn l' q,nd if Cla, bl cl,enot,es últe spu,ce o.f reul-
aalu,ecl cotztitt,u,ons Jtntcti,on's an ún interuu,l la, bl tuith a { b, rlten' cttt ope-
rcrtc¡r A : Cla, bl -, B(Y) sttclt, tlt'ett

,l(l,y): þ^(y).J'ØnQtD, þoe ß(Y), g¿:Y -+ lct', bl, :f . Cla, bl. !/ eY,

is cctllecl cnt, tt\most lcttt'íce h,ottto'ntot'pltisnt' (ALH).
llhe -4trÍI's incluclc all latlice hornomolphisms T :Cltt',01 --+ C(Y).

srhere f is a cotnpact topological sllaoe2 âs ctìrì be seen from the Wolff
lepresenl,al,ion theolem in f21].

Tho starting point lol oul investigation is the follorving observa-
1,ion.

J'Ìorrosru'rov 4.2 IJ A is tut, AI'H giaen by'4(1, ll) - þ"(:tl)'lj/nQl)),
and, if L is u,n, operator, botlt ntctpytin,g Cfct,, b) i,nto B(y), I'ltett for u;ll .f e
e Clø, bl, lJ e \- , the i treqnlil,¡¡

lL(l,y) - A(l,y)l < lL(!',E) - L(eo,E).lkt^ø))lllt'1eo,y¡ -
A(eo,tJ) I 'l/(s.,(y))l h,otd,s.

'Iire rnain pulposc of the i.bor¡e proposition is to shifl, the plobleln
of findrng a gootl majorant, of | (I .l) (1, y) I to trvo simiia,l oncs. iL'he

TTEIINZ II. GöÑSI<A

lt,(. + t ++) -,,,(*+ ¿ - +)] o, 
I

10

'we have

.11lJ\n)-ln@)l<T t,,.

= î (.,V,Ð :-z,",(;f , n));

tle last inecluality following from the observations rnade uncler (1) - (g).
Moreover, the seconcl cleriv¡¡tive of the second older Steklor. mean satis-
f ies

I Ji'@)l : +'l-f,J*+ /r) - 2fu@) *fo@ - h,)l
lLo

= +,(.,(, +) t ^,(Í, h));

Zz

5\,, 
,^.r s * t) - 2.1(n).tfne: - s -ú) ds c1r

-î -z

1

,;

\
I Ií@)t

1<_.
lt,-

hold rdrich ploves the assertion in Theorem S.ii fol the cases rvhele
0 <h, < b - ø. tr'or ltlb - a the Steklor. mean,s tverc no1, clefined since
in this case the estiinates concelning the second order clifferences of the
above extension/, cannot be pror.ed in the way \\¡e clicl it.

Tlrerefore for /¿> b - a l'e clefinc .ft,t :.ft,_*.

il,'

h
T

I
h

T

at(f ,, tr,) ctt : *.^^t,,, h) 
= +',o,(J', 

Ìr,)

We sulrstitui,e thc estimates for ll/ - Ínll, llÍí,'ll, anù ll/íll rrorv into flrt¡
majo-lant Tor O(/ 1t, r' tr) girren at the beginning. of l,his proof, r,eplacing
1, e Czla, b] by the seconcl orcler Stcklorr mearns constructecl al¡or.e.
This shows that for 0 { lt, < b - ø the ir-Lequalitics

aff;t, tb tr) < lll - ,/oll + r.(r1.llli,,ll1-tr.llÍi,,1)

= l+ + zt 't2 + l . c:,(J', tr) ) z¿.tt. 4..,U, ,ù
\2 l,r) t¡

2- c, 1211
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lrattcrn of estimatin.g. the diff
(canonical ernbedclingì) as for i

O.ui, lr:rb ülrcr¡l,crn gener,ali

Tunonnu 4.8. Let- !.,C1!, bl __> B-(y) be * ct¡,,t'n,'tts l.neat. ope,etürtrt td, A * 0 os øboae su,crt, that th'e,ptuir (L', Á¡ ,"i¡ii¡ü"äîr"äequa\.ti,es
(i) lØ - a)(.f,, tt)l < a@).ilï;l J'or att .f1e ctl_a, bl ,¿,u,iÍh a functíort
@>0 a,nd,

(i'i') lØ - a)(,f,,y)l < ^h@).lll:,U + ^rz@).1.f,,,11 lor aH frec, lu,bl m:ittt,
rcal ualuctl f unctions ^(t¡ ^h 2 0.
Lvlol'co,er,'tue &ss,u,ttrc.for øll y ê Y th;tt tt¿e c¡ttot'c,ls 

-^f llìl'(y), i : I,2,øre finitc. Tlrctt'.[or euer¡¡ .f . ô¡q, b] and ,orrl ,¡ e y il;e"l;¿:eqtrutitt¡

lL(f,tt) -.L(,f,y)l<(ll i,ll + ll,4.tl).c¿ (t. þ(tt¡ , yr(l') . _Þ!Ilì
h,ottts. \ ll ¿ll + il,411 o(y) - o().) /

Pruo.f. F,r,/ e Cla,, bl,.f, e Crlu, ú'1, *nd ,f, e C2lcr,, åJ l_¡y out,^,slírrìrl)_tions bhe {ollorving estimaté'iiolds :

lØ - Ð (f, y)l : tØ - AN.f -,h !.f1- ,f, _r lz, tì I

<lØ - A)(l -,f,, ùl + IØ - a)ff, - 1,, u)l +- ll( L - A)(fz, ûl
< (ttUI * lld¡¡¡.¡¡7 -"fil + ø@).¡li, -,fi¡ + ylù.¡Íitt +
t yz@)'il|'; ll.

In other words,

lØ - a) ff, y)l < flLil t- il:l¡¡¡ .il/_.fil

*o(y) {rn- t;il+ #ut;tr+#.1fi,1}.

13 IJINEA'R OPDR,ATORS

Passirg again to the infimulì o\reï .f, e CLlcr,, ó-l u'c oJrtain

72
1-J

("', *)(+#' W,.))):
: ¡tr,¡ I ll-4,,,,n(.r',#-, #

Oul ncxt theorem tleats thc case lr,here f, is a positive lincal opc-
rator satisfying_the,aclclitionaÌ assunrption Ltiut L(eo, ù: A(to, y). If L
cloes not have this property this difficulty can bc circirinr.entòci'Ëy lslng
PloposiLion 4 ,2.

l'nnonnrl 4.4 Lct L : clu, bl - (Y) be u, positiae l,inecn oltercr,tor cr,nd,
tr_t_A^+o^tt g_i,uett, cr,s ctboøe.:Ij i,@0, y\ : A(t, y).for all y e'y, tlte tir
all, .f e C[a, b) and, øll U e Y th,e esii,¡n,nte

lØ - A) (.f , y) < (ll¿il+ ll Al).r{

lØ - A)(:f,y)l< z.ttrll.o

( 'ffiI 
,r;(c, tt'tù,

ão(y)

Passing to the infimum over,/, e Czlcr,, ó] implies

lQ-A)(Ï, y)l<(lt Ltt+|Atì.|Í -,f,ll + o(ù.È( ,-:(rl 
,

\ o(s)
This can be rewritten in the form

lØ - a) (1, y)l <flLtt + ilá ¡¡¡ 
. ll/-/,tt +

lL(e, - {/"(y), y)l L((e, - g.n(y))2, lt)
L(le, - g^(y)], y) 2L(le, - g"QÐ|, y)

ltokl's. I'lte eslim,ctte is._a,lso tru,e i,J' 'one c)r ntrtre oJ tlte tltree .di,,fferences'
ot:ct.ttt'in'g ott, tlte rig.ht.s'id,e a,re rcplaced, by majoru,nts, sttch, tltnt tlte aþpecu"ing
quotients r e nt u'i,n,,f i,nite.

Proof .In orcler to pror.e the abor.e¡ inecluality tve have to fincl slit-
able, functions (Þ, ^,,r, anrf .¡, in Theorcm r[.3. ff z] is giricn by ,A(.1, y) :: À(eo, y).Í@n¿l) : L(eo, y)'lklo, ø), the,n u'e hâr.e for.-er.cly j, e Cíia, bl
atid cvcr.y ll e \/ :

lL(Ír, û - A(/r, ùl : lL(Í' - l,@,,(ù), a)l

. L(le, - so(!)l, v)'ll:f 'rll

: : o(y)'ll,/i ll.

If
9t(

,fq9 Czla, á1, we 1;r'occrccl as follorvs: We interpotate /, at 1,he point
y) by a polynomial p of Tirst cleglee satisf¡ripq' the proper,ties

p Ø^@ )) : .f rkt,,(y )) and p' (s n@)) : :f i1t 
^@ 

)) .

This pol¡rnomial is grlven ìry

?(t) -,f,Øn(y)) 1- fJkt^(a))'(t - go@)).

^h(y)

a(a)

Þ(s)

llz¡¡ n,,r,,

,lr.; A',C)

R n@)
o(y)

,#,Í,, t',t)l
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L(l e' - fr\, n
2

74

Thcn it is hnt¡rvn ilrat
l¡,G) - p(t)l : ll,Ø - L,f,(t/,,(y)) +,fi(s^(y)).(t _ sA@))ll

:lî;,(E).ft-sofu))'It""' z 
I

1

,9ï"é i/j:'fiJJ¿ í+(í11;iïï {t, l^@}t.\{re norv consider ure clirrerence

,ulo!(Î" v) - A(1,, v)l : IL(Í,, ù - L(p, ù I L(p, tÐ - a*,, u)1.

A(1,, a) : a(eo, u).lz(g^(y)) -F ,fä(g^(y)) .lA(er, y)_ g4@) .A(eo, E)l: A(p, y).
Thus,

I L(,fr, u) - 1.1.¡r, U)l : lLffr, ù - L(p, y) * L(p, tt) _ A(,p, u)i
< L(lÍ, - pl,y) I lL(p, ù - Açp, ,¡¡

1< 
-.L((e,- so(y))r, a).lll;,ll llL(p, ù _ A(p, ù1.

åt"äi'#r?iÏ: {.ü"tî;îTt*ate 
the second term on ilre rigrrr-hanrl sicre or ilris

l@ - A)(p,y)l: lfl(so(yDl.tQ _ A)(e,, Ð! <11;tt.KL _ A)(et, y)l: llÍ;ll.lL(e., - gn(y), y)1, rvhich follo.n,s from L(eo, !t): A(eo, y).
Putting norv 7r(r7) : : ll(e, - gn(!Ð, y)! ancl yz@) : : *."((rr_gn(y))r, y),

fri,t":,jåîï*r'0" ra,ctthaLllLil:il,4 ll *,e arrive 
^l ,on inequarl,¡, in

The folrowina' eorollary of Trreor'1- 
1:a is. of particurar imporbance.

ijr,lfít- rvilh rhe"approximarioo àiìn" ioenìitv ãîpîJiri"" rinear opc_

Conoll¿Ry 4.Ð Il V is a non_emoly su,bsel qf .uninteraal la, blanilif
f";'"t:ú it ã,f ,'l'):;t :,1;;':çZiZ;!,;XI/:,:î;i¡'rî¡îs'"í,p,, :¡ : à0, ,,,'n

!L(J', n) - Í(n)l < z.aþ;

L((

15 LINEA'R OPER.A,I|OFTS 27

Another consequence of 'I.
the approximation of atmost I
into B(Y). this ri'ill bc seen in a cor
lrhelc lve show as an cxample hon,
for O in îheolcm 8.5 can lte comb

ilrrnonou 4.6 L.et Y be a non_ent,ptg1 set cttttl lrt,, b

!-11,?,ti\!ìì,,fr,u,),;;nf L*,,i,i,n!:,
spctccsJ tlten for øll J e Clø, bf, al,t y e

ntøte l¿oltls :

lLt.f , !t) - a(Í, y)i
1 1+ tnâx L((er- g"(y))', u) 'ior(J',lt')ltz (b - a¡z

lL(er- g"(y), t/)t, '<':r(f , lt)

I ll(eo, t/) - A(eo, y)|. Illll.
Proof . fn vierv of pr.oposition 4.2 l.e filst h¿r,ve

IL(.f ,a) - aff,y)l < lL(J',y) - L(eo,a).Í(s^@))l + lL(eo,ù _
- A(eo, y)l.illll.

!f¡&1,:r.L(eo, 
y)'f(s^(y)) is a lattice homomorphisrn

s the inecluality

Ø _ ,D ff, a)l < z.llLtt.o(/; t, rr, tz),

x,here ¡: !(l:t-!',(ult!)_t r,. : lL(e, - gn@),u)l
2.| L| ' a7 - L|i _ s^(ù1, ù '

L((et - g,,(y)),,11)

2 .L(le, - so@)1, y)
'llheorem 3.5 now implies

lQ - Ã)ff, y)t

(+'#r)

tz:

lL(c, - n, fr)l = ft ltI¡¡ -¡ L((er+_ sn(y)),, y¡.rrra"( 1

h2

1

(b - a,¡z

',or(f, lt')

,or(f ,lt) t
I L(er-n t, n)

n)
2'L(e, - nl, u)

- a)' * [, tL(e, - so@), y)l.max(+, *)]
hold,s. The estimctte t,entct,íns true if oti

i::;#ff,;;;,iïiïiini ii:d;";;''iîhi!"i'fr":"ä;i:,år r!!:,,',";;:,' ;*:r#::,î::î:

Together rvith the observation rnacle at the beginning of the proof rveobtain the desired inequality. g
îhe following c9r9r!ary- which we state without giving a proof

shows that rheor 
"ñ. 

+.ø indeed contains a xo"orrtio iyp"" trr*o"em for theapproximation of almosl, lattice homomorphisms.
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CoRol,r,Ànv i).2 (i) n'or the pul'íc'LLlcLl' ch'oice lt':

q,bo ¿,e'ine rl¿r,u,l,itu impl'ies

OQ
,t II,ÞINZ H. GONSKA

Y ,1o,, bl,_urttl^Ä be _gi,uett ct,s itt, ,l,lreoretn,,t.6. 
r\'rup,1.J Por I e B()/) ueputllf lly": : sup{J/(yjB(l'), il > 7, is a, sequence o,f itosi,tiue-tiiíeä,rtte eqrtiurrLettl:

(i) lL,f - rl/lll'. * 0 /or alt,.l'e cl.a,ltl, rt - æ,
('ä) fif,,e¿ - Ae,llvo..-+ 0.Í'r¡t' i ç {0, I,2}, n ___+ oo.

16

'pose

l t'!r.
ope-

( )"'
the

I 8,,(í, n) - l@)l = 
]; (

)"' '' (t" (

,,,.n,(.r,,( 
)',J

1 r) 112

ø(1 -r) \

")
r(

v. Exrrrrrples,: lleIinerl lJsriln¿rl.es l'or_ .r¡r¡lr.orirnariorr b.t. s¡reci;rlLilrc¿r' o¡lel':rto's. A[tel' rvlraL llas Llccn sairr bcf,r'c it is clt,ar," Lhar, lhr,cornbination of rheorem 4.4 or corrollar.y -t.J ..,itri ii" ."*i;,* ,ïi;r,räàin Section TTf yielcls a r.arict¡r of prop_osiiions concer.ning:the rfrpr"_-li"rì_tion by cerlain linear operatorìs. It'ls tÌre airn of this section to sliow that
Sany of thesc cornb_inations give estimatcs rvhich arc l¡etter than th<¡ onesknou'n until now. wc restliót our.schres to ihree lrro-inent examplt_.s :

*"Ipt"r" pol¡'nornials, Meyer-Könis anrl zelle' op"i"àto"ì, and rfÇ¡nitt¡-ll'oJcl' L,vl)o irrtet'polatiorr opolalor,s.

I. P o,i, tt ttois e,4p pr o r i nt ctl,ict tt, It u B er n ste,in, p oly n otion rye discuss n'hat our theorems yield for õhcIjernstein opclatols given lt¡r thc fonnula

(tl) 'ïre ctlso h,aue th,e unif'ornt' Lorentz type est'i'm,ates

¡8,,Í' -/ll < I. 1ù-rt2.ã1(r', *-r,-'rr) = + 't¿-,n.atþ',tO .rr-'n)

Renmrks. ('i) If r antl rt alo fixctl, tor' /¿ < ( )"' 'ht 
fo""-

riorr c,,(r, /r) : l- .,,'*' ((gf3l) , *"-,rr,, *' 
)i''o* rlreoretn i-í.1

is best possible in Ihe sense that the estirnate becomes an cqualitS' 1o"

J"Q),:(t-n)2.
(ü) A similar statement is
5.2 (ä): the constant' 714
(r,ii) The second estimate
anol,her result by Schurer a
..or(,f', ,-ll,). Au 

"*o 
be sc¡en from Corollary it.Z, for functions / n'ith

^r(l', 
. ) concave \\re even obtain

llB*l - lll < 714'tt-L/z'or(f', LlZ'n-1't2).

Ou¡ next theorern deals rvith approximation of arbitrary continuor.,-s
tunctions.

Tunonnru 5'3'I'lorf eCl\,7l, ne [0, 1],t¿ > un'd'lt']o too h'aoe:

\i,) lB"(1, n) - l@) | <rnax 1
B,,(le, - nl n)

h

B,(le, - nl, ü

,IL

h

tni,t/,s.I lt lhis srrbscc-
approxitnation br-

8,,: ClÙ;11 - lI,[0, I), B.(.f , r): p,, (*)(';)"r (1 - 5ç¡"- ',

ft is well knor,vn t]Ilat 
.l).,,(en, n) : nr(i: 0, 1) for all r e 10,11 ancl a,ll,:,= l.Thus the quantitic's appearing in oóroitaly 4.5 can ¡ó .t ltt",, a.follows

lB,(c, - n, fr) :0, B,((e, - t)r.,n¡ : r'(7 - n) : âtìcl

I
ß,,(le, -- / l, r) - ! - (n r)

lt.

'Ì1,

'tù

*r' +I(I ü), -'',

n'lrore r is_¡¡ir.en b). r _lnrf unù udrole I'izøl clenotes ilre lalgcst integer"
not.r:xceeding_n,r (see F. schuror an,:l F.\rr. steutel [15]). rt-owe;¿r.. i;¿slrallfleclucntlyusc the estirnate;3,| at - nl, n) < (B,lei'_ nlr, s1fii "

\4tre assur:'e fi.st tliat / is in o:|0,^11_. For ilris case,.sing 61,1,, .),very good estimates were, given by I-. Sohurer and F. rv. stõutei' 17õ l'.,:\ certain analogue using thó lcast c"onc¿¡ve majora,nt of cor(/,, .) is g.ivån iir
lunontrr i'¡.1".,þ1or cuty.f e Ctl\,1), ne l0,l.l. n > 1, qn,d, lt,):,0 rue ltu,t;c

lB,,(,f, ¡') - l'(,r)l = *.rnax(R,(tr, -,r:1, "), l.B,((c; ,r)r,r)).ã,(f,. tt\, lt,

' -1 n.*' (( 41 -'t)\''', *(1 
-]. ).o,(/', o).

2 \\ ?L ) tLtt, /

Tlne proof is obtaincd by contltining Oor_,cllarics 8.2 ancì 4.õ.

)

ãr(f, h,),

(ii) lB"(1, n) - l@) | <2'max L, (or("f, ¿)

Proo,f . Inequality (i) is obtained. b¡' comtrining.oorollary 4.5_ and
Theorem d.S ; th-., second estimate is clue to the fact that B, reproduces
functions. I

Conor,,¡.nv 5.4 (Jtt'd,er th,e a'ssnn"¡ttion's oJ Tlt'eorem 5'3 on'e gets for h:
:(*" I "' )''"
(i)lB,ff,n)_l@)l=õ,(/,(@',)',,)=o,(J,u2.n-u2).

ri
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(i'Ð lB,,(J', n) -j(r)l =, ..it.(/,( 
)''") =r.,of(,f,rlz.n-r/z).

Remark. As can be seen frorn thechoices n:Iandl'r I 1l 'l" ,l "'
both estimates in Colollary 5.4 (i) the constant 1 in front of õr(/,.)
cannot be replacetl by an¡' number r: 17.

Our last exarnple conceluing tlelnstein operatols aliscs floln 1ht'
cornbination of Corollaries 4.5 ancl 3.6.

'l\lrlonnu 5.i"¡ It'or cmy ,f e Cl)r :..f, n e [0, 1], tt, > L, cutcl lt,),0 tha
follotoing inequ,ali,t.ty h'old's : :

tB,,ç, n) -T@)r < 
fa 

+ .,"**(*;,t)] 
", ff,tL).

2. Pointtoíse Appronimcttíon, bu the operators oJ Meyer-I{önig ct'ntl

Zcller. This sul¡scctióri palatlels the one for Bernstein polynomials. T!r-e

operators of Nle¡'¿1-lçönìg ancl Zellct arc giyen bJ' t¡e fo'mula (rz e N,
rÐ e [0, I), ,f . C[0, 1])

tr,,(J', n), : (1 - r)n+tå(" 1,")*- r(;.*), il 0 <r < 1,

¿-¡ncl

M,,(J', 1): :./(1)'
ancl lineal and. satisfy the equation-s

?tl.e'ïr¡Ì(¿1 - fr, fr) : 0 for 0 < n < 7.
(tr- *)', ø) rvas only recentl¡' given by

l[,,((e, - n)', n¡ : ''(l - y)" ',1'r(1, 2; rt,! 2 ) n) < 4

,r'F1 27tt l9
for'0 < n <l andr¿ > 2.Here rFt(L,2;n,! 2;ø) clcriotestheh¡'pcrgeo-
rnctlic scries giveu b¡'

æ tltlt'tztit' fik

-E t,,+rl,'t:
-\rr oxplicit represcntal,iorl of the quar.Ltity M"(lat - ^n l, ø) rvas tlelivecl b)'
lì. Scrlftrer ancl Il. \4/. Stoutel [16]. Horvevelr rs in Sectiorr \r.1 lve shall
use t'lre estirnate M,le, nl, fr) < (M,,((e, - r)2, r))uz v¡i"]t simplifies
sorne ineqlalities. Again I'e inver¡tigate differenl,iablo functions first.

lnnonnlr 5.7. It'or u,tt'tl I' e C1[0, Ll, u e [0, 1], n > 2 untl h]0 lhe

follouin,g i nequ'o,lílies lt'olcl :

I x["(T, rc) - I@)l <

l*,,rrr, - nl, .\, +' tt[,,\(e, .,')', *)]

I M"(1, n) - ,/'(r)l <

19
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l,I,((e, - n)' n)

2h,

2í)

()
rl2

Conor-r,.lr¿r¿ ó.6 7'or l¿, -
lity leatls to

, r e (0,1,), th,e a,boue '[netyrr-

lB,(1, n) - l@)l < ,i' ."U;( 
)''')ro, 

aLt n e [0, 1]

As far, as the constant in front of cor(./,') is concernecl this is an impror-e-
ment of an inequality given by II. Relens ancl G. G. Lolerrtz [2]. Fur

t, : ( )"' u'n got'
\/

(r( n(l - n) 112

'tB"(1, n) -.l(n) i <4'co,

s'hich lefincs a recent estitnate of Tr. I. Struhor. ¿¡nd :\.. F. Tilnan [19,201
1 2

¡'ieIc-[s

1L

The choice l¿ -
4n(I - n)

t1, 1< 
--,In¿ì,Yo

õr(,f', h),

(r(An(L - n) 112

I ß"(J, u) - .f(r)l < 3.2õ.c0,

This is a pointr,r'iso vclsion of a result filst pror.ecl bv Yu. Ä. J3r'uc1n¡.ï

13]. It is not )'et hnown l'hat the optimal constants in the abor.e inecluali-
ties are.

After this look at tho l3ernstein operatols it shoulcl havc becont
clcar tha1, it is worthryhilc to coml¡inc tire theorems in Section IV u'ith
the estirnates for O as given in Section III in orcler to arlivc zlt a valiet¡-
of refinecl inoclr-Lalities sornetirne¡l evcn giving optiinzr,l conrltants. ft has
to be mentionecl that there arc: a numbel of nroclific¿tions of tho Belnstein
opirlators to l'hich our âbor.c thoorcms can be ap¡rlied. Ilor tiresethelca¿1-
el i¡s referrecl fol instz¡nst¡ to trrr¡ bibliog^lapiries r,r'hich hare recently becir
ccrnpilecl 117, 1,81 91.

Proo,f'. Iloth statcments ¿¡re obtainecl b¡' cornbining Corollaries 3'2
rtnrl 4.5. I

Cor¡or,l¿n,y -c.8 (Incler the ctss,nmptiotr,s of Tlt,ectren'¡ l¡.7 ue a'lso ltctt'e:

,qi) ttt,U, n) - JQ:), = 
J, ('L+î'' '"tt,\tp; tr ! 2, *r)"' '

'o, (r", (#',1',(1,2; tt t 2; .)) )'

IL

]. 
,,,r,, o,

I

:
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For the ploof oT (tt¿) obscirt-r,' 1.hat

ll )[,,] - lll <
1 õ, 

k,

(¿i) | M,,(,,1, r) - la)l = +( )''' 'o,(r', ( )"') 
,

(iä) ',tM,,l-Jit < ff#rã,(l',q#)=
=rv+T'.,(/',tl/#)

Proof . (i) is obtained b)' usiug t'he cstimatc, )t"(le, 't:i, rt:) <
<(M,((e, - n)', ¿r))t/' and substitutins, h, '.= (M"((e, - æ)2, n))r/2.
l'or (ii) wc use the inequa,lity ,lt'r(l. 2; n, -l 2; a) . ,Fr(L,2; rt-i 2; L):

i¿-11:,,,- 
l'n>2'

TÌrus l.e get

t M,,Ç, n) - !(,t:), = *(++ )"'.o, þ,, (!i4)"')

înr¡onnu ó.9 Ilor,l'e Cl\, [], r e [0, 1], n > 2 cr,nd ct,nt¡ h>0 t,lrct.e
lLoltls

I M"(.f, t) - .f(n)l <rua,x

( joaor,r-,tnr. ;l.10
ìtteqt+ctl,iti.cs ctre tru,e :

(t) lM,,(.f, n) - f(r)t <ã,

ãr(.f,lL).

Under the tsstr,nptiotts of I'ltcorctn 5.9 th,e.fotktzuing

< ----l-. îho ineq'aril,y f'o'r (r) ir'plies
27n -l I

(ii) |;'t1,,(.1,;,') J'Ø,)i <õ, l. ' l u(| 'r)z \t/z¡
\''( ,, -r / /'

t.iii) i il,,\.1', ,r') ./(r)l <2..f¡r, /;¡(l - n:)'z 
¡'r'z).'f'\ tt-L ))

ale oJ¡taincd by using again the Cauchr--

'J-"'*T):":i'iÏ 
:lr li:!";*')' ì.,t', l',

r.eirloducos linear, frL^ctions. 
< ï <" 7' tt 2 2' ancl thc' fact r'hal ÌI"

\{/e ltorv tut'n to cstirrtates ittr-olving the seconcl or,cler nLodulus of
'srrroothncss, For. the oper.ators n[n one ha,s

ifndonrcll 5.I1 llor any J e C[0, 11, r e[0, 1], rt > 2, cntcl lt>0 there
,l¿ricls

IiW,,(¡,,,) .[(r)' = [, 
41--"): .rrr,,(1,Z; tt F 2;:t¡).

. .*- (Ll , r 
)] 

. .,.rr, r,r.

Conolt'tnv J.72 (rt¿dt¿'t' th,e a,ssunt'1tt'iLtrts o.f lltlteorern it.llttte ,foiktztiitrg
í nequu,l,ities are lt'ue :

Ilent,ofl;. (r.) As ri'as thc'case fol Bernstein opelatclls, the consl¿-uul,

]-in Colollzr,r'¡r;.3 (i) cannot be repiacecl b¡. ¿l1y nnrnJlel , 7-.
92

(??) IT./'has ai concà\re rrtoduìus oll continuir!¡., then tire filst inequalii,¡- ìn
5.8 (r,ri) c'r'olr rea,cls

ll 'u,,.[ - l'll < ---]:- '' "' 3'(3tr ' 
to'(i" .fr#-r)

For arr¡' lunction of the fcirrn /(t) : tti2 I, b[ I c it bcconcs an equa,ìit¡'
antl thus thc'abor-e estirnate is J;cst possible ilr a celtailr sense. ,Ihe secc¡ut1
estirnate jn 5.8 (tii) is arL implovenerLt of 'l'Ìroor,ent 8 in 111...
(i¿¿) It woulcl also have iri:en porisibÌc to usé 1,he sccond estirnate it
thcolcrn lt.7 To obtain e.g. impror-oruents of Alhclnade)s lcsult. Ilon'er-er,r,
itr most cascs the first in':tlualit¡r gives bcttol ltajolants.

Ir'or thc opcrators .U,, theanaloguc of Theorern õ.3 is givc..n in

3rt, ¡ I
2

' |/31rtJ
2 1", 2(:'r,l, l7- 3l/3ú¿ .i 1 '-r\r ' 3/3i¿ -rJ )E

{?) I M"(J', n) - J@)l s , t lrf l
.)j

n.-l
(t)z

112

llnI,,f -,f lt <z*.^^,r, (,¿ + 1)-1l2)

ProoJ.
r(7 - r)

i) is a sinple consecluonce of the sultstitution lù -
arct tlre fact thai 2I!,1(Ij 2; n. ]- 2; n) . ?? .1 1. Forilre

n,-I
ploof of (rii) u,o use thc unitolm cstiurate ll tr[,,e,, - czll < 

--1-27n, )- 9

112

rril
l

I

I
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snbstitutiirg l, : (n ¡ 1¡-rrz i'to the inequalit_v in .rheorem J.11 yieltls

1f,|,,(L t') - .l(,')l . lJ j ;--1- .(,¿ F t)l.or1/, (rr i t¡-ttz¡| 2rnl J 'J

= 3 ], '.ar(.[, (tt F f )-rrz¡. n
21

- Both inequalities in c.¡rolar'¡' ri.1-2 improve as obtainetr b5. tr¡*a*tho'earLier (see [6]). ]ron'e*er, té our knorvt'ààç tilL eiaot value,ít 
".e..

srp sup --_t bL-lJ-
"=' tfÅ!,?;:: azlf 

' 
(n | 1)-ttz¡

has uot )¡.:t beelt tletertninecl. A sirnilal sta,i,ernent holds Tol fJer,l-rsttrin
opc'r:ators.

3. Poin,tt,uise :lpproninatiott, by Hernú.í
Pol,un,ont,inls. this subsection is der.óted to p

ornials l'hi
e.g. the ¿If

Lhe gcnr:ral lhcoly rlovcloperl scr
positive linear operators. Fõr. theel the rnost prominent example.'llr. t'l¿ssiea,l ,Ht'r'rritc-Fejér ¡r'r.\'nu-rrriar s II,,U,.) inrerporar,i rrg ir,IuncLion /É[Rl-r 1] ¿t thc ze¡os of 

"¡re'ùr'b),sou 
¡,oty,,éìiiíts T,*ì,ä-ii*,:ì,,ì.a der,ivativcr equal to zeyo at theso polnts, i.e.-

H,(.ï, n): ¡ rtr,).(r -.rur)'1",.(!)2,
h:r n2(n - n¡,)z

\r'ltele ,r¡ :-cos((21; - 1).t.l2z),_. sal,isTr', Tor. .[ e }tl_7,7), r e [_1, 1l
ancl r¿ > 2, the follol'ing inequality (sec, lSl¡ 

1 -

iÍ1"(,.f, ø) -.f(a)l

= 
1 i r^(r).T,-r(u)1.

1t,

..,(t,, 
(

llf' | ; lL¡ r,,1n¡¡.1t t llr-u, rogn¡
n,

I T.(n)l
t¡lf-.t- .¡z'logri

from the ,- H,, to â non_positive linear
¡'ielcling ap t the ø,,,)s. fn orddr to be sãm lgeneral rve ng theòrem rvhich clescribes theof our follo rrationJfor the classicaf ff"rrmá_ñu:¿l

operators. ft is of advantagc for mauy other interpolation sc¡e¡res 
^r 

*,Ën
'llr ,çl- osit r oper.øtot.uith Qe,' I ¿ C LI ttte lit¿ea,t.Jtntctiou, øt

QÇ, n), ) r,.f( ;f, si'uen bq

(¿) ll0ll < 3,

(ii.) iQkJ, n) - g(n)l < 2.e|e, - nl, n).llg,ll for uU g e Cll_r,rl,
(iii) lQØ, *) - tt(n), = l+ 

.Q(@, - n)2, n)r2.lQ@,-*, *)l].nt,,¡

for all h, e C2l -1., Il.
Pr.ooJ'..(i) foilo$,s flo,rn ll Qlt = lleV._ rl)ll + llLy¡ = B,ll.f |.(rl) can be obtainecl as follorvs. For I €-Ctl-ti íj 

",ä 
fí*"n

l8Ø,n)- s(u)t: lQ@ - Ls,n) _ (s _ Ls)(n)l<Q|er_ nl,r).ll(s_r,s),ll
< 2.8(1e,. - *1, r).ll g, ll.

rrere the first inequality follows from thc fact rioar e is positive ancl
¡L!isf!es tho ecluation Qeo : eo.
(ii'r) Proceedirrg as in the pr:ôof of Theorern 4.4 r,ields the inecluality

lQ(h, n) - h,(n)l : tQØ - Ltt, n) - (h _ Lh)(n)l
'l-

< 
-.Q(G, - n),, n).ll(h _ Ltt),,11 | lQ@ _ n, t)l.ll(h _ Ltr,),ll2

-f 1 r
= L-r-'Q(c, - ,r)2, n) + 2.lQ(e, - *, ")l).|ti,¡.1
as can be sr¡en flom the for.mulation of .llheolern il.13 it p""paiu*the _opelators @,, fu _a_n application of the abovc Thi¡orem 4.3 ancl a,coml¡ination l'ith suitable results frorn Section IIf.

o
(_)

\\
d

Usingthc allovc theolcn it is norv casy to give sholti:r estirna,tes fora I'cl'siorl of the classical rrcrmite-F-ejér opeiatorìs lvhich repr.ocluce stráiglùllincs' \4'e rc¡stlittt oursclves to the ca-sc of coltinucnsiy clifferentiilîtefunction¡.

ll'ltnonlrlr it.14 Let I[,,: CI-I, ] ] * C| -1, 1l clelotc the clc¿ssicct[,Hernrite'tr'ejér tperntor clcsct'ibeclT¿bor'e. î¡ f i, (tióen,'us iri" Tirorr;;;";.:li{,

, . Unfor tulatel¡' the l,erm containing lll, ll cannot l¡c removecl tlom this
esúirnate l'hich is rlue to the fact rlhai ï¡, ,1ã.* ,l"i .ãpr"¿rcc straiglrt
Ì-ines except fol cotrstaltrr. Ilorl'er-er. it is po,ssible to gei ricíof this clualtit¡-
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l,l¿en ihc perltr,rbcrl oneralot,H, giucu,b.r¡ Llte..[ttrttttt1u FÌu,f : : It,,(,1 _ Lt) +I Lf ,*tttisfies [or .[' e OtL- L,:.ií, * . ¡'- 1,1 1,, tt > Z, iii''',f ,,rq*,,tttu

l H,(Í, n) - ,f(n)f = 
jl l r,(n)l .Í -rlT= *zlog rr) .

1L

r'he" /¿ ) 0 is a gi'cn posil,ivn 
'urnr:er. 

choosi'g tL - 7lÍ ¡ll t- s,t log ri)yiclds llre clesilr,cl int,r¡ìralit¡,. g

Rct¡múi. Witlr lcs-¡rtr"ito tt., a
t'Lr1ì ì\¡e l,oulcl tihe to mention the irìsuggests lhat_ it ecluahs 1. As far. as atlyct. ft 'rvoulcl irtrph., atnolìg oflrers, tìt¿ìrcal IIcr,r ni bc- Fc.irlr: olre r,aûoli

(r'
1

cùr t ¡lít-çz log rr,

Here ct ,is tlte opl,inr,ø\, cons[unt. in. H,|er,_ rl, n) = 
lLlT,,(n)1 .(I 

i_

¡l/t - "zlog ri). 
1t'

Proo.f . Wc usc the (in)cqualitics (cf. tgl).

rr,(lc, - r!, ,t¡ 
= *lr.(r)1.(1 i Vt - r" log z),

lI,((e, - r)2, rù =- ]-.T'i,@),antl-ÈI,,(c, 
- n, n): - I .I,,(n).I,,_r(n).

11,

tr'r'om tho last eclualit¡. it follorys ilrat
'|

+ l, -1) : -l-.
?L

llrus, c, > l.
Thcoretn 5.13 ¡.ields [,he estirnaters:
(i) llg,,ll < B.

' (,ii) I II*(g, :r) - g(r)l 
-., 2 :L 

I T,, (u,)i (1 + llT _ -uz iog rr ) 
.llg, 

ll,IL

(tti) lH,,(h, ,,) - h(n)l <

for g e O1l-1,11,

't'',,(.,'\ , 3- 
¡'r',,14. T,-,(rc)tf .u ti,llttJ

lot' lt e O:rf L, t'1.

llt,,(,Í, t:) -- f(,t;)l = orþ lT"(n)I.(1 + VT- n" tog l)
1

t
'n,

lÛ"(.f ,, r) - f(u)i

<l'Alf ; ' - tt¡2logn)
f 2t, 

-,

Tlreorern:[.3 no*'tr:lls us that fo. an arbitrary.f e c1l-1, 1_Ì flre incq,alit¡,

0
T,,(n)l -r +

log rr,)

is tlne, and Ootollar'¡,5.2 shol,s ilrat the latter euantit¡. can be estirnatecl
b"v

2
r',. l?,,(;ir)l(l , Vl - ,;, loq rr,) I I',,(n)l i 4l T,,_r(n)

IìJìIìEIìIINC]'S
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{I"(lc, I 11, -1) -= IIue, r-

1

2n

l'1'"- t(n) I

' utr'(1+ 1-

1F
)t 4cr'(I l-

.I 
- a2log ri ) .Í

'"J'.f ', lL),
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I,'Ai\¿TI,YSE IIUMÉIIIQUE TìT LA 'I'ITÉORIB DE L'API'ROXIM.{TION
Tome 1/r, À*o l, 1985, pp. BJ-52

g.1utl qetrcralizaliott of sonte ílteorents of(irr.Rrrssiarr). i¡: .t'ttà r.t,r"rti ,,i ,i'iipi"fS. B. Steòl<in, S. ,\. .tr.ljakã".iii,,íi"i

ical etpeclaliott of' cotttinuous fLLnctionscriarr tJatìr. J. tB,469- 47¿', ttçtìst".
ntotnorpltismarr irr C(\), -\I¡Ll¡.,\urí.
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Ft Borrpocy o cJrABOm CXO.4I4MOCTT4
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-I. llycrr, -o -- ceu¡ecr'errrroe 6aH¿rxono npocrpaHcrBo .rr E* - co-npfl?r{ërrHoe c Hr,rùr ûpocl'par:rcTBo. paccuarpr,rnae'r.cn cJreÄyro4a.fr BaÄaqa:[plr Ha.rirIX ycJroBl'Iflx Ha MHoH{ecrna I)c D ø X- <=lJ* Bcf{Haff nocJre¡{ogareJrr,-Hocr6 rþynHquonaJroB fn e n)) ?t,: I,2,. . .,, c
HoplraÀ{Ir7 cxoÄrttr.Ia.qcfl ¡ra Ha?r{¡(oM ÐJrcMer{
crra6o H Her{oropoiray {ryHHqr.rona.ty.TÊ e f!4, , ilq)yHr{ur4orran jl' Br,rpafl{aeTc,g B SABr.rcøMOCrr,rre D9

Coeep[rr'rlr Sficriypc B I'Iclopl,Iro ìrerxeHr,rü Ð1'oli BaAarrr,r, oorarraBJrr4BarrcË,
R ocI-IoBI{oi\{' 'rrl'Illlb Ha rex rIB IIux, rtoropbIe coÄep}r{arc.E B Jrr,rreparype B,{Br.roMrìHi{e. EcJtrr y}jcJÌA d.t fr e -l), ta¡arorc.'
Harra g r,r3 HeHoropot o HarrepöA BaJIa
lISReC cMaT
rlrrlilt 

iär^
rroliorre, (,trt, O) -,rz l{opoari,,ttnu,BareJrbHocrrrrÞyHHrIûo , rl:=Irz), .:,
HOûTr4_HOpMal,lIlr rr J]to olÌaJra g e ol
crBa 

}im ,[, 
(n) : ç( oro Ðrreùrerr1'a

,rr4Boc,f'L AJtfl Ha?ìrÄo to r e E.
Bne¡ëuHrre IO' ¡\. lllautHllnrrtvr [1-l xouevnr,re cr4creMßr ltopoaHr,rua ¡.rraMHOHTECTBA J]I,IHEi,iFrIJX IIOJIO}ITUTEJIII.IËIX ONEPATOPOB I,I OÄHOÐJICÙIEHTHOTO

MFIotfi ec'r'B¿l' cocl'otlqel'o r43 roH{AecrBeFIHoro oreparopa r B npocrpaHcrne C(Q)BeIIlec'ì'BeHrrr,rx Henp.epbrBrr6Tx Ha Merpr,rqecnoM r{oMnaHTe ç pyr,r*r{orti "éqe6bru'öBc]roü uopi'ro-úi rrpe,r{c'raBJrrrror c0'6oü HoHeqHbre MHoiRecr;a üopor*rrrra
J{rfr oneparopoB.

Ecttt D rBJrfl.'rca (fl, (Þ) 
- Mr{oir{ec-Tnorr r{opo¡r{r,r'a7 To cono*ynrrocrr,

Mr{o?necrß .D, I, qr4ce..r q": g(fi), fre f) j r!," ,pè Õ, u (ryuxqnrorrurrä ,T : gcyrb perreHr,re pacclf ¿ìlrpr,rBaeûrorï 3aÄaqr,r B ]lllocrpaH c,r"e^ E .

. Xopouo lriJ'ecrHo Hrraccr,rqec*oe p.,tte*rire Banaxa - III'erTr.rxayaae'oti aa¡a'rrr ([2], r'eopenoa 2, c. 2r2¡: ncaHoe {yu4a.renra"i.tô" rrrorrrucrro'Ð,
T.e. TArioe, qro SaMbrHaur,re lin D ¡r,ruer,ïuoíi o60¡ro.rHn lin D nrlrolfiecrBa,
coBnaÂaer c E, aørne't:cn (E't, E,t) - Àrrrofl{ecrBo* rtopooHrrrro. o*rur"r"oaarrr,qro I{Jrq HeKoropòrx nrHo?Irec,ÌB n + E* ycJroBr.rfr Ha 
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lrorH¡ro 3rraarr,rreilr,Ho
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